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Abstract—It is well known that model order reduction for
circuits with many terminals remains a challenging problem.
One reason is that existing approaches are based on a centralized
framework, in which each input-output pair is implicitly assumed
to be equally interacted and the matrix-valued transfer function
is assumed to be fully populated. In this paper, we attempt to ad-
dress this long-standing problem using a decentralized model order
reduction scheme, in which a multi-input multi-output system
is decoupled into a number of subsystems and each subsystem
corresponds to one output and several dominant inputs. The
decoupling process is based on the relative gain array, which mea-
sures the degree of interaction of each input-output pair. For each
decoupled subsystem, passive reduction can be easily achieved
using existing reduction techniques. The proposed method is
suitable for resistance-dominant interconnects such as on-chip
power grids, substrate planes where extremely compact models
can be obtained. Simulation results demonstrate the advantage of
the proposed method compared to the existing approaches.

Index Terms—Decentralized, model order reduction, multi-port
networks.

I. INTRODUCTION

M ODEL ORDER REDUCTION (MOR) [1] is an ef-
ficient technique to reduce the interconnect circuit

complexity while producing a good approximation of the
input-output behavior. Existing approaches may generally be
divided into two broad categories: the moment-matching-based
methods and the balanced truncation-based methods. In the
former case, the system is projected onto the Krylov subspace
to match dominant moments while in the latter case the system
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is projected onto a subspace, which is both easily controllable
and easily observable.

Moment-matching-based methods have been a great success
owing to their efficiency [8], [10], [11], [18], [24], [27], [28],
[37]. Recent methods perform implicit moment-matching by
projecting the original system onto a Krylov subspace, and in
this process, stability, passivity, and structure information in-
herent to resistance-inductance-capacitance (RLC) circuits can
be preserved by exploiting the internal structure of the RLC for-
mulation. While suitable for reduction of large-scale circuits,
moment-matching-based techniques do not necessarily generate
models as compact as desired. Nevertheless, another approach,
the truncated balanced realization (TBR), which has been well
developed in the field of systems and control [12], [17], can be
employed to advantage [14], [22], [23], [29], [31]–[33], [36].

However, the efficiency of existing model order reduction
methods degrade as the number of ports increases. The reason
for this degradation is fundamental and does not depend on
any particular reduction algorithm. For Krylov subspace-based
algorithms, the cost associated with model computation is di-
rectly proportional to the number of inputs, i.e., to the number
of columns in the transfer function matrix. Similarly, in the
TBR algorithm, for systems with many inputs, many states may
be needed because of the high dimension of the controllable
subspace.

There has been notable effort devoted to mitigating this
long-standing problem recently. One strategy is to exploit
input signals during the reduction. The examples are the ex-
tended Krylov subspace (EKS) method [30], the generalized
second-order Arnoldi method [25], and the extended truncated
balanced realization method [13], [26], which consider the
dynamics of the circuit as well as the source excitations during
the reduction. However, since the modeling process depends
on the input signal, the model needs to be rebuilt once input
signal is changed. The second strategy performs the terminal
reduction before the model reduction [7], [9], [15], [16]. The
early work like SVDMOR method [7], [9] utilizes the fact that
the matrix transfer function may be numerically low rank at dc,
or at some specific frequency. However, the transfer function
matrix of a large-scale circuit is rarely low rank in practice.

In this paper, we propose a decentralized model order re-
duction scheme where a multi-input-multi-output (MIMO) net-
work is decoupled into a number of multi-input-single-output
(MISO) networks (subsystems) based on the input-output inter-
action strength. Each subsystem is then reduced individually,
which can be done easily using the existing techniques. The
decoupling process is based on the relative gain array (RGA)
[2], which is a matrix of interaction measures for single-input
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single-output (SISO) pairings in an MIMO linear time invariant
(LTI) system.

We will show that, given a passive network, when the de-
coupled subsystems are reduced by passive reduction methods,
then the overall reduced system will remain passive. We will
also show that this method can be applied with both Krylov
subspace methods and balanced truncation methods. Further,
we will demonstrate experimentally that the new reduction al-
gorithm, called DeMOR, can be efficient for interconnect cir-
cuits especially with dominant resistance couplings like on-chip
power grids and substrate networks.

