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Abstract—LU factorization for sparse matrices is the most im-
portant computing step for circuit simulation problems. However
parallelizing LU factorization on the Graphic Processing Units
(GPU) turns out to be a difficult problem due to intrinsic data
dependency and irregular memory access, which diminish GPU
computing power. In this article, we propose a new sparse LU
solver on GPUs for circuit simulation and more general scientific
computing. The new method, which is calledGLU solver (for
GPU LU), is based on a hybrid right-looking LU factorization
algorithm for sparse matrices. We show that more concurrency
can be exploited in the right-looking method than the left-looking
method, which is more popular for circuit analysis, on GPU
platforms. At the same time, theGLU also preserves the benefit of
column-based left-looking LU method such as symbolic analysis
and column-level concurrency. We show that the resulting new
parallel GPU LU solver allows the parallelization of all three
loops in the LU factorization on GPUs. While in contrast, the
existing GPU-based left-looking LU factorization approach can
only allow parallelization of two loops.

Experimental results show that the proposed GLU solver can
deliver 5.71x and 1.46x speedup over the single-threaded and
the 16-threaded PARDISO solvers respectively, 19.56 speedup
over the KLU solver, 47.13«< over the UMFPACK solver and

in those problems and it is very important to improve the
efficiency of the LU factorization algorithms. LU factorian

for sparse matrices is the most important computing step
for general circuit simulation problems for circuit design
But parallelizing LU factorization on the popular many-eor
platforms such as Graphic Processing Units (GPU) turns out
to be a difficult problem due to intrinsic data dependency
and irregular memory access, which diminish GPU computing
power.

Modern computer architecture has shifted towards the multi
core processor [1], [2] and many-core architectures [3f Th
family of GPU is among the most powerful many-core com-
puting systems in mass-market use [4]. For instance, the
state-of-the-art NVIDIA Kepler K40 GPU with 2880 cores
has a peak performance of over 4 TFLOPS versus about
80-100 GFLOPS of Intel i7 series Quad-core CPUs [5],
[6]. In addition to the primary use of GPUs in accelerating
graphics rendering operations, there has been considerabl
interest in exploiting GPUs for general purpose computatio

1.47x speedup over a recently proposed GPU-based left-looking (GPGPU) [7].

LU solver on the set of typical circuit matrices from University
of Florida Sparse Matrix Collection (UFL). Furthermore, we

also compare the proposed GLU solver on a set of general

matrices from UFL, GLU achieves 6.38 and 1.12x speedup
over the single-threaded and the 16-threaded PARDISO solvers
respectively, 39.3% speedup over the KLU solver, 24.04 over
the UMFPACK solver and 2.35x speedup over the same GPU-
based left-looking LU solver. Also comparison on self-generated
RLC mesh networks shows a similar trend, which further

validates the advantage of the proposed method over the existing

sparse LU solvers.
X

I. INTRODUCTION

Until now, dense linear algebra support on GPU is well
developed, with its own BLAS library [8], but sparse linear
algebra support is still limited. Modern NVIDIA GPUs are
throughput-oriented many-core processors that can offgy v
high peak computational throughput. They favor compuitetio
exhibiting sufficient regularity of execution paths and noeyn
access patterns. For sparse-matrice-based analysis, GPU a
celeration has been applied to parallelize the shootingtdle
method for transient radio-frequency circuit analysisgal to
speedup the generalized minimum residual analysis (GRMES)
based iterative method for large-scale thermal analy$§ipifiL
the past. However, parallelizing the sparse LU factorizati
operation is very difficult because of the irregular stroetaf

Transforming a sparse matrix into its LU form is of cruciamatrices and the high data-dependency during the numeric LU

importance in linear algebra as it plays an important role

factorization. As a result, they remain a challenge for GPU-

many numerical and scientific computing applications sudiased fine-grained parallel computing [5].
as finite difference and finite element based methods. LUSeveral research efforts have been proposed for paralleliz

factorization operation represents the dominant comguiost
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ing sparse LU factorization on shared memory multi-core

Kai He and Sheldon X.-D. Tan is with Department of Electri-CPU and GPUs. SuperLU [11]’ [12] Implemented SuPemOde-

based Gilbert-Peierls (G/P) left-looking algorithm [13jnd
SuperLU MT [12] is its multi-threaded parallel version devel-
oped for shared memory multi-core architectures. Howeter,
is not easy to form super-node in some sparse matrix such
as circuit matrix. KLU [14], which is specially optimizedifo
circuit simulation, adopts Block Triangular Form based dR G
left-looking algorithm.

Recently, the KLU algorithm has been parallelized on
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multi-core architecture by exploiting the column-levelrgda present the new column-based right-looking algorithm asd i
lelism [15], [16]. For parallel LU factorization solvers @PU, parallel implementation on GPU. Several numerical example
existing works mainly focus on dense matrices including,[17and discussions are presented in Section IV. Last, Section V
[18], [19], very few works on the sparse matrix have beeroncludes.

proposed. Rent al. recently proposed a GPU-based sparse LU

solver based on the G/P left-looking algorithm [20]. It @i ||, REVIEW OF LU FACTORIZATION ALGORITHMS AND

the column-level parallelism due to sparse nature of theixnat CUDA

The left-looking based method, which transforms the factor Before we present our new approach, we first review the

ization computing into & number of triangular matrix solyin two main-stream LU factorization methods: the left-loakin

Egehms (;noredefficiznt on GPL_J c?tmputingly.. But hit pqssesls§ﬁ3 factorization algorithm [13] and a variant of the right-

\gher ata ependency coming from solving t € ”"’?‘”9“ ﬁfoking algorithms such as the Gaussian elimination method
matrices. The traditional right-looking LU factorizatiomhich We then review some recent works on LU factorizations on
involves only less data dependent vector operations, hs pQ ; and the NVIDIA CUDA programming system

been V\./e” s.tudied in GPU implementation. The LU factorization of an x n matrix, A, has the form
In this article, we propose a new sparse LU solver on GPU

oo i o PP = LU, whereL is a lower triangular matrix and is an
for circuit simulation and more genere}I scientific compgtuj upper triangular matrix. For a full matrix, LU factorizatidnas
The newlmethod, callgdﬁL_U meth(?d, is based on a hybl’ldo(ng) complexity as it has three embedded loops.
right-looking LU factorization algorithm. We show that neor
concurrency can be exploited in the right-looking methathth ] ] o
the left-looking method, especially on GPU platforms. W& Right-looking factorization method

have the following contributions: The right-looking LU factorization is the traditional fac-
torization method, which is shown to be more amenabfégorithm can be explained by the following equation:

for exploiting the concurrency of LU factorization. The I ul Uio a1 a9
new method preserves the benefit of column-level concur- [ Los } { Uso ] = { a9; Aoy } (@
1 = 1 is the a scalar, and,; and u;» are the

rency and symbolic analysis in the left-looking method
meanwhile, it allows more parallelism to be exploited. Were i ,

