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Abstract— Time-dependent dielectric breakdown (TDDB) is
one of the important failure mechanisms for copper (Cu) inter-
connects. This problem becomes more severe as the pitch between
wires is shrinking and low-k dielectric materials (low electrical
and mechanical strength) are used. Many TDDB models have
been proposed based on different physics kinetics in the past.
Recently, a physics-based TDDB model, which is based on the
breakdown concept of electric path generation, has been proposed
and has shown advantage over widely accepted existing elec-
trostatic field-based TDDB assessment. However, determination
of the time-to-failure from this model includes time-consuming
finite-element method (FEM). In this paper, we try to mitigate
this problem by developing fast time to failure evaluation method
based on the closed form solution of the ion diffusion partial
differential equations. We show that the location of the minimum
concentration can be determined by the dominant terms with
sufficient accuracy and the time to failure can also be computed
with a few dominant terms. On top of this, we also consider
the time-varying stressing voltages, which is commonly seen in
practical VLSI chips. We propose to develop the equivalent dc
stressing voltage, which is parameterized in terms of amplitude,
duty cycle, and period for periodic stressing voltage waveforms
using regression-based method. We further validate the proposed
analytic TDDB concentration and time to failure formula, and
the equivalent dc stressing voltage compact model against the
results of an FEM analysis using COMSOL. Numerical results
further show that the new compact TDDB model can lead to three
orders of magnitude speedup with less than 1% error against the
existing FEM results.

Index Terms— Dielectric breakdown, integrated circuit inter-
connections, integrated circuit reliability.

I. INTRODUCTION

W ITH aggressive technology scaling accompanied by
employment of new advanced materials, back end

of line (BEOL) dielectric reliability, such as time-dependent
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dielectric breakdown (TDDB) and chip-package interac-
tion (CPI), has become more significant due to the introduction
of low-k, ultralow-k, or even porous dielectrics in advanced
technology interconnects, which have poorer thermal and
mechanical properties compared to traditional SiO2 dielectrics.
According to the 2015 International Technology Roadmap
for Semiconductor for Interconnect [1], TDDB is one of the
top three interconnect reliability challenges the semiconduc-
tor industry faces (the other two are electromigration and
stress-induced voiding, which are mainly metal reliability)
for Cu/low-k interconnect technology. TDDB is the physical
phenomenon that a dielectric will break down with time when
the dielectric deposited under a field becomes weaker than
the material breakdown strength. TDDB has become a serious
dielectric reliability concern and failure mechanism for BEOL
interconnects, so accurate and fast modeling and estimation of
TDDB failure become important.

Traditionally, TDDB is a major concern for the gate
oxide of CMOS devices. However, with aggressive technology
scaling accompanied by the employment of new advanced
low-k and even porous materials, TDDB becomes a serious
reliability concern and failure mechanism for BEOL intercon-
nects [1], [2]. The dielectric breakdown is caused by the con-
ducting path formation through the intermetal dielectric (IMD)
oxide between metal lines from electron tunneling current.
Finally, a significant large leakage current occurs and results
in the chip operation failure. TDDB effects can be seen at the
interlayer dielectric (ILD) between two metal layers and IMD
between metal lines in the same layer of the low-k dielectrics.
In general, due to the fact that ILD space is larger than the
space between metal lines, we focus on TDDB in IMD in this
paper. Fig. 1(a) shows the structure of two metal lines.

Previously, TDDB had only been a problem with very thin
gate oxides and was never an issue in IMD between metals as
the thickness of the dielectric was much thicker than the gate
and intermetal silicon dioxide of high electric strength is used.
However, with the scaling-down of feature size and the intro-
duction of low-k and even porous dielectrics with low break-
down strengths for advanced BEOL interconnects, the picture
starts to change. For instance, current leading edge CMOS
technology development focuses on 10- and 7-nm nodes,
where line-to-line/via spacings below 20 nm and dielectrics
with a k-value below 2.55 (compared to the normal value of 4
for silicon dioxide) are being integrated [4]. Fig. 1(b) shows
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Fig. 1. Cross section of (a) copper/low-k dielectric structure and (b) SEM
image after TDDB failure, courtesy of [3].

the typical scanning electron microscopy (SEM) image after
the TDDB failure [3].

