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Abstract

This paper considers the problem of partitioning analog integrated circuits for hierarchical symbolic
analysis based on determinant decision diagrams (DDDs). The objective is to use DDDs with the minimum
number of vertices to represent all the symbolic expressions. We show that the problem can be formulated
as that of multi-level multi-way hyper graph partitioning with balance constraints, and be solved in two
phases by connectivity-oriented initial clustering and iterative improvement. Our new contribution consists
of a fast and effective heuristic for constructing a balanced initial partition, a potential gain formulae that
can be computed efficiently, and a multiple-vertex moving strategy for relaxing and enforcing balance
constraints. The proposed algorithm has been implemented and applied to symbolic analysis of several
practical analog integrated circuits. Experimental results are described and compared to the contour
tableau method of Sangiovanni-Vincentelli, Chen and Chua, and the SCAPP algorithm of Hassoun and
Lin. The resulting hierarchical symbolic analyzer outperforms SPICE in numerical evaluations for a
number of large analog circuits.
r 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

Symbolic analysis is to find the behavior or the characteristic of a circuit in terms of symbolic
parameters. It is important for many applications such as optimum topology selection, design
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space exploration, behavioral model generation, and fault detection in analog design and test
automation [1]. For example, the basic idea of topology selection is to generate a large number of
alternative topologies consisting of elementary building blocks using some selection schemes (like
artificial intelligence). For each generated topology, the formula associated to some performance
criteria is derived automatically by symbolic analyzers. Then the performance criteria is optimized
through repetitive evaluations of the formula and the best topologies can be selected based on the
outcome of the optimization procedure.
Unfortunately, traditional symbolic analysis techniques can only be used to very small circuits.

The two main limiting factors of for performing symbolic analysis on a large circuit are computer
execution time and memory requirements. One way to cope with large circuits is by means of
hierarchical decomposition. Hierarchical decomposition is to generate symbolic expressions in a
nested form or sequence of expression form [2–4]. The decomposition can be performed on a
graph representing the circuit of interest [3] or directly on circuit equations as done in Network

Formulation method or determinant decision diagrams (DDD)-based method [2,4]. DDD-based
approach shows promising results as it can exploit the sharing among different sub-expressions in
a systematic way via DDD graph manipulations. The size of the resulting nested-form expressions
from hierarchical decomposition, however, depends crucially on how a circuit is partitioned.
As the primary goal of the hierarchical analysis is to generate very compact nested-form

expressions or sequence of expressions, an obvious optimization problem we need to solve is how
to partition the circuits such that the resulting DDD-based nested symbolic expressions are
minimized in terms of number of DDD vertices. The circuit partitioning problem arises virtually
in all aspects of electronic design automation. Research works in the area of partitioning for
circuit-level simulation and analysis includes the work of Sangiovanni-Vincentelli, Chen and Chua
for node-tearing nodal analysis [5], Hassoun and Lin for symbolic analysis [6], and Yeh and Rao
for parallel circuit simulation on multiprocessors [7].
The partitioning algorithm in [5] is based on a clustering-based technique (called contour

tableau) to find the clusters (subcircuits) of closely coupled circuit elements, so that the size of
every cluster is less than a user-specified upper bound, and the interconnection among clusters is
minimized. The algorithm has linear time complexity, however, it may yield an unbalanced
partition, and thus becomes less attractive in applications where a balanced partition is desired.
The partitioning algorithm proposed in [6] partitions a circuit into a binary tree hierarchy by the
permutations on the rows of the circuit matrix based on some interconnection information. The
method, however, fails to consider balance constraints and explores only the binary tree circuit
hierarchy. The method in [7] seeks a balanced bisection of a circuit by applying the Kernighan–
Lin algorithm [8], which has quadratic time complexity. A balance partition is achieved by
incorporating the balance constraints into the cost function. It has to be pointed out that so far no
effective partitioning results have been reported for symbolic analysis on such less regular-
structured circuits as mA741 Opamps [1].
Multiple-way partitioning for digital VLSI circuits have been intensively studied in the past.

Some of works include recursive bipartitioning Kernighan–Lin (KL) algorithm [8], generalized
Fiduccia–Mattheyses (FM) algorithm with look-ahead scheme (K-FM) [9], primal-dual method
based on K-FM [10], dual net-based method [11], improved look ahead method [12], pairwise cell
movement-based method [13] and simple greedy strategy [14]. Among them, K-FM, dual net-
based, improved look-ahead method and simple greedy algorithms are native multiple-way
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partitioning algorithms where all the nodes are directly shifted to different partitions instead of
applying 2-way partitioning recursively. K-FM uses a kðk � 1Þ priority queues, one for each
moving direction and the algorithm selects a move with highest gain from kðk � 1Þ queues subject
to balance constraints. A sorted list is used in [10] for each partition to quickly select the best
candidate move. Similar sorted list with better look-ahead scheme was used in [12]. In [14], the
best move in partition is computed on the fly and is selected in a greedy way. However, all those
methods mainly targeted at partitioning digital circuit netlists subject to balanced area
constraints. No special attentions were paid to analog circuit partitioning for efficient circuit
simulations.
In this paper, we formulate the partitioning problem such that the size of resulting DDD is a

minimum based on a simple model of the DDD size for dense matrices. We adopt a multi-way
partitioning strategy with balance constraints in terms of internal nets of subcircuits. It consists of
two phases: (1) connectivity-oriented initial partitioning phase and (2) iterative refinement
partitioning phase. The resulting algorithm has time complexity Oðnðk þ log2 n þ k2 log2 kÞÞ;
where k is the number of parts a circuit to be divided and n is the total number of nodes in a
circuit. To obtain a partition of tree hierarchy, the algorithm is simply used recursively until the
upper bound constraint on the number of internal variables of leaf circuits is attained.
The rest of the paper is organized as follows: Section 3 formulates the partitioning problem for

DDD-based hierarchical symbolic analysis. Section 4 presents a new multi-way multi-level
partitioning heuristic. Section 5 describes some experimental results. Section 6 concludes the
paper.