« We show that the nevBLU LU solver allows the par- cOlumn and row vectors respectively, aiid, and Uz, are
allelization of all three loops in the LU factorization onthe (n —1) x (n — 1) submatrices. They can t_)e computed
GPUs. In contrast, the existing GPU-based Ieft-lookinBy U1l = ai1, u12 = a2, lo1 = ag1/u1;. After this, we end

LU factorization approach can only allow two-level pardP With @ (n — 1) x (n — 1) equation to solveLzzUs; =
— Isquy2. The process repeats until we reachl & 1

allelization. We conduct comprehensive studies on thee ) . S
new GPU LU solver on a number of published generglquatlon to solve. As we can see, the traditional right-logk

matrices, circuit matrices and self-made large RLC circdff€thod solves one row fdr matrix and then one column for

matrices against some existing LU solvers to demonstradNatrix at each iteration. Then it updates the-1) x (n—1)
the advantage of the proposed GLU solver submatrix A, on the right part of the whole matrix and

. solves the reduced matrix recursively (so it is called thétri
Numerical results show that the proposed GLU solver CE’ y o

l21

deliver 5.7« and 1.46 speedup over the single-threade oking method). Note that the right-looking method regsir

. at A;; is first factored before we can factdr,_; ;_;, which
and the 16-threaded PARDISO solvers [21] respective dicates the sequential data dependency of this algor

llJ?\)I?:GSAéTedlIJp ng; the (;(L1U4;olver [;4]’ 47.43over thetl its limits for potential parallel implementations (althghuthe
solver [22] and 1.4X speedup over a recen Y multifrontal based hierarchical schemes can be exploived f

proposed GPU-based left-looking LU solver [20] on the set llelizati 247, Note that . Il th .
of typical circuit matrices from University of Florida Spar %ara elization [24]). Note that we ignore all the reoraeri

Matrix Collection (UFL) [23]. Furthermore, we also conj—;/?:;of"ocr ;l::eilr;/s:id:tztgc;naznveenxm(?/rig;i(talthpel\rlrc])tllggafs well as

pare the proposed GLU solver on a set of general matrices

from UFL, GLU achieves 6.38 and 1.1% speedup over ) o

the single-threaded and the 16-threaded PARDISO solvéks Left-looking factorization method

respectively, 39.39 speedup over the KLU solver, 2404  The G/P left-looking method shows better performances for

over the UMFPACK solver and 2.35speedup over the samesparse matrices and easier implementation than the tradliti

GPU-based left-looking LU solver. Also comparison on seliSaussian elimination based methods. It also allows the sym-

generated RLC mesh networks shows a similar trend, whibblic fill-in analysis of L and U matrices before the actual

further validates the advantage of the proposed method omeimerical computing. Instead of computing one row [of

the existing sparse LU solvers. and one column of,, the left-looking method computes one
This article is organized as follows. Section Il reviewsolumn for bothL andU instead. This is achieved by solving

previous work that has been done to factorize sparse msitrieelower triangular matrix. This lower triangular solutios i

into LU form on GPU, in particular the left-looking algorith  repeated: times during the entire factorization (whesés the

GPU architecture and CUDA programming. In Section lll, weize of the matrix) and each solution step computes a column
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of the L andU factors. In this method, the matrix is traverse: Jj
by columns from left to right. To compute current column, th
algorithm has to look at all the previous computed columr
on the left part of thel and U. So it is called left-looking
method. Algorithm 1 shows one detailed implementation ¢
the left-looking LU factorization. In this pseudo code, the Z :
current column is indexed by, and the columns to the left ]
of the current column are indexed by. To compute the
current columry, the algorithm looks left and finds all already
factored columrk (k < j), whereA;(k, j) # 0, and then uses Current column j
these columns to update current colugnd,(z, y) indicates cislﬁlrzﬂf‘:(dk'f)
the LU symbolically factorized4d matrix, where all the fill- I /
ins and non-zero elements are assigned with non-zerolinit i
values and their memories are allocated. Fig. 1 illustrites
basic idea of the left-looking algorithm. The key operatio
of the left-looking algorithm is the triangular matrix sotg,
which is actually performed by the so-called vector mudtipl Already  Cusrent
. . factored Column j

and-add (MAD) operations sequentially. Column &

One important observation for the left-looking algorithr.
is that since all the fill-in patterns of factored matrice® afsg 1 | eft-looking update for colump
exploited, we know some columns can be solved indepen-
dently and in parallel, which is called column-level paghim
in the existing approaches. Such concurrency does not exssstill in serial. The reason is that there is only one column
in the existing traditional right-looking algorithms due the j of the U matrix and updating this column must be done
recursive nature of the algorithm as we mentioned before. sequentially.

- A(k))

—_——{r ==

|

Algorithm 1 The Gilbert-Peierls left-looking algorithm D. Review of GPU Architecture and CUDA programming
1: for j=1ton do

[*Triangular matrix solving*/

for k=1toj—1whereA,(k,j)# 0 do
[*Vector multiple-and-add*/
for i = k+ 1 ton where A (i, k) # 0 do

As(iyg) = As(i,7) — As(i, k) x Ag(k, )

end for

end for

/*Compute column j for L matrix*/

10: for i =j+1ton whereA,(i,j) # 0 do

In this subsection, we review the GPU architecture and
CUDA programming. CUDA, short for Compute Unified
Device Architecture, is the parallel programming model for
NVIDIAs general-purpose GPUs. The architecture of a typ-
ical CUDA-capable GPU is consisted of an array of highly
threaded streaming multiprocessors (SM) and comes with up
to a huge amount of DRAM, referred to as global memory.
Take the Tesla C2070 GPU for example. It contains 14 SMs,
each of which has 32 streaming processors (SPs, or CUDA
10 A = A i VA (i cores called by NVIDIA), 4 special function units (SFU), and

: 3(8,) +(2:9)/A5(7,9) its own shared memory/L1 cache. The structure of a streaming
12:end for multiprocessor is shown in Fig. 2.