TDDB effects have been intensively studied in the past, and
many TDDB models have been proposed based on different
breakdown mechanisms such as E , 1/E , and E1/2 models.
The E-model describes a weak bond breakage due to thermo-
chemical heating [5]. The 1/E-model describes high energy
hole injection-induced failure [6]. These models were initially
introduced for gate oxides and later examined for the extension
to the copper/low-k interconnects. The E1/2-model has been
first proposed for metal–SiN–metal capacitors [7] and later
examined in the low-k TDDB by assuming that the copper ion
plays an important role in the dielectric breakdown [3], [8].
Recently, some studies show that the migration of copper
ions is not significant due to the existence of copper barrier
(i.e., Ta). Instead, the barrier ions play an important role in
ion migration [9]–[11]. Moreover, the breakdown depends
on the conducting path formation between the two metal
lines. However, the majority of currently employed TDDB
assessment approaches are based on calculations of the across-
layout electrostatic fields and, thus, cannot provide any kind
of the interconnect lifetime assessment.

Recently, a TDDB assessment method has been introduced
by assuming a constant voltage drop between all neighboring
metal segments for their TDDB analysis [12]. For practical
VLSI chips, the voltages at some wires are not constant as
the powers of a chip are load-dependent. As a result, their
TDDB impacts on low-k dielectrics need to be considered.
The electric fields between neighboring signal lines are time-
dependent waveforms. Thus, the existing proposed method
in [12] will result in too conservative analysis. To mitigate this
problem, a more accurate physics-based TDDB assessment in
back end on-chip interconnects has been proposed recently
in [11]. The method is based on the breakdown concept of a
complementary combination of electric current path generation
by means of diffusing metal ions and field-based hoping
conductivity of the current carriers, which was shown to have
advantage over widely accepted existing electrostatic field-
based TDDB assessment techniques and the model agrees well
with measured results in publication [11].

However, this method needs to simulate the electric path
generation (EPG) by solving the partial differential equation
of ion diffusion process with complicated numerical analysis
methods, such as a finite-element method (FEM). For practical
VLSI chips, there are many layout patterns or feature with dif-
ferent intermetal spacings, corners, turnings, misaligned vias
under different voltages, and temperatures stressing conditions,

such an FEM-based numerical analysis method will not be
very scalable, if impossible, for full-chip TDDB analysis with
a large number of interconnect patterns. Thus, we need to
have a much more efficient assessment technique and compact
model for fast TDDB analysis. Furthermore, for practical
VLSI chips, especially the signal wires, the voltage between
them depends on the switching activities and input loads.
As a result, we have to consider the time-varying stressing
voltage for accurate TDDB assessment. However, most of the
proposed existing models do not consider this issue as almost
all of them assume constant electric field or voltages. This is
also true for the proposed EPG model [11].

In this paper, we try to resolve the mentioned problem
by developing a fast TDDB time to failure (TTF) evaluation
technique based on the EPG TDDB model. We first show that
the exact analytic solutions can be found for the proposed
partial differential equations of ion diffusions in the 1-D case
with proper boundary conditions. Then, we show that the
location of the minimum ion concentration can be further
determined analytically by the dominant terms and the time
to failure can be computed by using a few dominant terms
with sufficient accuracy. Details of a mathematical derivation
process for the proposed TDDB compact models will be given.
On top of this, we also consider the time-varying stressing
voltages, which are commonly seen in practical VLSI chips.
We propose to compute an equivalent dc stressing voltage for
given time-varying stressing voltages such that both voltages
will lead to the same time to failure for the same wire structure.
The developed equivalent dc stressing voltage is parameterized
in terms of amplitude, duty cycle, and period for periodic
stressing voltage waveforms using a regression-based method.
We further show that the proposed EPG TDDB model fits well
into the power-law model in the context of existing TDDB
models, and validate the proposed fast TTF evaluation method
and the equivalent dc stressing voltage compact model against
the results of FEM analysis from COMSOL. Numerical results
further show that the new compact TDDB model can lead to
three order of magnitude speedup with less than 1% error
against the existing FEM results.

This paper is organized as follows. Section II reviews
the EPG TDDB model. A new way to analyze the ion
concentration in this model is proposed in Section III, and
some methods of evaluating TTF based on ion concentration
are proposed. A method to calculate equivalent dc stressing
voltage for common time-varying stress is then introduced in
Section IV. Experiment results are shown in Section V and
this paper is concluded in Section VI. Detailed derivation
for the proposed TDDB compact models is shown in the
Appendix.