This paper is organized as follows. In Section II, we review
relevant model order reduction methods. In Section III, we in-
troduce the concept of relative gain array. In Section IV, we pro-
pose the decentralized framework for Krylov subspace methods
and prove the preservation of passivity. In Section V, we show
that the proposed method can be applied together with balanced
truncation methods to generate more compact models for sys-
tems with a massive number of inputs. Simulation results are
given in Section VI to demonstrate the effectiveness of our pro-
posed method. Section VII concludes this paper.

II. MODEL ORDER REDUCTION

In this section, we review the model reduction framework and
problems with the existing Krylov subspace methods.

A. Projection-Based Reduction Framework

An interconnect circuit can be formulated by the following
state-space form using modified nodal analysis (MNA)

(1)

where is the state vector,
and and represent the input and output, respectively.
Typically, we have . Model reduction algorithms seek to
produce a smaller system

(2)

where . The reduced order is
much lower than the original order , i.e., , but the output

and are approximately equal for inputs of in-
terest. This can be achieved by constructing matrices and

, whose columns span a useful subspace, and by projecting
the original equations in the column spaces of and , i.e.,

(3)

The accuracy of the reduced model can be measured by the ap-
proximation error between the two transfer functions matrices

(4)

For a prescribed threshold , if , for
some norm in a region of the complex plane, then the reduced
model is accepted to be accurate.

B. Problems With Existing Krylov Subspace Methods

The Krylov subspace generated by a matrix
and matrix , of order , is the space spanned by the set of
vectors . Usually projection ma-
trices and are constructed so that their columns span a
Krylov subspace. For example, a typical implementation is to
construct using the Arnoldi algorithm, thereby span-
ning a Krylov subspace with

(5)

Because of the moment-matching properties of Krylov sub-
space, the reduced transfer function will agree with the
original up to the first derivatives on an expansion
point in the complex plane (usually ), which results in

(6)

However, the cost associated with model computation and the
size of the reduced model is directly proportional to the number
of inputs in the Krylov subspace method, i.e., to the number
of columns in the transfer function matrix. For example, in the
PRIMA algorithm [18], if only two (block) moments are to be
matched at each port and the network has 1000 ports, the re-
sulting reduced model will have 2000 states.

C. SVDMOR

The SVDMOR/RecMOR methods [7], [9] were first
proposed to explicitly reduce the terminals in the projec-
tion-based reduction framework. For many practical circuits,
the input-output correspondence at various ports may be highly
correlated. In this case, the input-output matrices can be ap-
proximated using low-rank matrices. Applying the standard
SVD to the system transfer function matrix at dc gives

(7)

where and are matrices that consist of the left and right
singular vectors. If there exists a strong correlation between the
responses at different input-output ports, the transfer function
matrix can be well approximated based on dominant
left and right singular vectors in and . These singular
vectors are used to find a rank- approximation for and ,
i.e.,

(8)

where and . The original transfer func-
tion matrix can then be approximated as

(9)

Since represents a terminal-re-
duced MIMO network with ports, it can be more
readily reduced by existing reduction methods.

It should be pointed out that SVDMOR is a centralized reduc-
tion method. While it may perform well for low rank transfer
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function matrices, a network with a large number of ports rarely
has a low-rank transfer function matrix.

III. MEASUREMENT OF INTERACTION

In this section, we introduce a tool to measure the degree of
interaction of each input-output pair in an MIMO system.

A. Ideal Decentralized Systems

The input-output relationship of a LTI system can be
described by

(10)

where and are -dimensional vectors of inputs and
outputs, respectively, and is the system’s transfer function
matrix. For a diagonal transfer function matrix

(11)

no interaction exists between different inputs and outputs and
the system consists of independent subsystems. In this case,
if we are only interested in one of the response , where

, it suffices to compute the subsystem .
Clearly, this computation can be performed in parallel for all
the subsystems.