13: end for As the programming model of GPU, CUDA extends C
into CUDA C and supports such tasks as threads calling
and memory allocation, which makes programmers able to

C. Related works explore most of the capabilities of GPU parallelism. In CUDA

The G/P left-looking method shown in Fig. 1 has beeprogramming model, illustrated in Fig. 3, threads are orga-
parallelized on GPU recently [20]. This method exploits theized into blocks; blocks of threads are organized as grids.
two-level concurrency in the left-looking algorithm duettee CUDA also assumes that both the host (CPU) and the device
sparsity patterns of the matrices. First, it exploits theiem- (GPU) maintain their own separate memory spaces, which are
level parallelism in the left-looking algorithm as mentgah referred to as host memory and device memory respectively.
earlier. Based on the matrix sparsity pattern, the indepeindFor every block of threads, a shared memory is accessible
columns can be grouped into levels. So the oytdéoop of to all threads in that same block. The global memory is
Algorithm 1 can be parallelized by processing columns levatcessible to all threads in all blocks. Developers canewrit
by level. The so-callealuster mode in this algorithm is for programs running millions of threads with thousands of kdoc
levels with many independent columns, while thipeline in parallel. This massive parallelism forms the reason that
mode is for levels with only a few columns. It also exploregprograms with GPU acceleration can be much faster than their
the parallelism within the vector MAD operation, which iSCPU counterparts. CUDA C provides its extended keywords
reflected in the loop of Algorithm 1. However, the middlé and built-in variables, such akl ockl dx. {x,y, z} and
loop of column-by-column update, which is the key operatiomn hr eadl dx. {x, y. z}, to assign unique ID to all blocks and

N
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! Streaming Multiprocessor (SM) | I1l. PROPOSEDGLU SOLVER BASED ON THE HYBRID
N Instruction Cache | | COLUMN-BASED RIGHT-LOOKING LU METHOD ON GPU
! [ [ |
! ! PLATFORMS
[ Warp Scheduler | | Warp Scheduler | |
[ Dispatch Unit_| [ Dispatch Unit | | In this section, we explain our new hybrid column-based

[ : ] ! right-looking sparse LU factorization method on the GPUs
| Register File 096 x 32-bit) | — GLU solver. GLU solver was originally inspired by the

— — observation that the existing left-looking LU factorizati
! as inherent limitations for concurrency exploitions doe t
o e (e has inherent limitations f y exploitions d
T [us] i the required solving of triangular matrices. To mitigatésth
| [us] @ problem, we look at the traditional right-looking LU faciza-
Us L]

tion method, which seems more amenable for parallelization
Us ]

3 especially on GPU platforms. But we also want the benefits

SP | . . .
s 5 of symbolic analysis for storage management of factorized
sp !

U

L matrices and column-level concurrency in the left-looking
2] P 0 (7]
LS | based method. The resulting method is the hybrid column-
s (s s7 [seI[s8 [us
1 1

based right-looking LU method, which will be discussed in
\ Network | the following.
‘ |

‘ Shared Memory/L1 Cache ‘
‘ |
Uniform Cache

55568

A. The column-based right-looking algorithm

Our starting point is still the left-looking algorithm as we
Fig. 2. Diagram of a streaming multiprocessor in NVIDIA Test2020. (SP want to keep the column-concurrency and symbolic analysis
is shqrt for s_treaming processor, L/S for load/store unitf 8fU for Special gnd we still compute one column for bothand U matrices.
Function Unit. But unlike the left-looking algorithm, once a column bfis
computed, its impacts on the yet-to-be-solved columns will
be updated right away (so we now start to look right in this
sense). Algorithm 2 shows the hybrid column-based right-
Host Device looking LU factorization algorithm, which turns out to be
more amenable for GPU parallelization. In this pseudo code,

Gl the current column are indexed By and the columns to the
Block | | Block || Block right of the current column, which are updated immediately
Kernel 1 00 (1.0) (2.0) after the current column has been computed, are indexed by
Block-{"| Block [/ Block j. After current columnk is computed, the algorithm looks
'fq'i) | () ! ‘.'(2'1) right and finds all columry (5 > k) in the submatrix, where

, As(k, 7) # 0, and then uses coluninto update these columns.
Grid 2 Ag(x,y) indicates the LU symbolically factorized matrix,
@', D ] where all the fill-ins and non-zero elements are assigneld wit

non-zero initial values and their memories are allocatégl. 4

Y ‘ébck 1) illustrates the basic idea of the hybrid column-based fight
Thread] Thread] Thread Threal Threed] Iook|r-lg algorithm. The key_operatlon of the right-looking
©09 |@o | 20 | @0 | (40 algorithm becomes submatrix update now. But such change
Thread| Thread | Thread| Thread Thread makes a major difference in terms of concurrency explaitati
@1 |@1 @1 |G |41 as we will show soon.

Thread| Thread | Thread| Thread | Thread i _ iAo ; ; ;
02 |12 |22 G2 |@2 In this column-based right-looking algorithm, we still leav

three loops. The outek-loop chooses the current columin
that will be factorized; the middlg-loop chooses the column
Fig. 3. The programming model of CUDA. j in the submatrix right to colum# that depends on column
k; and the inneri-loop is used to perform MAD operations
between columrk and columnj. But now, we will show that
these three loops can be parallelized because the submatrix
is updated by thé and j loops, which is more amenable for
threads in the whole grid partition. Therefore, programsmeparallelization than the solving triangular matrices ie taft-
can easily map the data partition to the parallel threadd, aleoking method (see details in Subsection 11I-C).
instruct the specific thread to compute its own responsiila d We remark the hybrid LU factorization method is similar to
elements. Fig. 3 shows an example of 2-dim blocks and 2-difre multifrontal based right-looking LU factorization rhetd,
threads in a grid, the block ID and thread ID are indicated by the sense that each independent column and its connected
their row and column positions. columns can form a frontal matrix [24]. But in our approach,