II. REVIEW OF PHYSICS-BASED TDDB EPG MODEL

FOR LOW-k BEOL INTERCONNECTS

In this section, the recently proposed EPG TDDB model is
reviewed. In this model, the dielectric breakdown is considered
as the complementary combination of electric current path
generation by means of diffusing metal ions and field-based
hopping conductivity of the current carriers. As a result,
it replaces the widely accepted across-layout electrostatic
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Fig. 2. (a) Resistors in IMD along (0, d). (b) Distribution of corresponding
ion concentration.

field-based TDDB assessment. TTF is then determined by the
kinetics of the electric current path generation, which is con-
trolled by a time-dependent minimum metal ion concentration
in the IMD gap-fill. So in this model, we assume that the
barrier metal ions will be injected into the dielectrics based
on the recent observation [9].

Specifically, we consider 2-D diffusion of the metal ions
along the cap/IMD interface between the oppositely charged
metal lines [as shown in Fig. 1(a)], because experiments
demonstrate that TDDB failures take place mostly at this
interface [13], [14].

In the model, an electric conductivity is represented
by electron jumps between neighboring centers (hoping
conductivity), which is caused by the injected barrier metal
ions like Ta (Tantalum) as mentioned before. As a result,
a local conductivity is proportional to the probability of
the electron jumping between the neighbor centers, which
exponentially depends on the distance between the centers [15]

σi j ∼ �i j = γ 0
i j exp

{
−2ri j

a
− εi j

kB T

}
(1)

where ri j is the distance between i and j centers, a is the
radius of electron localization at this type of centers (analog
of Bohr’s radius), which can reach 100Å, εi j is the energy
barrier between centers, and kB T is the thermal energy. All
connected centers form the resistors network, with the resistor
between i and j centers equals to

Rij = R0
i j exp

{
2ri j

a
+ εi j

kB T

}
. (2)

In a 2-D system, the distance ri j is determined by: ri j =
C(x, y, t)−(1/2), where C(x, y, t) is the ion concentration at
the considered interface. Fig. 2 shows the schematic of the
distribution of ion concentration and corresponding resistor
network at an arbitrary instance in time in IMD along a path
(0, d) connecting metal electrodes. It is clear that electrons
moving from the cathode to anode will meet the biggest
resistors at the locations characterized by the largest distances
between centers. Since the difference in the distances between
centers results in an exponentially large difference in the
resistors, it is reasonable to conclude that the total resistance
of the path (0, d) depends on the largest resistor, i.e., the
minimum ion concentration. Fig. 3 shows the COMSOL FEM
analysis result of the distribution of ion concentration for the
pattern in Fig. 2(a) under some time of stressing, which is a
2-D version of Fig. 2(b).

Fig. 3. Distribution of ion concentrations in one pattern.

The distribution of the normalized ion concentration
Cnorm(x, y, t) = C(x, y, t)/C0 is governed by the diffusion
of ions in an electric field [16]

∂Cnorm

∂ t
= −∇ J, where J = −D∇Cnorm + vd Cnorm (3)

subject to the following boundary conditions:
Cnorm(x = 0) = Cnorm(x = d) = 1.

Here J is the metal flux, D = D0 exp, (−Ea/kBT ) is the
diffusion coefficient, and vd = E(Dq/kB T ) is the metal ion
drifting velocity. Ea is the activation energy for metal ion
diffusion, kB is Boltzmann’s constant, T is the temperature,
q is the electric charge, and E is the electric field.

The developed model of the EPG and evolution allows
derivation of the formalism of the leakage current evolution.
As mentioned above, the neighboring ions characterized by
the largest separation provide the largest “resistivity” for the
electrons hopping between metal ions. Assuming that the
potential barriers between neighboring centers do not depend
on the distance between them (εi j = ε), and accepting
the Poole–Frenkel mechanism of the field-induced barrier
lowering, we can derive the expression for the current density
evolution

j (t) = j0 Eexp

{
− 2

a
√

Cmin
norm(t) · C0

− ε − q
√

q E/(πεperm)

kB T

}
(4)

where εperm is the dielectric dynamic permittivity. The total
leakage current can be obtained by integration of leakage
current density over the whole shape contour. It was shown
in [11] that the EPG model agrees with some observed
experimental results in terms of breakdown leakage currents
over time, as shown in Fig. 4.

III. NEW TDDB ANALYSIS METHOD OF EPG MODEL

A. Derivation of the Analytic Expression for Ion
Concentration Distribution in the IMD

In this section, we present a new way to analyze ion
concentration and TTF in the EPG model from the solution of
the ion diffusion equation (3). Before proceeding, we show that
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Fig. 4. Current-voltage leakage changes for (a) constant voltage (TDDB)
stress and (b) ramped voltage stress, with experimental data from [17],
courtesy of [11].