2. DDD-based hierarchical symbolic analysis

A linear(ized) time-invariant analog circuit can be described by a set of equations via modified
nodal analysis in the following matrix form:

Ax ¼ b;

where x is a vector of circuit unknowns (node voltage and branch current variables), A is the
modified nodal admittance matrix, or simply circuit matrix, and b is a vector of known values.
Consider a subcircuit with some internal structures and terminals as shown in Fig. 1. The circuit

is divided into two device-disjointed parts and the variables x are divided into three disjoint
groups: xI; xB; and xR; where the sup-scripts I, B, R stand for, respectively, internal variables,
boundary variables and the rest of variables. Then the system-equation set can be rewritten in the
following form:

AII AIB

ABI ABB ABR

ARB ARR

2
664

3
775

xI

xB

xR

2
64

3
75 ¼

bI

bB

bR

2
64

3
75: ð1Þ

The basic idea that underlines all the hierarchical analysis methods is to eliminate some equations
from the equation-set above until the remaining set of equations involves only the desired
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variables. The resulting set of equations (1) by eliminating xI can be written as follows:

ABB* ABR

ARB ARR

" #
xB

xR

" #
¼

bB*

bR

" #
; ð2Þ

where

ABB* ¼ ABB � ABIðAIIÞ�1AIB ð3Þ

and

bB* ¼ bB � ABIðAIIÞ�1bI: ð4Þ

In our application, bI is a zero vector, we rewrite (3) in the following expanded form:

a
BB*
u;v ¼ aBB

u;v �
1

detðAIIÞ

Xl

k1;k2¼1

aBI
u;k1

DII
k2;k1

aIBk2;v
; ð5Þ

where u; v ¼ 1;y; k; k is size of ABB* ; l is the size of AII; detðAIIÞ is the determinant of matrix AII;
a
BB*
u;v is the entry at row u and column v in ABB* ; DII

k2;k1
is the first-order cofactor of AII defined as

ð�1Þðk2þk1ÞdetðAII
k2;k1

Þ and AII
k2;k1

is obtained by eliminating row k2 and column k1 in AII:
Note that we need the first-order cofactors DII

k2;k1
only when both au;k1

and ak2;v are non-zeros. In
practice, given a good partitioning, au;k1

and ak2;v are zero for most time due to the sparsity of ABI

and AIB: The determinant detðAIIÞ and a few of its required first-order cofactors can be efficiently
represented by a newly proposed special graph, DDD, described below.
A DDD example for a determinant is shown in Fig. 2. Its determinant is shown at the left-hand

side.
Except for two special terminal vertices, namely the 0-terminal vertex and the 1-terminal vertex,

each non-terminal vertex is labeled by a symbol in the determinant denoted by ai; and a sign
denoted by sðaiÞ: Each non-terminal vertex originates two outgoing edges, called 1-edge and 0-
edge. Each vertex ai represents a symbolic expression DðaiÞ defined recursively as follows: DðaiÞ ¼
aisðaiÞDai

þ D %ai
; where Dai

and D %ai
represent, respectively, the symbolic expressions presented by

the vertices pointed by the 1- and 0-edges of ai: A 1-path in a DDD corresponds a product term in
the original DDD, which is defined as a path from the root vertex (A in our example) to the 1-
terminal including all symbolic symbols and signs of the vertices that originate the 1-edges along

      subcircuit

(I)

(B)

the rest of the circuit

(R)

4 boundary-node

Fig. 1. Partition of a circuit.
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the 1-path. In our example, there exist three 1-paths representing three product terms: ADG;
�AFE and �CBG: The root vertex represents the sum of these product terms.

3. Partitioning problem formulation

An analog circuit can be modeled as a hypergraph GðV ;EÞ with vertex set V ¼ fv1; v2;y; vmg
and hyperedge set E ¼ fe1; e2;y; eng: Each vertex corresponds to a circuit device and each
hyperedge represents a node or net in the circuit. A hyperedge ej is a non-empty subset of two or
more vertices, i.e. ejAV and jej j is the size of net ej and jej jX2:
The k-way hypergraph partitioning problem is to assign vi; i ¼ 1;y;m into k disjoint subsets