IEEE TRANSACTIONS ON VLSI, VOL XX, NO. XX, DECEMBER 201X 5

Algorithm 2 The hybrid column-based right-looking algo-evels. Third, the numerical phase obtains the resultimgeto

rithm and upper sparse triangular factors by solving the columns
1 for k=1tondo level by level. The preprocessing phase and symbolic phase
2. [*Compute columnk of L matrix*/ are performed only once on CPU (which will be discussed in
3 fori=k+1ton whereA(i k) # 0 do this section). The numerical phase can be performed meailtipl
4: As(iy k) = As(i, k) [As(k, k) times on GPU. For the completion of the algorithm, we also
5:end for _ o present the first two phases.
6: [*Update the submatrix for next iteration*/ In the preprocessing phase, we use HSL MC64 [25] to
7. for j=k+1ton whereA(k,j) # 0 do decrease the likelihood of encountering tiny pivots and AMD
8 for i =k + 1 to n where A, (i, k) # 0 do (Approximate Minimum Degree) algorithm [26] to reduce
o As(i,5) = As(i, ) — As(i k) * As(k, ) the fill-ins. The nonzero structure of the sparse matrix may
10: end for dramatically change in course of LU factorization. In this
11: end for step, we perform a left-looking algorithm based symbolic
12: end for analysis [13] to determine the nonzero patterns.oénd U.
The core operation of left-looking algorithm is to solve the
Jj lower triangular systeni,xz = b in order to compute théth
column, whereL;, is lower matrix representing the already
i computed k—1) columns and the vectdris thekth column of
U matrix A. This pseudo core operation is shown in Algorithm 3.
. ')
1 Algorithm 3 Forward substitution for solving sparse triangular
: matrices
L.z=b
2: for j =0to k — 1 whereb(j) # 0 do
Currerit column &k 3 fori=j+1ton whereL(i,j) # 0 do
: oty 4 o) =) = L(i, j)a ()
L Submatdx | N 5 end for
N 6: end for
! ~
T * From the pseudo code, we can see that entries tan
Cumrent  Cofuem 7 become nonzero in only two places, the first and fourth lines.
j . . .
Column & We can represent these two relationships as a directed graph

G = (V, E), where the node¥ = 1...n represent the rows
Fig. 4. The illustration of the hybrid column-based righoking algorithm and the edged? = (j,4) where L(i, j) # 0. Thus, line 1 is
and the submatrix update at each iteration equivalent to marking all nodes that are nonzeros in theovect

b, whereas line 4 implies that if a nogeis marked and it has

o ) ) i an edge to a nodg then the latter must be also marked. Fig. 5

no eh_mmathn tree is used to_bund the frontal matrices artﬁjraphically highlights these two relationships. Therefahe
the h|e_rarc_h|ca_l mat_nx analysis structure. The colunwelle o ..o pattern can be computed by determining the nodes
paralielization is mainly based on the dependency graph {py; are reachable from the nodes of vedtpwhich is also
be discussed later). the computed column vector &f from the previous iteration

of the left-looking method. This reachability problem cam b
B. Preprocessing and symbolic analysis solved using a classical depth-first searctGinThen we can

As we mentioned earlier that the proposed method combir@gtermine the nonzero pattern of the new matritesnd U.
the benefits of both left-looking method and the right-lomki  Fig. 6 shows a sparse matrik and the predicted nonzero
methods. As a result, it still follows the preprocessing arphttern of the LU factors ofi after symbolic analysis/( and
symbolic analysis steps to improve the factorization efficy. U share the same space 4}, in which the black circle and
Hence the new factorization algorithm can still be splibintwhite circle represent original entries df and fill-in entries
three phases. In the sequel, we give a brief descriptioneof tlespectively. As a result, the matrix now contains the fill-
first two steps for the self-contained purpose. Then we aralyins and elements in the original matrix. When we copyo
the related data dependency from the symbolic analysis st@pU’s memory, we actually copy the andU matrices (with
for GPU computing. their values yet to be determined). After the factorizatite
First, the preprocessing phase preorders the matrito A becomes the resulting and U matrices physically and it

minimize fill-in and to ensure a zero-free diagonal. Secondpesn’t contain the original matrix any more.
the symbolic phase performs symbolic factorization and de-Another important problem is the column dependencies. It is
termines the structure of lower triangular matfixand upper clear that any column dependencies in the overall leftilogk
triangular matrixU. Then it groups independent columns int@lgorithm only arise from theparse triangular solve step, the
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Column k

A o 0

to parallelize the outek-loop of the proposed right-looking
algorithm.

Level 1

Level 2

\ »@®| x(i)
Lu(i,j) N

Level 3

_____ L

Fig. 5. Nonzero pattern for a sparse triangular solver. Level 4

1 [ ] 1 ®
2 o 2 o Level 1

[ 3 ® o 3 ® O

4 [ ] 4 o

o o ° e 050 o el

® 6 ® 6 O

® ® o 7 o o ® 7 O
b 8 b o 8 Level 3

Fig. 6. The original matrixA (left) and the matrixA (right) after symbolic
analysis with predicted nonzero pattern of LU factorsAof

Level 4

line 2 of Algorithm 3. However, when we compute colurbn
not all the columns to its left are needed, as it was illustfat
in Algorithm 3. In fact, the factorization of columh only
depends on the columns that satisfy; # 0 for ¢ < j. In
other words, the dependencies between rows are definedyNumerical computing phase
the sparsity pattern of the upper triangular matrixand are  The algorithm based symbolic analysis can be altered to
independent of the lower triangular matux expose the column-level parallelism. Despite this exposed

We use a directed acyclic graph (also called dependermyjlumn-evaluation concurrency, in the numerical factttian
graph) to represent the data dependencies in the LU fatiase we can explore more parallelism available in each leve
torization of the matrix in Fig. 6. In which, if columit using multiple threads.
depends on columi then a directed edge exists from node On GPU, the global memory access from the same CUDA
i to nodek, wherei < k. Fig. 7 (top figure) illustrates the warp (one warp consists of 32 threads and it is scheduling
column dependencies of example matdx The graph was unit on one SM on GPU) can be coalesced if they are
computed using predicted nonzero structure of mdfrignly. visiting the consecutive memory address. However for gpars
All the columns in the same level are independent and canlbg factorization, irregular nonzero pattern leads to many
computed in parallel. For instance, column 1, 2, 3, 5 can lcoalesced global memory accesses, which greatly degrade
evaluated in parallel; however, column 6 cannot be processhe performance. To maximize the coalescence, we use com-
until columns 4 and 5 are computed. pressed sparse column (CSC) format to storedimeatrices