Fig. 5. Two example patterns with the same minimum distance (50 nm)
studied in the FEM analysis using COMSOL. (a) Straight line. (b) L shape.

TABLE I

PARAMETERS AND CONSTANTS USED

the minimum distance between metal wires is the dominant
factor in determining the TTF.

The FEM analysis of (3) using COMSOL has been per-
formed to calculate TTFs of 552 different patterns. In this
test, we use Cx = 0.95 as the threshold normalized minimum
concentration leading to failure. Two example patterns with
the same minimum distance between two metals are shown in
Fig. 5. In the figure, two gray lines are metal lines, of which
one is connected to VDD (supply voltage), and the other
is connected to GND (ground), and the white area is the
dielectric. The parameters and constants used in the FEM
analysis are shown in Table I. The diffusion coefficient D0 and
activation energy Ea are obtained from fitting the experimental
results in [17], as shown in Fig. 4.

First, we have tested with patterns with minimum distance
of 50 nm. The results are listed in Table II, where Count
means the number of patterns with the corresponding TTF
value. Table II shows the TTFs for most cases are in the range
between 360 000 and 41 000 s for the minimum spacing of
50 nm. We want to state that D0 and Ea have huge impacts
on the TTFs of TDDB as they determine the diffusion speeds
of the barrier metal ions. We changed the two parameters and
the results are shown in Table III.

Table IV shows that the TTF range is between
58 000 and 65 000 s for minimum spacing of 20 nm. The
precision of this range is limited by the timestep set in

TABLE II

STATISTICS OF TTFS IN DIFFERENT PATTERNS WITH THE
SAME MINIMUM DISTANCE (50 nm)

TABLE III

TTF RESULTS AFTER CHANGING D0 OR Ea

TABLE IV

STATISTICS OF TTFS IN DIFFERENT PATTERNS WITH THE

SAME MINIMUM DISTANCE (20 nm)

COMSOL. As we can see that the layer pattern has some
impact on the TTF values, this impact gets bigger for smaller
minimum spacing. But for both 50- and 20-nm minimum
spacings, the impact on TTF is quite small for the majority
of the patterns. We also observed that the minimum spac-
ing dominant effect becomes more obvious when the length
of the wires is sufficiently long (compared to the spacing
between them). Based on this observation, as the first-order
approximation, we can simplify the original problem to the
1-D problem with two parallel metal lines separated by the
minimum distance like the one shown in Figs. 2(a) and 5(a),
which is the starting point of this paper.

To simplify the notation, we define normalized concentra-
tion Cnorm(x, t) as C(x, t) for the sake of better presentation.
Then, (3) can be rewritten as

D∇2C = q D

kB T
∇(C · E) + ∂C

∂ t
(5)

with boundary condition

C(at the edge of dielectric) = 1 (6)

and initial condition

C(t = 0, within the dielectric) = 0. (7)
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Equation (5) can be further simplified to 1-D form given
the previous discussion as follows:

D
∂2C

∂x2 = q DE

kB T
· ∂C

∂x
+ ∂C

∂ t
(8)

with boundary condition

C(x = 0) = C(x = L) = 1 (9)

and initial condition

C(x, t) = 0, 0 < x < L, t = 0. (10)

If we further define X , T ′, λ, and L

X = x

L
, T ′ = Dt

L2 , λ = Pe

2
= q E

2kB T
L = qVDD

2kB T
. (11)

Equation (8) can be written as

∂2C

∂ X2 = Pe
∂C

∂ X
+ ∂C

∂T ′ . (12)

The solution of (12) can be found by using Laplace
transformation-based method, as shown in the following.
The detailed derivation of the solution can be found at the
Appendix

C(X, T ′) = 1 − 2π

∞∑
n=1

n sin(nπ X)

(n2π2 + λ2)
e−(n2π2+λ2)T ′

· [eλX − (−1)neλX−λ]. (13)

We note that (13) is an exact solution without any
approximation.

B. TDDB Time to Failure Estimation
In this section, we propose three different methods to

estimate TTF based on different approximation of (13).
An easy yet inaccurate method is first introduced, followed
by an accurate but inefficient version. Finally, we introduce a
combined method of these two that is both accurate enough
and efficient.