It is of course very often that output and input variables are
coupled and one output may interact with many inputs. It is plau-
sible, however, that in many cases of interest, one output may in-
teract more strongly with a subset of inputs than with the others.
An important observation in this paper is that this property can
be exploited by quantifying the degree of interaction of each
input-output pair in an MIMO system. This effort is facilitated
by the use of RGA.

B. Relative Gain Array

RGA is a matrix of interaction measures for all possible
single-input single-output (SISO) pairings in an MIMO LTI
system [2]. This concept has found widespread utility in process
control, and as a system robustness measure [4]. For a system

with inputs and outputs, there are relative gain
elements , which together form the matrix

(12)

The relative gain between an output and an input is
given by

(13)

where and are the open and closed loop gains of the
transfer function , respectively.

First, assume that except , all other inputs
are zeros, a step change in input of mag-

nitude will produce a change in output . Thus, the
gain between and when the other inputs are kept zeros is
given by

(14)

which can be viewed as an open loop gain with respect to other
inputs.

Second, except , when keeping all the other outputs
zeros, a step change in input of magnitude

will result in another change in . In this process, other
outputs will also be affected due to cross-coupling. In order to
keep them zeros, we need to adjust other inputs correspondingly,
which will also contribute to the change in . The gain under
the new set of conditions is denoted by

(15)

which can be viewed as a closed loop gain with respect to other
inputs.

Although the above gains are between the same pair of vari-
ables, they may have different values because they have been
obtained under different conditions. If interaction exists, the
change in due to a change in for the two cases (when other
inputs and when other outputs are kept zeros), will be different.
The ratio

(16)

defines the relative gain between the output and input .
There are two extreme cases: first, if is not influ-

enced by at all; second, if , closed loop gain is equal
to open loop gain, which means the interaction from other in-
puts is zero and is influenced by only. In fact, by taking
the absolute value of each RGA element and taking the inverse
for those larger than 1, the scaled elements will fall into the
range of

(17)

Usually, the larger the scaled number is, the more important the
corresponding input will be. For a given output , the contribu-
tion of each input can be easily compared and those inputs can
be arranged in a descending order in terms of their contribution.
For a large number of systems in practice, most input-output
pairs are magnitude-wise insignificant and their corresponding
values are close to zero. In this case, an output is only predom-
inantly influenced by a small number of dominant inputs and
those inputs could be identified with the guidance of RGA.

C. Computation of RGA

Generally, the relative gain array of the system can be
shown to be the frequency dependent function

(18)
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where denotes element-by-element multiplication (often
called the Hadamard or Schur product) [38], and is the
transpose of .

For control system applications, as steady-state performance
is usually more important, the relative gain array is typically
evaluated at zero frequency (steady-state relative gain array)

(19)

For systems with non-square transfer matrix, we can use
pseudoinverse instead

(20)

IV. DECENTRALIZED MODEL ORDER REDUCTION

In this section, we first propose a dominant Krylov subspace
method to build compact models corresponding to individual
outputs. Then we present the decentralized framework and
prove the preservation of passivity.

A. Dominant Krylov Subspace Method

For the interconnect circuit in (1), the transfer function is

(21)

and the steady-state gain is the dc gain

(22)

The RGA at dc can be computed as

(23)

Although RGA is frequency dependent in general, we only
evaluate it at dc as the methods in this paper are mainly pro-
posed for resistance-dominant interconnects like on-chip power
grids, substrate planes, and clock meshes, which behave as low
pass filters [3], [5], [19]–[21]. For a low-pass filter, the atten-
uation of high frequency components is much faster than the
attenuation of low frequency components, which means high
frequency components tend to be more localized and the evalu-
ation of RGA at dc is actually valid for all the frequencies.