Note that the concurrent computation resources (warps @&d U share the same storage 4j and record all nonzeros
streaming multiprocessor (SM), shared memory per blodk, L and U. In addition, to maximize parallelization during
threads per block) on GPU are limited. As a result, thithe factorization, we also use compressed sparse row (CSR)
number of columns, which can be solved in parallel, in eadbrmat to record the nonzero positions of symbdlidbut not
level should be limited. Hence, we propose a resource-awdteevalues), and its usage will become clear soon.
levelization scheme, in which the number of columns of eachNow let us look at how the three loops in the proposed
level will be limited by a fixed number. For instance, Fig. Fight-looking method can be parallelized in GPU platforms.
(bottom figure) shows the levelization result from the toplgorithm 4 is the pseudo code for the proposed parallel
figure in which the maximum number of allowed columnsolumn-based right-looking algorithm. The first loop is to
is 3. This resource-aware levelization scheme will be a&gplichoose a number of columns &f matrix in one level, which

Fig. 7. The illustration of the resource-aware levelizatstheme.
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can be factorized in parallel. Both the proposed method aBd Parallel implementation on GPU

the left-looking method enjoy thisolumn-level parallelism | parallel implementation of sparse LU factorization, the
as the proposed method is also based on the symbolic Igfpy is responsible for initializing the matrix and doing
looking level analysis. The difference is in the other twogde the symbolic analysis. GPU only concentrates on numerical
of the two algorithms. Next, let us look at the computing steRactorization. CPU is also responsible for allocating devi

inside the first loop (between line 2 and line 14). There a® tnemory, copy host inputs to device memory, and copy the
stages. In the first stage, we compute the current coluhof  computed device results back to the host.

the L matrix by vector-scalar division and it can be performed |n the proposed algorithm, the matrit is divided into
in parallel easily. Due to the first column-level parallelisve  several levels. With the resource-aware levelization sehe
may have several current coluranl’s to be updated. the optimal number of thread blocks can be easily determined
In the second step, we perform the submatrix update (MAfgee experimental section for some study results). We use on
operations) for the current colummnl. We are concerneebl’s  thread block to process one column in a level. In the first
that are needed by other columns of the submatrix (means tggige, we use one warp to compute one current column in
A(k, j) # 0 in line 7 of Algorithm 2) . We call the columns in the I, matrix. Multiple current columns will lead to multiple
submatrix which depends on current columud, the subcol.  blocks invoked in GPU in each kernel launch as each block
To facilitate locating thoseubcol’s, we need to access thecan execute independently. Then we synchronize the threads
dependency graph, which is represented by the symbolicruppgthin the block to ensure the current column is solved. In
triangular matrixU. For instance, theubcol’s of a current the second stage, we use one warp to update sameol.
column, sayk, can be found by using the nonzero positiorhere may be multiple active warps in one block now. Within
information of rowk of L. This also explains why we needone block, there is no data conflict among warps because
to have symbolidJ in the CSR format. Note that the currenthey update differentubcol. However, memory access conflict
columncol needs to be stored into a un-compressed array amdy occur between different blocks. For example, column
the subcol’s can access the un-compressed array to get tb@pends on both columky and k5, while columnk; and k-
col information to update themselves. Since thécol's only  are in the same level. In this case, the updates to the column
read information from the un-compressed column, there’s nomust be performed using atomic floating point operations.
conflict. Finally, each element isubcol’s is updated by one thread. In
Notice that eachsubcol only needs to be updated once byhis way, we can take the full advantage of the GPU powers.
the current column. As a result, allibcol’s in one submatrix Fig. 8 illustrates the difference for concurrency expliita
can be updated in parallel. This parallelism in the loop ignd warp scheduling schemes between the left-looking and
called submatrix update parallelism. In the third loop, the the proposed column-based right-looking algorithm. It ban
core operation is vector MAD operation, which is used tgeen that there is only one warp sequentially updating otirre
update asubcol. In contrast, the current columml needs to column with the already factored columns in the left-loakin
be updated by all solved and relevant columns to its left Higorithms. However in the proposed right-looking algumit
the left-looking algorithm in the left-looking algorithrme the  multiple warps can use the current column to update many
updates to columit must be performed sequentially. Hencgjifferent sub-columns concurrently.
it cannot enjoy thesubmatrix update parallelism. As a result,

we parallelize essentially all the loops in LU factorizatim el
the proposed new method. - - . -
prop ( = s § i
. T " - <1‘:' = = =
Algorithm 4 Parallel column-based right-looking algorithm &= A A .
on GPU l 4: Warp : [
1: for level 1 to levelm do ey
2:  [*column-level parallelism*/ &=
3. for all col’s in current level in paralleldo = SESHFSEN
4 compute currentol of L matrix g =) =)
5. end for '
6: SynChronlze_ threads ) Already  Current Current Columns in
7: for all col’s in current level in paralleldo Ietored  Colunn Column  Submatrix
* 1 H *
8 [*submatrix update para”ellsm / . (a) GPU left-looking (b) GPU right-looking
9 for all subcol’s in current submatrix which depends
on col in paralleldo Fig. 8. The comparison of the concurrency exploitation on GiPtérms of
10: *vector MAD operation parallelism*/ warp scheduling.
11: update elements in one:bcol
12: end for IV. NUMERICAL RESULTS AND DISCUSSIONS
13 end fhor 7o thread The proposedGLU LU factorization algorithm is imple-
1‘51' enzy?ocr ronize threaas mented in C programming language. The GPU patrt is incor-

porated into the main program with CUDA C programming
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TABLE Il
THE PERFORMANCE COMPARISON OVER BENCHMARK MATRICES
Bechmark GLU PARDISO KLU UMFPACK | GPU-LL Speedup over
name Runtime T=1 T=16 | Runtime Runtime Runtime PARDISO KLU UMFPACK | GPU-LL
(s) (s) (s) (s) (s) (s) T=1 [ T=16
General matrices

cagell 5.875 23.778 | 3.180 | 781.360 163.240 16.840 4.04 0.54 | 133.00 27.79 2.87

cant 3.662 3.543 | 0.491 33.741 18.1 11.03 0.97 0.13 9.21 4.94 3.01

barrier2-11 7.434 38.622 | 4.491 | 475.690 204.059 23.667 5.20 0.60 63.99 27.45 3.18