Before proceeding, it is worthwhile to note that the goal
here is to find TTF, which is the time when min[C(X, TTF)]
reaches the threshold normalized minimum concentration CX

for 0 < X < 1.
As (13) contains an infinite series, it is not possible to

get an analytical result of TTF. However, numerical methods
are still feasible. First, it is natural to consider using first-
term approximation because of its simplicity. The first-term
approximation of (13) is

C1(X, T ′) = 1− 2π sin(π X)

λ2 + π2 e−(λ2+π2)T ′
(eλX +eλX−λ). (14)

This equation can be used to derive where the minimum
concentration locates (let us call it Xfail) by calculating the
partial derivative of concentration with respect to X and solve
for the zero points. Then, we can get a fixed Xfail, which does
not change with T ′. Then, Xfail can be used back in (14) to
solve for TTF, which gives the result

Xfail = 1 − 1

π
arctan

(π

λ

)
(15)

tfail = L2

D(λ2 + π2)

× ln
2π2(eλ−(λ/π) arctan(π/λ) + e−(λ/π) arctan(π/λ))

(1 − CX )(λ2 + π2)
3/2 .

(16)

The details of this derivation can be found at the Appendix.
This is the first method to evaluate TTF. However, the results
from (16) are not accurate, as shown in Section V.

The second method, which is quite accurate, contains two
iterative phases, namely, X and T ′ phases. First, in order
to conduct sufficiently accurate approximation of (13), it is
preferred to use a large number of terms (here, we use
10 000 terms in our experiments) of the infinite series. Then,
because the concentration is monotonically increasing with
respect to T ′, bisection method can be used to numerically
derive TTF efficiently in condition that X is fixed. This is
the T ′ phase, which is named because it solves T ′ with X
fixed. Issues about Xfail can be tackled by the fact that there
exists only one minimum value of concentration with respect
to X . Therefore, in X phase, Xfail can be searched step by
step with a fixed T ′ from the previous T ′ phase. In detail,
we decrease or increase X with a small enough Xstep in
each searching step until the minimum concentration at Xfail
is found. Then, a new T ′ phase may be started for more
accurate TTF. A final result can be derived by performing
two phases iteratively for only a few times.

This is the most accurate yet most complicated method.
In fact, we can combine the previous two methods together to
get an accurate and simple method.

As discussed above, bisection method can be used to numer-
ically find TTF if we use three or five terms for approximation.
Here, an odd number of terms is used, because the function
of concentration has to be monotonic. At the same time,
Xfail given by (15) can be directly used, so X phase can
be skipped. In Section V, we show that results derived from
this simple method are quite accurate.

A pseudocode describing this evaluation flowthrough bisec-
tion method is listed in Algorithm 1. Cmin(T ′) stands for
the ion concentration calculated through a certain approxima-
tion of (13) (for example, three-term approximation), with
X = Xfail from (15).

C. Study of the Relationship Between TTF and Electric Field

In this section, we study the relationship between the TTF
and stressing electric filed or voltage for the proposed TDDB
model. We show that the proposed EPG TDDB shows similar
relationship between TTF and electric field of the power-law
model shown in the following [10], [18]:

TTF = B(T )V N . (17)

To illustrate this, we calculate the TTF with the most
accurate method introduced in Section III-B over different
electric fields. The pattern studied is still the same pattern
we are studying above. We only sweep supply voltage VDD
so that electric field can be changed. Fitted coefficients of
the power-law model under different temperatures are shown
in Table V. Fig. 6 shows the TTF predicted by the fitting
power-law models against our EPG models under different
temperatures.
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Algorithm 1 Evaluation of TTF

TABLE V

FITTED COEFFICIENTS OF THE POWER-LAW MODEL

Fig. 6. TTF against different stressing voltages (VDD) in the temperature
of (a) 370, (b) 390, and (c) 410 K.

We can see that the calculated voltage exponent N is around
0.9 for different temperatures, which is quite smaller than
other power-law models with N ranging from 40 to 48 [10]
or even 24–36 [18]. In addition, the recent experimental data
from the published BEOL TDDB power-law models show
that the exponent N is around 20–24 [19], [20]. We remark
that the obtained exponent N and the life times, as shown
in Fig. 6, from the fitted power-law models are still far from
some observed experimental data. We will continue to further

improve the proposed conduction-based TDDB model so that
they can be more consistent with the experimental data in the
future.

IV. NEW EQUIVALENT DC STRESSING VOLTAGE

ANALYSIS OF EPG MODEL

In this section, we present the new equivalent dc stressing
voltage model to deal with time-varying stressing voltage in
the practical VLSI interconnects.