V1;V2;y;Vk: If k > 2; it is a multi-way partitioning problem. If subcircuit Vj; j ¼ 1;y; k are
further decomposed into smaller subcircuits, it is multi-level or tree partitioning; otherwise it is
two-level partitioning.
A general circuit hierarchy is shown in Fig. 3. A subcircuit containing no subcircuits is a leaf

subcircuit, otherwise it is a middle subcircuit. We further define the span of a net ej; denoted as
spanðejÞ; as the number of the subcircuits ej connects. If spanðejÞ > 1; ej is called cut net, otherwise
it is an internal net. In nodal analysis, a node voltage variable corresponds to a node (net) in an
analog circuit, therefore a hyperedge in the corresponding hypergraph. Similarly, a variable is an
internal variable if its corresponding net is an internal net; otherwise, it is a boundary variable (its
corresponding net is a cut net).
We first consider the effect of a circuit hierarchy on the representations of symbolic expressions

by DDDs. From expression (5), we observe that for a middle circuit, the internal circuit matrix,
AII; of its subcircuit and a number of its first-order cofactors DII

k2;k1
are required to be represented

by DDDs. In order to reduce the number of those first-order cofactors and the fill-ins generated in
the circuit matrix of the middle circuit during the suppressing of its subcircuits, the number of
boundary variables, aBIx;y and aIBx;y; of the subcircuit should be minimized. Boundary variables
essentially are cut nets. Therefore, the total number of cut nets seen by each subcircuits should be
minimized. This leads to the following problem: given a hypergraph HðV ;E), find v½i
 ¼

A    B    0

C   D    E

0    F    G

0 edge

1                                    0

1 edge

+

+

+

-

+

+

-

A

B

CD

F

E

G

Fig. 2. A matrix determinant and its DDD.
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1;y; k; i ¼ 1;y; jV j so as to

minimize
X
ejAE

spanðejÞ: ð6Þ

Min-span or min-cut partitioning commonly gives rise to very dense interconnection within each
leaf subcircuit; thus the corresponding subcircuit matrices are dense. For a dense or full matrix, its
DDD representation is still exponential. Fig. 4 shows the number of vertices of a DDD for the
determinant of a full matrix and the number of product terms in the determinant vs. the size of the
full matrix under the variable ordering given by the heuristic described in [15].
To simplify the problem formulation, we make the following two assumptions. First, we assume

that the size of a DDD representing an x � x determinant, detðTÞ; of matrix T is an exponential
function gðxÞ in x; gðxÞ ¼ ax; where base a is a positive constant. Our experimental results show
that a is in the range ½2:3; 2:7
 for all full matrices reported in Fig. 4. Second, we assume that the
size of a DDD for detðTÞ and the required first-order cofactors of detðTÞ is OðaxÞ: The second
assumption can be justified by the fact that the required first-order cofactors due to subcircuit
suppression usually are few given a small number of boundary variables. A few of the required
first-order cofactors can be represented by DDDs whose size is compared to that for detðTÞ; which
is ax; because of the sharing among the required cofactors and detðTÞ:
Under the two assumptions, the size of DDDs for hierarchical symbolic analysis of a circuit

with k subcircuits will be bounded by

OðjDDDjÞ ¼ OðaðV1Þ þ aIðV2Þ þ?þ aIðVkÞ þ xðScutÞÞ; ð7Þ

where IðViÞ is the number of internal variables in subcircuit Vi; i.e.

IðViÞ ¼ fej jejDVi and spanðejÞ ¼ 1g; ð8Þ

and Scut is the number of boundary variables, and xðScutÞ the size of DDDs due to the root circuit.
Note that we have

IðV1Þ þ IðV2Þ þ?þ IðVkÞ þ Scut ¼ jEj: ð9Þ

. . .

. . .

Top Level

SubCkt1 SubCkt2 SubCkt3

SubCkt21 SubCkt22 SubCkt23

Fig. 3. Model of a circuit hierarchy.
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Since we take the minimum span objective, it is reasonable to assume the we should always get a
very good quality partition and different good solutions should have similar total spans, which
actually matters for the size of top DDDs. As a result, we can safely assume that Scut will not
change or change slightly under a given k; then jDDDj will reach the minimum when

IðV1Þ ¼ IðV2Þ ¼ ? ¼ IðVkÞ: ð10Þ

It is fairly easy to verify this when k ¼ 2: Eq. (10) essentially calls for the balance on the internal
variables of subcircuits. We solve the problem by introducing the following balance constraints:

Imax � Iminpt; ð11Þ

Imin ¼ minfIðViÞg; i ¼ 1;y; k;

Imax ¼ maxfIðViÞg; i ¼ 1;y; k;

where t is a measure of the offset from its balanced size (referred to as the deviation factor). The
partitioning problem can be summarized as follows: Given a hypergraph GðV ;EÞ; find a k-way
partition of V subject to balance constraint (11), such that objective (6) is minimized.
For very large analog circuits, two-level partitioning may be still inadequate to reduce the

overall DDD size. The reason is that Scut will increase with the number of partitions - k; so does
xðScutÞ; which is the size of DDD vertices for the top circuit consisting of the cut nets. To keep the
DDD size for each subcircuit and each non-leaf circuit manageable, multi-level partitioning is
desired to bound the maximum number of internal variables of all the subcircuit and to limit the
boundary variables of non-leaf circuits. The upper bound on the number of internal nets of leaf
circuit j and on the boundary variables of non-leaf circuits can be expressed as

IðVjÞpbjEj; ScutpbjEj; ð12Þ

where b is a positive constant and bA½0; 1
:

#DDD vertices 
#product terms

1 2 3 4 5 6 7 8 9 10
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size of full matrices

#DDD vertices and #product terms vs size of full matrices

Fig. 4. #DDD vertices and #product terms vs. size of full matrices.
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If the numbers of internal nets in some subcircuits or the number of top cut nets cannot be
bounded by bjEj properly selecting k; we have to use multiple level partitioning.

4. Multi-level multi-way balanced partitioning algorithm

We will use subcircuit and subset in an interchangeable way hereinafter for convenience.
Our approach to k-way constrained hypergraph partitioning is composed of initial partition

construction and iterative refinement.