FEM_3D_thermal2 0.898 5.658 | 0.864 | 85.201 40.94 2.583 6.30 0.96 94.88 45.59 3.71

thermomechdK 0.053 1.501 | 0.274 7.090 4.527 0.238 28.32 5.17 | 133.77 85.42 4.49

mc2depi 0.049 0.587 | 0.325 | 25.970 20.986 0.197 11.97 6.63 | 530.00 428.29 4.02

epb3 0.043 0.210 | 0.051 0.652 0.560 0.047 4.88 1.19 15.16 13.02 1.09

apachel 0.490 2.318 | 0.415 14.241 7.437 0.560 4.73 0.85 29.06 15.17 1.14

ecology? 6.940 6.604 | 0.928 38.131 25.330 8.990 0.95 0.13 5.49 3.64 1.30

thermal2 0.066 7.668 | 1.043 0.466 0.943 0.112 116.18 | 15.80 7.06 14.29 1.70

Arithmetic mean 18.36 3.20 | 102.16 66.56 2.65

Geometric mean 6.38 1.12 39.39 24.04 2.35

Circuit matrices

circuit_2 0.008 0.002 | 0.004 0.004 0.006 0.011 0.25 0.50 0.54 0.78 1.43

rajatls 0.163 0.090 | 0.020 0.293 0.447 0.203 0.55 0.12 1.79 2.74 1.24

bcircuit 0.009 0.052 | 0.013 0.065 0.205 0.030 5.78 1.44 7.22 22.78 3.33

ASIC_100ks 0.031 0.292 | 0.090, 1.660 1.871 0.032 9.42 2.90 54.25 61.15 1.05

hcircuit 0.009 0.048 | 0.018 0.030 0.253 0.014 5.33 2.00 3.33 28.11 1.55

scircuit 0.056 0.13 0.031 0.339 0.829 0.106 2.32 0.55 6.05 14.80 1.89

rajl 0.189 0.355 | 0.078 73.842 125.799 0.211 1.88 0.41 | 390.69 665.60 1.12

ASIC_320ks 0.058 1.328 | 0.264 3.703 9.156 0.081 22.90 455 63.75 157.63 1.39

rajat30 1.234 6.309 | 1.468 0.317 230.59 1.864 1.19 0.26 15.58 186.86 151

ASIC_680ks 0.054 20.246 | 2.526 1.298 4.679 0.070 37493 | 46.78 | 24.09 86.86 1.30

G3 circuit 0.672 26.464 | 3.467 | 516.882 133.358 1.054 39.38 5.16 | 769.16 198.44 1.57

Freescalel 0.235 4.004 | 0.689 13.486 67.414 0.284 17.04 2.93 57.45 287.20 1.21

Arithmetic mean 40.08 5.63 | 116.16 142.74 1.55

Geometric mean 5.71 1.46 19.56 47.13 1.47

Self-generated general RLC mesh networks

rlcl 0.080 0.730 | 0.326 0.558 1.746 0.135 9.13 4.08 7.02 21.96 1.70

rlc2 0.180 1.567 | 0.419 1.263 6.499 0.267 8.71 2.33 7.04 36.21 1.49

rlc3 0.213 2.493 | 0.684 1.504 6.892 0.359 11.70 3.21 7.05 32.39 1.69

ric4 0.626 5.770 | 1.545 4.638 fall 0.996 9.22 2.47 7.41 - 1.59

rlc5 1.274 15.539 | 3.279 9.807 fall 1.985 12.20 2.57 7.70 - 1.56

Arithmetic mean 10.19 2.93 7.24 30.19 1.61

Geometric mean 10.09 2.87 7.24 29.53 1.60

Note: the GPU time includes the numeric factorization time dredtime cost of data transfers between host and device.

interface. The proposed method has been prototyped in CUBXAm wide applications to show that this GLU sparse solver
5.0 and the experimental results are carried out in a Lingan be applied for wide scientific and engineering appleceti
server with two 8-Core Xeon E5-2670 CPUs, DDR3-1600 e compare the proposedLU solver against the recently

64GB memory. The server also consists of one K40 GPHOposed GPU left-looking algorithm (GPU-LL) [20], the
and one K20 GPU, which serve as the GPU platforms fofiyrpacK solver [22], which is a righ-looking multi-frontal
the proposed algorithms. Note that all the GPU results aBlver, the KLU solver [14] and PARDISO [21], which is a
obtained from the K40 GPU. state of the art parallel sparse LU solver, over the benckmar
matrices in Table I. In our performance evaluation, we use
A. Performance comparisons the CPU time reported by UMFPACK 5.6.2, KLU 1.2.0 and