In the previous discussion, it is assumed that two metal lines
in the pattern are connected to VDD and GND, respectively.
In real digital ICs, this scenario does not apply to every two
neighboring lines, as there are more kinds of metal lines, such
as clock net and signal net. However, we can still assume
that the voltages on both lines can be described as dc or a
square wave. With this being said, it is obvious that the electric
field within the IMD can be described as a square wave.
For simplicity, we assume it to be unipolar and it can cover
the cases, where voltage of one metal line is constant. Three
variables can be used to define this unipolar square wave:
amplitude, period, and duty cycle. With these three variables,
we try to find a function to convert any unipolar square wave
to equivalent dc stressing provided that they result in the
same TTF. Other cases resulting in bipolar square wave can
be treated with the same method, but with one more variable.

Before moving on, we first review the response surface
method (RSM), which is used in this paper. The RSM, con-
sisting of a group of mathematical and statistical techniques,
explores the relationships between several input variables and
one or more responses. Based on a set of designed experi-
ments, an optimal response can be obtained [21]. Specifically
in RSM, input parameters are called independent variables and
performance measure is considered as a response. Response
y depends on input-independent variables (ξ1, ξ2, . . . , ξk)

y = f (ξ1, ξ2, . . . , ξk) + ε (18)

where f is the true response function which is unknown and
could be very complicated and ε is an error of the model.
Usually, a low-order polynomial in some relatively small
region of the independent variable space is appropriate. The
first-order model and second-order model are the most com-
monly used models in the RSM. In this paper, the second-order
model with relatively good accuracy is employed. A second-
order response y depending on variables (x1, x2, . . . , xk) can
be written as

y = β0 +
k∑

j=1

β j x j +
k∑

j=1

∑
i≤ j

βi j xi x j + ε. (19)

Let xk+1 = x1x1, xk+2 = x1x2, . . . , xk(k+3)/2−1 =
xk−1xk, xk(k+3)/2 = xk xk and βk+1 = β11, βk+2 = β12, . . . ,
then (19) can be expressed as

y = β0 +
q∑

j=1

β j x j + ε (20)

which is a linear regression model for coefficients
(β0, β1, . . . , βq), where q = k(k+3). With (20), a least square
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TABLE VI

RESULTS OF ION CONCENTRATION DERIVED FROM TWO METHODS

method is employed to estimate the regression coefficients in
the multiple linear regression model.

We assume that there are n observed responses y =
(y1, y2, . . . , yn) and for each yi , there are corresponding
parameters xi = (xi1, xi2, . . . xiq ). So (20) can be written
in matrix notation as follows:

y = Xβ + ε. (21)

To solve β in a least square minimization sense, Q R
decomposition on X is applied. It is shown that Rβ = QT y.
After solving the linear equations, estimated coefficient vector
β̂ can be calculated. In this paper, the input variables xi are
normalized parameters, which include amplitude, period, and
duty cycle.

The TTFs for dc stressing voltage are calculated using
methods introduced in Section III-B. A lookup table has
been built to quickly find the equivalent dc voltage with the
given TTF. TTFs for different square wave stressing voltage
are derived using COMSOL.

Because of the limitation of timestep in the FEM analysis,
the period of square wave must be very long compared to
practical cases.

V. EXPERIMENTAL RESULTS AND DISCUSSION

In this section, we show some numerical results and com-
parisons for the new TDDB analysis methods. All programs
run on a workstation with Xeon E5-2698 CPU and 128-GB
memory.

First, we show a comparison between the results of concen-
tration from (13) and those from the COMSOL FEM analysis
of (3) in Table VI. The data are based on the pattern shown
in Fig. 2(a), in which the distance between two metal lines is
50 nm, and temperature is 370 K. The metal line at x = 0 is
connected to VDD and the line at x = 50 is connected to GND.
We can see that the proposed closed form expression gives
very accurate results compared to COMSOL simulations.

Then, we show the accuracy and calculation CPU time
of different methods for TTF based on the same pattern
above. And, we use Cx = 0.95 as the threshold normalized
minimum concentration leading to failure in our experiment.
For the comparison, we consider the result using 10 000 terms
and the resulting changes in Xfail as the golden results. The
comparison results are shown in Table VII. In the last four
rows, Xfail from (15) is used instead of more accurate Xfail
for the sake of simplicity. Column Err(%) is the relative error
compared to the golden. Tims(s) is the CPU times and column
Spdup is the speedup against the FEM method.

TABLE VII

TTF FROM DIFFERENT METHODS, THE CALCULATION
TIMES, AND SPEEDUP OVER THE FEM

TABLE VIII

PARAMETERS FOR THREE TESTS

As we can see that if we use five terms, the result is
sufficient compared to 10 000 terms as they can give almost
the same results. If we use just three terms, the results can
be very accurate as well. In terms of CPU time and speedup,
as we can see, the speedup can range from 15 to 1.08 × 104.
If we chose the three-term result, which gives about 0.86%
accuracy, then the speedup can be more than three order of
magnitude (4.78 × 103).