4.1. Initial partition construction algorithm

Iterative refinement algorithms such as Kernighan–Lin’s algorithm usually trap to local minima
[8,16]. A reasonable initial partition therefore is crucial to obtain good results. In addition, we
need to find a feasible initial solution due to the balance constrains.
The initial partition construction is a connectivity-oriented clustering process where the k

clusters are growing in such a way that each step the number of internal nets is maximized.
We begin with some definitions. A vertex v becomes locked after it is moved into a subset. A net

is Free when all its vertices are free; otherwise, the net is Assigned if it still has free vertices and all
the locked vertices are in one subset, or it is Locked if locked vertices on the net are in more than
one subsets or all the vertices are locked. A Locked net, however, may still have free vertices.
We move a net (move all its free vertices) each time. The moving scheme first selects a seed (the

first net) for each subset and then moves all the nets with the consideration of their
interconnection with the Locked nets in all the subsets until all the vertices are locked, which
marks the end of the moving process. The algorithm is described in Fig. 5. When a Free net is
moved into a subset s; the number of internal nets of s is increased by at least one. This is also true
for the Assigned net when it is moved into the subset in which it has locked vertices. Therefore, the
move operations in steps (3) and (4) are restricted by the balance constrain (12) to guarantee a
feasible solution. Once a net is moved and it becomes Locked, it will affect the status of its
adjacent nets. We therefore have to adjust the status of those affected nets. In addition, Imax and
Imin in the balance constraint (12) are also adjusted after a move operation. In step (3), the
selection of subset for a Free net is based on its interconnection with subsets. Such an selection
scheme, which emphasizes the clustering of the closely coupled vertices, typically yields better
results.
If we assume the maximum number of vertices on a net and maximum number of nets incident

on a vertex are bounded by a constant which is also significantly less than total number of vertices
in the GðV ;EÞ; we have following proposition.

Proposition 1. The time complexity of InitPart algorithm is OðkjEj þ jEj log2ðjEjÞÞ:

Proof. The sorting procedure in step (2) requires OðjEj log2ðjEjÞÞ to finish. In step (3), we visit each
Free net just once. For each net, we need to compute its status, which takes Oðnmax;netÞ ¼ Oð1Þ;
where nmax;net is the maximum number of vertices which a net connects. If it is a Free net, we
calculate the changes of the number of internal nets for each subset when the net is moved into it.
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Such a process will take Oðn2
max;netnmax;verÞ to finish, as we must visit all the nets on all the vertices

connected by the moved net and compute their status, where nmax;ver is the maximum of nets which
a vertex connects. Hence the time complexity for this step is Oðkn2max;netnmax;vertjEjÞ = OðkjEjÞ:
Note that we treat item Oðn2

max;netnmax;verÞ as a constant because nmax;net; nmax;ver are topology
parameters even though Oðn2

max;netnmax;verÞ may become significant compared to jEj in some
situations. In step (4), we calculate status of each Assigned net and the change in terms of the
number of internal nets in one subset, so the time complexity for this step is Oðn3maxjEjÞ ¼ OðjEjÞ:
The last step can be finished in OðnmaxjEjÞ ¼ OðjEjÞ as we scan once all the vertices for each net
that still has free vertices. By counting all the steps, the total time complexity of InitPart is
OðkjEj þ jEj log2ðjEjÞÞ: &

4.2. Iterative refinement algorithm

An iterative refinement procedure is employed to further improve the quality of an initial
partition. The algorithm is an extension of the iterative refinement heuristic due to Feduccia and
Mattheyses (FM) [16] with an improved vertex-moving gain formula and a balance-relaxed vertex
moving scheme described in this section.
The FMs algorithm begins with two initial subsets and proceeds in a series of passes. In each

pass, it keeps moving vertices between two subsets until each vertex has been moved exactly once.
After each pass, the best solution observed during the pass becomes the initial solution for a new
pass. During each pass, the moved vertices are locked from further exchanging. The pass
terminates when a pass does not improve upon the most recent solution.

4.2.1. Computation of gain and potential gain

Similar to FMs algorithm, we define the gain of moving a vertex into or out of a subset as the
decrease in the span of a partition. Unless otherwise specified, we assume that a vertex v is moved
from set A to set B; A and B are two subsets among k subsets and vAA:

Fig. 5. Initial partition construction.
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We further define an incident number of a net e with respect to a set of vertices A; denoted by
aAðeÞ; as aAðeÞ ¼ jfvjvAA and vAegj: A binding force of a net with respect to a set A; denoted by
bðeÞ; is defined as bAðeÞ ¼ aAF

ðeÞ if aAL
ðeÞ ¼ 0 otherwise, N if aAL

ðeÞ > 0; where AF and AL denote
the subsets that contains all free and locked vertices in A; respectively.
In order to efficiently calculate the spanðejÞ of a net ej; we divide the move operation of v into

two steps:

1. The vertex v is selected from A and put into %A ( %A is complement of A; %A ¼ V � A); the gain of
this move operation, denoted by GA

getðvÞ; is

GA
getðvÞ ¼ jfeAEvjbAðeÞ ¼ 1 and b %AðeÞ > 0gj

� jfeAEvjbAðeÞ > 0 and b %AðeÞ ¼ 0gj; ð13Þ

where Ev denotes the set of nets that vertex v connects.
2. The vertex v is moved from the complement of B; %B to B:1 the gain, denoted by GB

putðvÞ; is

GB
putðvÞ ¼ jfeAEvjb %BðeÞ ¼ 1 and bBðeÞ > 0gj

� jfeAEvjb %BðeÞ > 0 and bBðeÞ ¼ 0gj: ð14Þ

Then the total gain of the move operation of v from A to B is given by

GspanðvÞ ¼ GA
getðvÞ þ GB

putðvÞ: ð15Þ

To satisfy the balance constraint (12), we need to check the following two constraints at each
moving step:

In

max � tpIðAÞ � IAðvÞ for set A; ð16Þ

In

min þ tXIðBÞ þ SBðvÞ for set B; ð17Þ

where IAðvÞ is the number of all the internal nets of A that become cut net after v is moved out of
A; and where SBðvÞ is the number of all the cut nets that become internal nets of B after v is moved
into B: In

maxðI
n
minÞ are maximum (minimum) number of internal nets among all the subcircuits after

v is moved from A into B; i.e.

In

max ¼ maxfIðViÞ for ViaA; ðIðAÞ � IAðvÞÞ for Vi ¼ Ag; i ¼ 1;y; k; ð18Þ

In

min ¼ minfIðViÞ for ViaB; ðIðBÞ þ SBðvÞÞ for Vi ¼ Bg; i ¼ 1;y; k: ð19Þ

Because each vertex v has k � 1 moving directions thus k � 1 gain values for each direction. We
select the direction with the highest gain each time. So a vertex is sorted according to its highest
gain. Once we select a vertex, we also know its destination.
One way to improve the partitioning quality is to break the tie situation where two vertices have

the same gain [17–19]. We solve this problem by introducing a penalty function devised for multi-
way partitioning into the vertex gain as a potential gain. Let GPðeÞ denote the potential gain of net
e imposed on all its connected vertices. The potential gain also consists of two parts which

1Note that %Aa %B; but their differences have no impact on the gain calculations.
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correspond to the two aforementioned steps in a move operation:

GPðeÞ ¼ GA
PgetðeÞ þ GB

PputðeÞ; ð20Þ

where

GA
PgetðeÞ ¼

0 if bAðeÞ ¼ jej or bAðeÞ ¼ 0;

�p if bAðeÞ ¼ N;

�p � wðe;AÞ if 0obAðeÞojej

8><
>: ð21Þ

and

GB
PputðeÞ ¼

0 if bBðeÞ ¼ jej or bBðeÞ ¼ 0;

p if bBðeÞ ¼ N;

p � wðe;BÞ if 0obBðeÞojej

8><
>: ð22Þ

and wðe;X Þ ¼ aX ðeÞ=nmax if jejpnmax; and wðe;X Þ ¼ aX ðeÞ=jej otherwise. p is a constant, and nmax

is a user-specified upper bound on the number of vertices which a net connects. Both GA
PgetðeÞ and

GB
PputðeÞ favor the vertices on the cut nets which likely become internal nets of B if the vertices are

moved. The total gain for the whole move operation is expressed as

GABðvÞ ¼ GspanðvÞ þ
X
eAEv

ðGA
PgetðeÞ þ GB

PputðeÞÞ: ð23Þ

Now we illustrate the gain calculation by means of a three-way partitioning example shown in
Fig. 6. Let nmax ¼ 5 and p ¼ 3; and all the vertices are free. Without considering the potential
gain, moving vertex a; f and d to some subsets will reduce the span of the partition by one (non-
potential gain equals 1). The potential gain for moving vertex a from A to B is calculated as
follows: GA

Pgetðe1Þ ¼ 0 and GB
Pputðe1Þ ¼ 0; GA

Pgetðe2Þ ¼ �3=5 and GB
Pputðe2Þ ¼ 6=5; GA

Pgetðe3Þ ¼ �3=5
and GB

Pputðe3Þ ¼ 3=5: Hence, the total gain for this move is GABðaÞ ¼ 1þ 3=5ð¼ 0þ 0� 3=5þ
6=5� 3=5þ 3=5Þ ¼ 8=5: On the other hand, the potential gain of moving f to either A or B and of
moving d to either A and C is zero. Therefore, moving a from A to B has the highest total gain.
Intuitively, the advantage of moving a over the other two moves is that cut net e2 which is
otherwise difficult to be removed, is first removed when a is moved first.

4.3. Balance constraint relaxation

Another problem with FMs algorithm is that moving a vertex is only feasible if the move
operation does not violate the balance constraints. Such a moving scheme will severely confine the
solution space especially when the constraints are strict [12,20]. This problem can be alleviated by
temporarily relaxing the balance constraints and allowing a sequence of move operations of
vertices, called macro-step, to be carried out as long as the balance constraints are restored after
the macro-step.
Each macro-step begins with moving a vertex v from A to B without considering the balance

constraint (17). Nevertheless, the move is still subject to constraint (16). The reason is that we
should not limit the increase of the internal nets in subset B; while we limit the decrease of the
internal nets in subset A: This constraint-relaxation scheme is consistent with the min-span
partitioning objective. We observe that after the move operation, I ½B
 always increases. In case the
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move operation causes the violation of the balance constraint in B; we just move some vertices out
of B to restore the balance.
More specifically, let F ¼ fv1; v2;y; vmg be a set of free vertices. Let Gmax½i
 and I ½i
 are the

maximum gain of all the free vertices in subset i and the number of internal nets in subset i;
respectively. The new balance-relaxed multi-way partitioning algorithm, BalRelaxMP, is
described in Fig. 7.
A similar constraint-relaxation scheme has been shown to be effective on the digital circuit

partitioning with the balanced area constraints [12].