If we are interested in an individual output, the th output, a
projection matrix is constructed so that the columns span a
dominant Krylov subspace , where

(24)

In this approach, instead of all the inputs, is composed of the
dominant inputs of the th output, which are identified based
on RGA. Then the reduced model for the th output is
obtained by

(25)
In the reduction process, although only dominant inputs are

used to construct the projection matrix, we do not eliminate any
column corresponding to insignificant input from the input ma-
trix. By doing this, the signal transfers from those insignificant

Fig. 1. Principal components in terms of frequency and electrical distance.

inputs are still coarsely preserved because those inputs, although
very little individually, could not be ignored when adding up to-
gether. Therefore, if the original model is a system, the
reduced model is still a system. Note that, only the
th output is to be used in future simulation.

If the original model (1) has the following structure
information:

(26)

where means positive semi-definite, after the projection
(25), the reduced model will inherit the structure information
such that

(27)

which means the reduced model is passive [18].
Different from existing Krylov subspace methods, where

only principle components in terms of frequency is considered,
the dominant Krylov subspace method takes into consideration
principal components in terms of both frequency (temporal)
and electrical distance to reduce the system complexity, as
illustrated in Fig. 1.

B. Decentralized Framework

If more outputs are to be observed, reduced models can be
built for each output, which results in a decentralized frame-
work. In such a framework, the computation can be performed
individually and in parallel as the reduced models corresponding
to different outputs are independent.

The DeMOR algorithm based on the dominant Krylov sub-
space is shown in Algorithm. 1. Note that, as the subsystems
corresponding to different outputs share the same system ma-
trix , only one sparse matrix factorization is required in the
whole algorithm.

Decentralized Model Order Reduction

Input:

Output:

1. Solve for
2. Compute
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3. Compute relative gain array
4. Scale the RGA values to the range of [0,1]
5. For output

Determine the dominant input matrix corresponding
to dominant inputs to construct a dominant Krylov
subspace.
Model order reduction using PRIMA to obtain

where

The reduced order is determined by both the number
of moments matched and the number of dominant inputs .

As other moment-matching methods, the number of moments
matched corresponds to the frequency range of accuracy.
Typically, the reduced model is required to be accurate in a cer-
tain frequency range. A larger accurate frequency range can be
obtained by matching more moments. However, it is hard to
know exactly how much the frequency range will increase with
one more moment matched.

Similarly, for the number of dominant inputs , although
RGA can provide some guidance, it is hard to know exactly how
many inputs should be treated as dominant inputs to achieve
the best tradeoff between accuracy and reduced size.

Therefore, given an example, a few tests are often needed to
determine the best number of and .

C. Preservation of Passivity

After reduction (25), we get reduced subsystems
and each subsystem is a -port network, which has

inputs and outputs. The reduced subsystems together can be
viewed as a -port network , i.e.,

(28)
where , and are block diagonal matrices

(29)

As the reduced subsystems have the structure informa-
tion (27), we have

(30)

because a block diagonal matrix is positive semi-definite if and
only if each diagonal block is positive semi-definite. This means
the network is passive [18].

Let denote the th input at the th subsystem and de-
note the th output at the th subsystem , where
and . The input-output relationship of the passive
network is given as follows:

...

...

...

...

...

...

...

...

...

...

...

...

...

...

(31)

For this -port network, we use to denote the th
port of the th reduced subsystem and are the corre-
sponding input-output variables.

Among the ports, there are external ports
, which corresponds to the ports of the orig-

inal system . For those ports, the input variables
correspond to the input variables of the

original model

(32)

and the output variables are approximant to
the output variables of the original model
due to reduction

(33)

The other ports are internal ports, where the input
variables are controlled by the input variables of the

external ports as follows:

(34)

This means the internal ports are interconnected with
controlled sources, respectively.

Therefore, in terms of the external ports, the decentralized
reduced system described by (31) (32) (33) (34) is a -port net-
work composed of a passive model (31) interconnected
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Fig. 2. Passivity of decentralized reduced model.

with controlled sources (34). Note that, controlled sources
are passive elements. As interconnection of passive systems are
still passive, the decentralized reduced system is passive [18].