We have done the same experiment with the spacing
of 20 nm using the three-term method. The result of TTF is
58 650 s. Basically, the solution [see (13)] shows that if only
spacing changes, then it holds that TTF ∝ L−2.

At last, but not least, we compare the RSM fitted results for
calculating the equivalent dc stressing voltage against different
sets of results from COMSOL. The fitted function to calculate
equivalent voltage when T = 370 K is

Veq = 0.4794 + 0.1606X1 + 0.4675X2 + 0.0185X3

+ 0.0075X2
1 + 0.1563X1X2 + 0.0133X1X3

− 0.0323X2 − 0.0252X2X3 − 0.0031X2
3 (22)

where

X1 = Amplitude(V) − 0.9

0.3
X2 = Duty cycle − 0.54

0.46

X3 = Period(s)/1000 − 120

80
.

Some tests with parameters given in Table VIII have been
done to test the correctness of this function. All these test
cases are not used in building the rms function. Each time only
one of the three variables is changed so a graph showing the
impact of this variable can be drawn. The graphs are shown
in Fig. 7. In the graphs, the COMSOL results are derived
by searching for equivalent dc voltages based on TTF results
from COMSOL. We can see that these graphs prove that rms
gives a good result for evaluating equivalent dc voltage.

It is worth mentioning that in the cases with the changeable
distance between two metal lines, this result can still be used
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Fig. 7. Comparison between RSM results with COMSOL results on (a) duty
cycle, (b) period, and (c) amplitude.

in that the distance L does not appear in (13). The only thing it
can affect is the relationship between T ′ and t , as is introduced
in (11). So distance does not change the function of equivalent
dc voltage at all.

VI. CONCLUSION

In this paper, we have proposed a novel compact TDDB
model for fast TDDB assessment. We developed a new fast

time-to-failure evaluation method based on the analytic solu-
tion of the recently proposed ion diffusion partial differential
equations. It is showed that the location of the minimum
concentration can be determined by the dominant terms and
the time-to-failure can be computed by using a few dominant
terms. On top of this, we also considered the time-varying
stressing voltage, which is commonly seen in practical VLSI
chips. We proposed to develop the equivalent dc stressing
voltage parameterized by amplitude, duty cycle, and period
for periodic stressing voltage waveforms using the regression-
based method. We further validated the proposed analytic
TDDB concentration and time-to-failure formula and the
equivalent dc stressing voltage compact model against the
results of the FEM analysis using COMSOL. Numerical results
further show the the new compact TDDB model can lead to
three orders of magnitude speedup with less than 1% error
against the existing FEM results.

APPENDIX

A. Derivation of the Analytic Solution for the
Ion Diffusion Equation

In this section, we give the detailed mathematical derivation
of the formulas for the proposed TDDB compact model. For
the completeness of this section, we rewrite the metal ion
diffusion equation (5) as follows:

D∇2C = q DE

kB T
∇C + ∂C

∂ t
(23)

with the boundary conditions

C(at the edge of dielectric) = 1. (24)

In the 1-D case, (23) can be written as

D
∂2C

∂x2 = q DE

kB T
· ∂C

∂x
+ ∂C

∂ t
(25)

subject to boundary conditions

C(x = 0) = C(x = L) = 1 (26)

C(x, t) = 0, 0 < x < L, t = 0. (27)

We then define

X = x

L
T = Dt

L2 Pe = q E

kB T
L = qVdd

kB T
. (28)

Then, we can get

∂2C

∂ X2 = Pe
∂C

∂ X
+ ∂C

∂T ′ . (29)

After the Laplace transformation, we have

d2Ĉ

d X2 = Pe
dĈ

d X
+ pĈ (30)

subject to boundary conditions

Ĉ(0, p) = Ĉ(1, p) = 1

p
(31)

where p is the Laplace domain variable. For the differential
equation (30), its solution would appear in this following
general form:

Ĉ = r1e p1 X + r2e p2 X (32)
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where p1 and p2 are the roots for equation x2 = Pex + p.
As a result, we have p1,2 = (Pe/2)±a and a = (P2

e /4 + p)
1/2

with the following boundary conditions:⎧⎪⎨
⎪⎩

r1 + r2 = 1

p

r1ea+Pe/2 + r2e−a+Pe/2 = 1

p
.