The benchmark matrices are listed in Table I. The genel%‘I\RmSO 5.0.0.
matrices set and the circuit matrices set are from Uniwersit Table Il summarizes the performance comparison results
of Florida Sparse Matrix Collection [23], which are used tover benchmark matrices. And the listed time is only for
evaluate the proposed GPU sparse LU factorization againstmeric factorization, excluding preprocessing and syliobo
other LU solvers. We also include a set of self-generateghalysis because the numeric factorization can be done many
RLC mesh networks, which are used for providing comparisdimes in circuit simulation and consume most of the simatati
results on large circuit matrices. In this tabMjs the matrix time while the other steps are not significant. For UMFPACK
size, NNZ(A) means the number of nonzeros of the originalnd KLU, it is difficult to see which one is better: KLU
matrix A, NNZ(A)/N shows the average number of nonzerogserforms relatively better for circuit matrices, but arevetr
per row andNNZ(L+U-I) shows the number of nonzeros offor matrices which take longer time to factor; UMFPACK beats
the L andU matrices. Within each set, they are ranked witKLU for general matrices which cost hundreds seconds im thei
increasing number oN from top to bottom. Although our factorization, but is much slower for circuit matrices; gl
intention is for circuit matrices, we also include some ricas threaded PARDISO performs very well on general matrices
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TABLE | . o . .
THE BENCHMARK MATRICES on a set of typlcal cm_:un matrices which are glso from. UFL
sparse matrix collection [23]. Compared with the single-
Name [N GeAerZang\r)ice\s NNZ(AYN | NNZ(L+U-) | threaded and the 16-threaded PARDISO, KLU, UMFPACK
cagell 39082 £9727 143 165367120 | and GPU-LL, the proposed method achieves aboutl>5,.71
cant 62451 | 4007383 64.2 57830341 | 1.46x, 19.56x, 47.13« and 1.4% speedup, respectively,
barrier2-11 115625 | 3897557 72.1 193180399 : i
FEM 9D thermal2 | 147900 | 3489300 555 53057067 which furthgr yalldates the advantage of the proposed rdetho
thermomechdK 204316 2846228 13.0 29085006 over the EX|St|ng LU solvers. Please note that the prOpOSEd
mc2depi 525825 | 2100225 40 54346411 | GLU can be slower than other solvers on very small circuit
epb3 643994 | 6175377 9.6 31698731 | i i ; ; ;
apachel 15257875 19 670753 like C|rcw_t_2 gnd _ra;atl_S. The possible reason is that the
ecology? 999999 | 4995991 50 45752523 | computation time is quite small and overheads become more
thermal2 1228045 | 8580313 4.0 6330643 significant, which was also observed in [28].
Circuit matrices .
Sroui 2 1510 1199 7 25612 Last, we perform the comparison on a set of self-generated
rajat1s 37261 443573 11.9 2028124 general RLC meshed networks. We notice that the KLU solver
Asﬁgfcllggk ggigg g;gggg gg 528721581436 is highly optimized for the such circuit matrices and it iede
_ s . . .
heireuit 105676 | 513072 78 695958 shows better performance. But still the 16-threaded PARDIS
scircuit 170998 | 958936 5.6 2518316 gives the best results among all the CPU sparse solver.
rajl 263743 | 1302464 4.9 10771367 | However the new GLU method outperforms KLU about %24
ASIC_320Ks 321671 | 1827807 5.7 4838888 d th c | f
rajat30 643994 | 6175377 96 31608731 ] ON average. An the UMFPACK solver runs out of memory
ASIC_680ks 682712 | 2329176 7.2 4957172 on two largest matrices. For the other 3 matrices, the pexgpos
G4 circuit 1585478 | 7660626 4.8 376618798 | method also delivers about 29.53speedup compared to
Freescalel 3428755 | 17052626 5.0 61281350 .
Self-generated RLC mesh neworks UMFPACK solver. Also GL_U outperforms single-threaded and
ricl 1970204 | 5930208 3.0 10169818 | 16-threaded PARDISO with 10.89and 2.8% on average.
ric2 3940404 | 11900408] 3.0 21669968 | Compared with the GPU-LL solver, GLU achieves about
ric3 5890604 | 15731208 2.7 29761652 . . .
Tca 15880404 | 47720408 30 81367568 | 1.60x speedup and it again consistently outperform the GPU-
rics 35621204 | 95082408 27 180026381 | LL solver on all the examples, which further demonstrates th
advantage of the proposed method over the existing GPU-LL
method.

which are more dense than circuit matrices; The 16-threaded
PARDISO is very fast on some of the cases but not so
impressive on some large circuit matrices lIR&§IC_680ks B- Impacts of warp number on performance
and all of our self-generated RLC mesh networks; GPU-based
left-looking solver, GPU-LL, has very stable performance o
all of the three sets. 5
The proposed GLU algorithm outperforms the above solve
on most the matrices cases with various structures. For |
general matrices set, compared to the KLU and UMFPACI
our speedup can achieve 39.4and 24.0< on geometric
mean, respectively. In addition, we can see in some cay
such asmc2depi, the speedup over KLU solver can be a
high as 53&. Compared to the single-threaded and the 1i
threaded PARDISO solver, the speedup can be 6.38d
1.12x on geometric mean, respectively. Compared to tf
GPU-LL solver, the speedup ranges from x0® 4.49x, with
2.35x on geometric mean, which is still quite significant a
the new solver is faster for all the matrices. On the othedhar o \ \ S . . " 28 »
we also notice that the speedup highly depends the strsctu Warp number per SM
of benchmark matrices.
Speedup in some cases suchbasrier2-11 is due to the Fig. 9. Speedup over KLU vs. number of warps per SM on K40c.
fact that there are many denormal floating point numbers
(extremely small real numbers) when factorizing this kind Next, we study one important design parameter and its
of matrix. CPU deals denormal numbers much slower thampacts on performance of the GLU solver. We observe that
with normal represented numbers [27]. In contrast, the GRihe important parameter for the proposed solver is the numbe
can handle these numbers at the same speed as nomhalarps allowed for each block or streaming multiprocessor
numbers [20]. So the GPU speedups for these matrices are \@M). Fig. 9 shows the speedup over KLU on four matrices on
high. The performance comparison on these matrices cleakg0 GPU, with different number of warps per SM. The best
demonstrates the advantage of the proposed method. performance is achieved when the number of resident warps
We then compare the proposed method against other solvees SM is around 8.

=¥=scircuit “ecology2 thermal2 “<rlcl

Speedup over KLU
IS o

w

o
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As we mentioned in Section IlI-D, we use one warp to[5] D. B. Kirk and W.-M. Hwu, Programming Massively Parallel Proces-
process one sub-column. AIthough more active warps can sors: A Hands-on Approach, 2ed. San Francisco, CA: Morgan Kaufmann

ttai high lleli . t b-cohl Publishers Inc., 2013.
attain a higher parallelism, processing too many sub-coaim [6] “NVIDIA Tesla’'s Servers and Workstations.” http://wwmvidia.com/

simultaneously may decrease the performance. There are sev object/tesla-servers.html.
eral reasons for this. First, there may not be enough sulbZ D. Goddeke, “General-purpose computation using graphics heriwa

| h . hil id http://Iwww.gpgpu.org/, 2011.
columns as the matrix Is sparse, while more resident wWargg nvipiA Corporation, “CUBLAS library v5.0." https://deeloper.nvidia.

means more overhead on SM. Second, it may lead to more com/cublas.

memory access conflicts as the threads need to perform sid# X. Liu, S. X.-D. Tan, and H. Yu, “A gpu-accelerated paealshooting
. . With threshold warp number set to 8 algorithm for analysis of radio frequency and microwave gnated
atomic operations. With a warp nu » circuits,” IEEE Trans. on Very Large Scale Integration (VLS) Systems,

the performance reaches its best in terms of those trade-off  vol. 23, March 2015.