4.3.1. Implementation and time complexity
In our implementation, the bucket data structure introduced in [16] is used. We modify this date

structure to account for multi-way partitioning. Because the total gain of a vertex is still bounded
after the introduction of the potential gains (21) and (22), the bucket sorting scheme is still
applicable to our application. With this, re-sorting all the affected free vertices caused by moving a
vertex will still take a constant time.
Under the same assumption that the number of vertices per net and the number of connections

per vertex are limited by a constant, nmax; we have the following proposition:

Proposition 2. Given a hypergraph HðV ;EÞ; the time complexity of BalRelaxMP for k-way
partitioning is OðjEjk2 log2ðkÞÞ:

Proof. Let nðiÞ denote the number of vertices on net ei; then the total number of gain calculations
due to the vertices on net i during a pass is

nðiÞ þ ðnðiÞ � 1Þ þ?þ 1 ¼ Oðn2ðiÞÞ: ð24Þ

Hence, the total number of gain calculations in a pass is given by

O
XjEj

i¼1

n2ðiÞ

 !
; ð25Þ

a
e1

b

e3

e2
c

A

C

B

d
e

f

Fig. 6. Illustration of gain calculation in multi-way partitioning.
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which also equals

XjEj

i¼1

n2ðiÞp
XjEj

i¼1

n2max ¼ jEjn2max: ð26Þ

As a result, the time complexity of the algorithm is OðjEjn2maxÞ ¼ OðjEjÞ: Within a vertex gain
calculation, k � 1 gain values for each moving direction must be recalculated as each vertex has
k � 1 move directions. Such a process takes OðkÞ to complete. In BalRelaxMP algorithm, each
macro-step begins by sorting k subsets. In the worst case, every macro-step corresponds to just
one vertex move. Sorting process has the time complexity of Oðk log2 kÞ: Therefore, the total time
complexity is OðjEjk2 log2 kÞ: &

Considering both initial partition construction and iterative refinement, the time complexity of
the entire partitioning process is

OðjEjðk þ log2ðjEjÞ þ k2 log2ðkÞÞÞ: ð27Þ

4.4. Multi-way tree partitioning

Two-level partitioning can be easily extended to tree partitioning by recursively applying the
multi-way algorithm, until constraints (12) on the number of the internal nets of all the leaf
circuits are satisfied.
In our implementation, multi-level partitioning is treated as a special sequence of multi-way

partitioning processes where each multi-way partitioning is performed such that vertices are
moved only from the subsets at a particular hierarchical level, and all the other vertices are locked
during that pass. In this way, the gain calculations (23), and balance constraints (16) and (17) will
still remain valid.

Fig. 7. Balance-relaxed multi-way partitioning.
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5. Experimental results

The proposed balanced multi-level multi-way partitioning algorithm has been implemented and
linked to a DDD-based symbolic analyzer SCAD3 [15,4]. The results from two examples are
described. All the results are obtained on a SUN SPARCstation 5 with 32 MB memory.
For non-linear integrated circuits, DC analysis is first performed using SPICE, and the resulting

small signal models from the output of SPICE are used in symbolic analysis. For the
completeness, the small signal models used for bipolar and MOS transistors are described in
Figs. 8(a) and (b), respectively.

5.1. mA741 opamps

The first example is the bipolar mA741 circuit with 26 transistors and 11 resistors shown in
Fig. 9(a). We first perform 2-level multi-way partitioning of mA741: The total number of nets for
mA741 is 24. For small-signal AC analysis, the power and ground nets are the reference node in
the nodal formulation method. They will not appear in the circuit matrix, and ignored by

Cdb

Cgs

Cbg

Cgd

GmVgs GmbVbs
Go

Csb

bg

s

d

GmVbe Go

CcsCpi

Cmu

b  c

e

Gpi

(a) (b)

Fig. 8. (a) MOSFET small signal model and (b) bipolar transistor model.
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Fig. 9. (a) Bipolar mA741 opamp and (b) a 2-way partitioned mA741:
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partitioning. All the nets corresponding to the circuit inputs and outputs are always cut nets. We
select the deviation factor—t to be 4.
Figs. 9(b), 10(a) and (b) show, respectively, the results of 2-, 3- and 4-way balanced partitioning

of mA741; where each partitioned subcircuit is marked by an index (I–IV). Table 1 summarizes the
statistics of these partitions. Columns 1, 2 and 3 list, respectively, the number of subcircuits, the
span and the number of cut nets. Columns 4–7 list, respectively, the number of internal nets in
each subcircuit and their corresponding DDD size. Column 8 describes the number of DDD
vertices in the root circuit, jtopDj; the last column is the total number of DDD vertices, jtotalDj:
The last two columns give the CPU times for evaluating 1000 frequency points from our program
SCAD3 and SPICE for each partitioned circuit. The CPU times are collected on a Linux system
with 450 MHz Intel-Celeron CPU and 200 MB memory. We have the following observations:

* The total number of DDD vertices used for representing all the subcircuits decreases from 837
in the balanced 2-way partitioning to 239 in the balanced 4-way partitioning. Meanwhile, the
number of DDD vertices used for the root circuit increases from 20 to 114. The total number of
DDD vertices decreases as k increases from 2 to 4. If we further increase k;more nets will be cut
nets and the size of the DDD for the root circuit will increase rapidly, and dominate the overall
DDD size.
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Fig. 10. (a) A 3-way partitioned mA741 and (b) a 4-way partitioned mA741:

Table 1

Statistics of 2-level multi-way partitioning on mA741

k Span #Cut #Internal nets=jDDDj jtopDj jtotalDj SCAD3 SPICE

I II III IV

2 8 4 9/260 10/557 — — 20 837 2.01 1.60

3 13 7 5/29 6/79 5/55 — 80 241 0.68 1.61

4 18 8 3/5 2/5 5/53 5/57 114 239 0.69 1.69
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* As we have reported in [15], without partitioning and hierarchical symbolic analysis, the total
number of DDD vertices to represent the mA741 is 6654, where the number of product terms in
fully expanded classical symbolic analysis is 11 9011. Thus, hierarchical symbolic analysis leads
to a very compact behavioral model (237 vs. 6654) thanks to automatic balanced partitioning.
Since the number of multiplications is linear in the DDD size, hierarchical symbolic analysis
with automated partitioning speeds up canonical symbolic analysis (without partitioning) by a
factor of 28, where canonical symbolic analysis already boasts of several orders of magnitude
speedup over fully expanded symbolic analysis (6654 multiplications vs. 119 011 product
terms).

* Smaller number of DDD nodes does results small CPU time for evaluating the resulting
symbolic expressions than SPICE. The speedup will become more significant if multi-level
partitioning is used as shown in Table 2.

We further perform a 3-level 2-way partitioning of mA741 based on the hierarchy tree shown in
Fig. 11(b). The third-level partitioning is based on the 2-level 2-way partitioning and the resulting
tree hierarchy is shown in Fig. 9(b). The resulting partitioning is shown in Fig. 11(a).
Table 2 summarizes the partitioning statistics. We can see that hierarchical symbolic analysis

with automated 3-level 2-way partitioning reduces the number of DDD vertices from 6654 to 117!
Since at most one multiplication is needed for one vertex, the total number of multiplications is
bounded by 117. To compare with best-known hierarchical symbolic analyzer—SCAPP [7], row
SCAPP lists the best result from SCAPP with automated partitioning, where #mul and #add are
number of multiplications and additions, respectively. The last two rows give the CPU times for
evaluating 1000 frequency points from our program SCAD3 and SPICE for the partitioned
circuit. Hence the speedup of numerical evaluation over SPICE is further improved compared
with the 2-level partitioned circuits.

Table 2

Statistics for 3-level, 2-way partitioning on mA741

Leaf

subcircuits

I1 I2 II1 II2

jDDDj 10 36 23 6

internal nets 3 4 4 3

Middle

subcircuits

I II

jDDDj 4 18

internal nets 2 3

cut nets 5 6

Root jDDDj 20

Total jDDDj 117

SCAPP #mul:182, #add: 357

SCAD3 0:47 s

SPICE 1:57 s
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5.2. A band-pass filter

The second example is a band-pass filter, shown in Fig. 13(a), where each Opamp subcircuit is a
miller-compensated two-stage MOS circuit, shown in Fig. 12.
An important feature of the proposed partitioning algorithm is its capability in performing

higher level partitioning based on the existing subcircuit definitions. For example, we can view
each Opamp circuit as a 3-terminal block in the band-pass filter circuit shown in Fig. 13(a) and
perform partitioning at the top circuit level. The resulting partitioning is shown in Fig. 13(b). This
contrasts with the partitioning algorithm in SCAPP where the automatic partitioning has to be
carried out on the flattened circuits.
Table 3 summarizes the partitioning statistics along with the comparison with the best results

from SCAPP with automated partitioning. Column Op shows the number of DDD vertices used
to represent the Opamp subcircuit. Columns 3–5 describe the DDD size for each middle
subcircuit. The last two columns give the DDD size at the root and the total number of DDD
vertices. Rows 2 and 3 describe, respectively, the DDD size and number of internal nets for each
subcircuit. Row jDDDj ðw=oÞ shows the DDD size without partitioning. Row SCAPP shows the
best result from SCAPP with automated partitioning. Note that the difference in the DDD size
with and without partitioning is quite marginal for this example, because the cascade structure in
the band-pass circuit has been exploited by DDDs [15]. The last two rows still give the CPU times
for evaluating 1000 frequency points from our program SCAD3 and SPICE for the partitioned
circuit. Comparing with Table 1, it appears that with larger circuits, the speedup of the new
algorithm over SPICE will increase using the same level partition scheme.

5.3. Effectiveness of InitPart

We then study the impact of the proposed initial partition construction algorithm (InitPart) on
the final quality of a partition. For comparison, we implement another initial partition
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Fig. 11. (a) A 3-level, 2-way partitioned mA741 and (b) a 3-level, 2-way partition of mA741:
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Fig. 13. (a) An active RC band-pass filter and (b) a 3-way partitioning of the band-pass filter.