(33)

By solving for r1 and r2, one can obtain the solution in Laplace
domain as

Ĉ(p) = ePe X/2 sinh[a(1−X)]
p sinh(a)

+ ePe(X−1)/2 sinh(a X)

p sinh(a)
. (34)

Inverse Laplace transform on (34) is then done to obtain the
solution in the time domain. First take a look at the first part
of (34), we have

Ĉ1 = ePe X/2 sinh[a(1 − X)]
p sinh(a)

.

A property of Laplace transform as this is used here

L−1{Ĉ(X, p + b)} = e−bT ′L−1{Ĉ(X, p)}.
Then, we have

C1 = eλX−bT ′ · L−1
{

sinh[p1/2(1 − X)]
(p − b) sinh(p1/2)

}
(35)

where b = (P2
e /4), and we assume λ = b1/2 = (Pe/2).

The inverse transform can be derived by adding residues at
all poles, in this case there is a pole at p = b, and poles
at p1/2 = nπ i, n = 0,±1,±2 . . . , or equally p = −n2π2,
n = 0, 1, 2 . . .

L−1
{

sinh[p1/2(1 − X)]
(p − b) sinh(p1/2)

}

=
∫

C

sinh[p1/2(1 − X)]
(p − b) sinh(p1/2)

e pT ′
dp = sinh[λ(1 − X)]

sinh(λ)
eλ2T ′

− 2π

∞∑
n=1

n sin(nπ X)

(n2π2 + λ2)
e−n2π2T ′

. (36)

The second part can be treated in the same way. After the
inverse transformation, we add two parts and perform some
algebraic operations and obtain the final result

C(X, T ′)

= eλX

{
sinh[λ(1 − X)]

sinh(λ)

− 2 π

∞∑
n=1

n sin(nπ X)

(n2π2 + λ2)
e−(n2π2+λ2)T ′

}

+ eλX−λ

{
sinh(λX)

sinh(λ)
+ 2π

×
∞∑

n=1

(−1)nn sin(nπ X)

(n2π2 + λ2)
e−(n2π2+λ2)T ′

}

= eλX sinh[λ(1 − X)] + eλX−λ sinh(λX)

sinh(λ)

− eλX2π

∞∑
n=1

n sin(nπ X)

(n2π2 + λ2)
e−(n2π2+λ2)T ′

+ eλX−λ2π

∞∑
n=1

(−1)nn sin(nπ X)

(n2π2 + λ2)
e−(n2π2+λ2)T ′

= 1−2π

∞∑
n=1

n sin(nπ X)

(n2π2+λ2)
e−(n2π2+λ2)T ′ [eλX −(−1)neλX−λ].

(37)

B. Derivation of Analytic Form for Time to Failure

As approximation, let us take the first term of the analytic
solution C(X, T ′) as C1(X, T ′)

C1(X, T ′) = 1 − 2π sin(π X)

λ2 + π2 e−(λ2+π2)T ′
(eλX + eλX−λ).

(38)

To get the minimum concentration, we set the derivative of
C1(X, T ′) to zero

∂C1(X, T ′)
∂ X

= 0

= 2πe−(λ2+π2)T ′

λ2 + π2 eλX (1 + e−λ)

× [λ sin(π X) + π cos(π X)]. (39)

The solution of this equation gives a fixed Xfail which does
not change with T ′ as

Xfail = 1 − 1

π
arctan

(π

λ

)
. (40)

Then at Xfail, we define C(Xfail, T ′) = Cfail as the minimum
concentration that triggers the dielectric failure

Cfail = 1 − 2πe−(λ2+π2)T ′

λ2 + π2 sin[π − arctan(π/λ)]
· (eλ−(λ/π) arctan(π/λ) + e−(λ/π) arctan(π/λ)) (41)

= 1 − 2π2e−(λ2+π2)T ′

(λ2 + π2)
3/2

· (eλ−(λ/π) arctan(π/λ) + e−(λ/π) arctan(π/λ)). (42)

The resulting time to failure can be found by solving

Cfail = CX

T ′
fail = 1

λ2 + π2

× ln
2π2(eλ−(λ/π) arctan(π/λ) + e−(λ/π) arctan(π/λ))

(1 − CX )(λ2 + π2)
3/2

tfail = L2

D(λ2 + π2)
(43)

× ln
2π2(eλ−(λ/π) arctan(π/λ) + e−(λ/π) arctan(π/λ))

(1 − CX )(λ2 + π2)
3/2 .

(44)
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