When we further increase the number of warp, although thd#8l X. Liu, K. Zhai, Z. Liu, K. He, S. X.-D. Tan, and W. Yu, “Palel
h ds. the parallelism will not be further explbi thermal analysis of 3D integrated circuits with liquid coglion CPU-
are more threads, p 1Sm wi u pI GPU platforms,|EEE Trans. on Very Large Scale Integration (VL))

so the performance starts to degrade. Note that such golden Systems, pp. 575-579, March 2015.
number of warp number depends on the structure of spaPs% *http:/jcrd.Ibl.gov/ xiaoye/superlu/.”

. daf . ded find th . | bg' J. W. Demmel, J. R. Gilbert, and X. S. Li, “An asynchronowsgilel
matrix, and a few tries are needed to find the optimal number. supernodal algorithm for sparse gaussian eliminati®iM J. Matrix

Analysis and Applications, vol. 20, no. 4, pp. 915-952, 1999.
[13] J. R. Gilbert and T. Peierls, “Sparse partial pivotingime proportional
V. CONCLUSION to arithmetic operations,3AM J. Sci. Satist. Comput., pp. 862-874,
1988.
We hfive_ prop.osed a new sparse LU. S(_)l_ver on G_Plﬂﬁ] T. A. Davis and E. P. Natarajan, "Algorithm 907: KLU, areict
for circuit simulation and more general scientific compgtin sparse solver for circuit simulation problemaCM Trans. Mathematical
The new algorithm is based on a hybrid right-looking LU _ Software, pp. 36:1-36:17, September 2010.

. . . . ] X. Chen, W. Wu, Y. Wang, H. Yu, and H. Yang, “An escheduler
factorization method, which we showed, is more suitable based data dependence analysis and task scheduling fdiepeirauit

for GPU computing as it can exploit more parallelism than simulation,” IEEE Trans. on Circuits and Systems II: Express Briefs,
the widely used left-looking LU factorization algorithm.&n pp. 702-706, October 2011.

P 16] X. Chen, Y. Wang, and H. Yang, “NICSLU: An adaptive sparmatrix
further showed how the three loops of LU factorization Ca[n solver for parallel circuit simulation,JEEE Trans. on Computer-Aided

be parallelized based on the GPU thread structures, while Design of Integrated Circuits and Systems, vol. 32, pp. 261-274,
the existing GPU left-looking LU factorization method can _ February 2013.

. . 17] N. Galoppo, N. Govindaraju, M. Henson, and D. Manocha)-GPU:
only parallelize two loops. Numerical results show that th[e Efficient Algorithms for Solving Dense Linear Systems on Giaeph

proposed GLU solver can deliver 51and 1.46« speedup Hardware,” in2005 Proceedings of the ACM/IEEE Supercomputing (SC)
over the single-threaded and the 16-threaded PARDISOrsolve = Conference, p. 3, 2005.

. 18] S. Tomov, J. Dongarra, and M. Baboulin, “Towards densedr algebra
reSpeCt'Vely' 19.56 speedup over the KLU solver, 47.43 for hybrid GPU accelerated manycore systenigtallel Computing,

over the UMFPACK solver and 1.47speedup over a recently vol. 36, pp. 232-240, June 2010.
proposed GPU-based left-looking LU solver on the set of typt?] S: Tomov, R. Nath, H. Ltaief, and J. Dongarra, “Dense &mAlgebra

ical circuit matrices from Universitv of Florida Sparse Mat Solvers for Multicore with GPU Accelerators,” iDistributed Process-
y p ing, Workshops and Phd Forum (IPDPSW), pp. 1-8, IEEE, 2010.

Collection (UFL). Furthermore, we also compare the prodoseo] L. Ren, X. Chen, Y. Wang, C. Zhang, and H. Yang, “Sparse LU
GLU solver on a set of genera| matrices from UFL, GLU factorization for parallel circuit simulation on GPU,” iRroc. Design

. . Automation Conf. (DAC), pp. 1125-1130, 2012.
achieves 6.38 and 1.1x speedup over the single-threadegh,; o schenk, A. Waechter, and M. Hagemann, “Matching-ta@epro-

and the 16-threaded PARDISO solvers respectively, 39.39  cessing Algorithms to the Solution of Saddle-Point Problemkarge-
speedup over the KLU solver, 24 Q4over the UMFPACK Scale Nonconvex Interior-Point Optimization. Journal oh@uatational

Optimization and Applications Journal of Computational Optimization
solver and 2.35 speedup over the same GPU-based left- Applications, vol. 36, no. 2-3, pp. 321-341, 2007.

looking LU solver. Also comparison on self-generated RL@2] “UMFPACK.” http://www.cise.ufl.edu/research/spatsmfpack/.

mesh networks shows a similar trend, which further valiglaté?3] T. Davis, “The University of Florida sparse matrix caiifen.” hitp:
the ad t fth d thod th isti Ilwww.cise.ufl.edu/research/sparse/.
€ advantage of the proposed method over the exis mgesmfﬁ] T. A. Davis, Direct Methods for Sparse Linear Systems. SIAM,
LU solvers. Philadelphia, 2006.
[25] I. S. Duff and J. Koster, “The design and use of algoritHorpermuting
large entries to the diagonal of sparse matric€4&M J. Matrix Anal
VI. ACKNOWLEDGEMENT and Applics, no. 4, pp. 889-901, 1997.
. [26] P. R. Amestoy, Enseeiht-Irit, T. A. Davis, and |. S. Dufplgorithm
The authors would like to thank Hengyang Zhao for pro- = 837: AMD, an approximate minumum degree ordering algoritha@M
viding some comparison data from the PARDISO solver. Trans. Mathematical Software, pp. 381-388, September 2004.
[27] L. de Soras, “Denormal numbers in floating point signalcpssing
applications,” 2002.

REFERENCES [28] X. Chen, L. Ren, Y. Wang, and H. Yang, “GPU-acceleratpadrse

LU factorization for circuit simulation with performance mdde

[1] Intel Corporation, “Intel multi-core processors, makitige move to ing,” IEEE Trans. on Parallel and Distributed Systems. http://doi.
quad-core and beyond (White Paper),” 2006. http:/Awwwlicoen/ ieeecomputersociety.org/10.1109/TPDS.2014.2312199.

multi-core.

[2] AMD Inc., “Multi-core processors—the next evolution icomputing
(White Paper),” 2006. http://multicore.amd.com.

[3] S. Borkar, “Thousand core chips: a technology perspettin Proc.
Design Automation Conf. (DAC), pp. 746—749, 2007.

[4] NVIDIA Corporation, 2011. http://www.nvidia.com.