Table 3

Statistics of 3-way tree partitioning of the band-pass filter

Subcircuits Op I II III #top #total

jDDDj 17 168 140 166 173 664

#internal net 3 8 8 9 7 —

jDDDj (w/o) 767

SCAPP #mul:1639, #add:2479

SCAD3 1:96 s

SPICE 5:21 s
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construction algorithm, RandInitPart, which randomly move each net into a subset as long as
no violations of balance constraints occur. The results from these two algorithms are then fed into
the iterative refinement algorithm.
The experiment is conducted by performing 4-way partitioning on both the mA741 circuit and

the band-pass filter for 20 runs with deviation factor t ¼ 4: The total number of nets in mA741 and
band-pass circuit are 26 and 33, respectively (we count power and ground nets in both circuits).
Table 4 shows the statistics about the experimental results.
Rows 3–4 are the average (avg), the standard deviations (std) and the minimum (min) of the

span of the resulting partitions by the InitPart algorithm (in columns 2, 3 and 4) and by the
RandInitPart algorithm (in columns 5, 6 and 7) for circuits mA741 and band-pass filter,
respectively. Rows 6 and 7 show the results in terms of cut nets for both circuits.
We have the following observations. First, the InitPart algorithm outperforms the RandI-

nitPart algorithm in both circuits. Second, the InitPart algorithm leads to more stable results
in the 20 runs on both circuits. This is reflected in the standard deviations of both span and
numbers of cut nets in the resulting partitions. Hence, given the improved average results and
reduced volatility, the InitPart algorithm can lead to much more saving in CPU time since we
can obtain similar results with less number of trials in practice.

5.4. Comparison with contour tableau

Finally, we compare our method with the contour tableau method [5] on real analog circuits. In
the contour tableau method, the partitioning procedure is directed performed on a graph OðN;BÞ
representing an analog circuit, where N is a set of nodes in the circuit and B is a set of edges
representing circuit elements connecting nodes in the analog circuits. A clustering procedure is
performed by selecting one node at a time. The cluster is identified such that the minimum
adjacent nodes outside the cluster is observed before the user-specified upper bound on the
number of nodes, nup; in the cluster is reached. This method is efficient at finding closely coupled
circuit elements [5]. Unfortunately it may yield very unbalanced partitions for some circuit
structures as shown in the following example.
We consider the band-pass filter circuit shown in Fig. 13(a). We select several upper bounds,

nup; on the clusters and the results are shown in Table 5.
Column 2 is the number of clusters (subcircuits) generated. Columns 3 and 4 are the span

and the number of cut nets in resulting partitions. Column 5 is the size of resulting DDDs.

Table 4

Comparison between two initial partition construction algorithms

InitPart RandInitPart

Span Avg Std Min Avg Std Min

mA741 26.5 3.58 21 28.3 3.76 23

Band-pass 27.2 5.7 18 32.4 8.9 21

#cut nets Avg Std Min Avg Std Min

mA741 9.5 1.2 7 12.8 1.9 9

Band-pass 10.2 1.5 8 16.5 5.1 9
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Columns 6–11 are the number of nodes (also the number of internal nets) in each cluster. The last
row show the results from the new partitioning algorithm. It is worth pointing out that when
nup ¼ 9; 11; 13; the differences between the maximum number of internal nets and the minimum

Table 5

Partitioning results on band-pass filter by the contour tableau method

nup k Span #Cut jDDDj #nodes in each cluster

I II III IV V VI

5 5 22 11 601 5 1 5 5 5 —

7 6 26 9 927 7 1 2 5 7 1

9 5 17 5 568 10 2 10 2 3 —

11 5 17 5 568 10 2 10 2 3 —

13 5 17 5 568 10 2 10 2 3 —

15 3 11 5 837 10 2 15 — — —

— 5 25 8 509 3 2 7 7 5 —
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Fig. 14. A 5-way partition of band-pass filter by the contour tableau method.
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number of internal nets are quite remarkable. The partitions with nup ¼ 9; 11; 13 are drawn in the
Fig. 14. The reason for such unbalance is that after a cluster has been identified and removed from
the graph along with the cut nets, the remaining circuit will becomes a set of separated graphs (the
remaining graph is not a single connected graph). If some of the separated graphs are very small,
the algorithm will soon identify them as clusters and thus results in the unbalanced partitions. In
our example, after cluster I is identified and removed, cluster II becomes a separated graph. This is
also true for cluster IV after cluster III is identified. We note that this inherent problem cannot be
solved by simply increasing nmax as shown in Table 5. In contrast, results from a more balanced
partition obtained by the new partitioning algorithm, shown in the last row of the table, give the
smallest DDD size.
Symbolic hierarchical decomposition methods mainly aims at speeding up applications where

repeated evaluation of a circuit performance (symbolic expressions) is required. The major
advantage of hierarchical decomposition is its ability to process fairly large analog circuits. On the
other hand, non-decomposition symbolic circuit analysis with approximation strategies still
suffers the circuit-size limitation problem. It is encouraging to see some promising results from
combining both hierarchical decomposition and approximation strategies to deal with more large
analog circuits [21]. We like to look at how to apply approximation during hierarchical
decomposition in our future investigations.

6. Conclusions

An efficient algorithm for balanced multi-level multi-way partitioning of large analog circuits is
presented. Similar to many recent algorithms for multi-way partitioning, for example [17,9], the
proposed algorithm is based on iterative vertex moving scheme due to Fiduccia and Mattheyses.
The novelty is the introduction of an effective potential gain and multiple-vertex moving strategy
for relaxing balance constraints. In this paper, we have also described its application to
hierarchical analog symbolic analysis, and shown its superiority over the best analog symbolic
analysis program SCAPP. The new partitioning scheme also compares favorably with the contour
tableau method in partitioning analog circuits for DDD-based hierarchical symbolic analysis. The
resulting hierarchical symbolic analyzer outperforms SPICE in numerical evaluations for a
number of large analog circuits.
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