To better illustrate this point, we use a 2-port passive network
as an example. As shown in Fig. 2 (left), the original model is
a 2-port passive network and each port is connected with a cur-
rent source as external stimuli. After reduction via DeMOR, two
subsystems are obtained and each subsystem itself is a passive
2-port network (27). In subsystem 1, the voltage response at the
first port is the approximant to the voltage response at the
first port of the original model . In subsystem 2, the voltage
response at the second port is the approximant to the
voltage response at the second port of the original model .
The two subsystems together (in the blue box) can be viewed
as a 4-port network, which is also passive (30). Among the four
ports, the first and the last port are external
ports. The second and the third port are in-
ternal ports, where the input currents are controlled
by the currents at the last port and the first port , re-
spectively. The decentralized reduced model corresponds to the
parts inside the red box, which is composed of the interconnec-
tion of a passive 4-port model (in the blue box) with two cur-
rent controlled current sources, which are also passive elements.
Therefore, the overall decentralized reduced system is passive.

D. Computational Cost Analysis

First, we discuss the reduction cost of DeMOR compared
with PRIMA.

Given an interconnect model of order and with ports,
where , to match moments of the original model,
Krylov subspace method PRIMA first takes a matrix factoriza-
tion of the sparse matrix at the cost of . In the Arnoldi
procedure, it takes solves for the generation of vectors at
the cost of , and a QR factorization of the vec-
tors at the cost of (typically, and

for sparse circuits). So the total cost of reduction
in PRIMA is

(35)

For DeMOR method, we first need to compute the dc re-
sponse , which mainly takes one matrix factorization of
the sparse matrix at the cost of . The computational
cost of RGA from is . Given an output of interest,
if a number of dominant inputs are identified based on RGA,
where , in order to match moments corresponding to
inputs, the Arnoldi procedure requires solves for the gener-
ation of vectors at the cost of , and a QR factorization
of the vectors at the cost of after the factoriza-
tion of matrix . So the total reduction cost for one subsystem
is

(36)

Note that, if all the outputs are to be observed, we sill only
need to perform one matrix factorization of and the total cost
is

(37)

For a large number of problems of interests, where and
, the cost of both methods is usually dominated by the

sparse matrix factorization . Even if DeMOR is more
expensive than PRIMA, the overhead will not have much ef-
fect on the overall efficiency of Krylov subspace methods for
large-scale sparse systems.

Second, we discuss the simulation cost of the reduced models.
If the original system has ports, then a reduced system of order

is needed for PRIMA to match block moments. The cost
of solving the reduced system is as the matrices in the
reduced system are full. On the other hand, if we decentralize the
original system into subsystems and assume each subsystem
has dominant inputs , to match the same number of
moments , the reduced order of each subsystem is . If only
one output is to be observed, only one reduced subsystem needs
to be solved at the cost of . If all the outputs are to be
observed, the cost to solve a number of reduced subsystems
is . In the second case, the cost ratio for solving the
two reduced models is

(38)

which means that solving DeMOR reduced model is much less
expensive.

Moreover, since the reduced subsystems are independent, the
runtime can be reduced significantly if the parallel computing
can be applied in the simulation process. The proposed method
is most efficient for large systems with a massive number of
inputs, where only a small number of outputs are to be observed.

V. EXTENSION TO BALANCED TRUNCATION

In this section, we extend the proposed method to another
family of model reduction methods: balanced truncation.



YAN et al.: DECENTRALIZED AND PASSIVE MODEL ORDER REDUCTION OF LINEAR NETWORKS WITH MASSIVE PORTS 871

A. Balanced Truncation

Given a stable LTI system with minimal realization

(39)

where
, the controllability and observability gramians are the unique

positive definite solutions to the Lyapunov equations

(40)

(41)

Since the eigenvalues of the product are input-output in-
variant [17], we can perform a similarity transformation

(42)

to diagonalize the product

(43)

where the Hankel singular values of the system are arranged
in a descending order.

The resulted coordinate system is called a bal-
anced realization and the states of the balanced system corre-
sponding to the small Hankel singular values are difficult to
reach and to observe at the same time. Such states are less in-
volved in the energy transfer from inputs to outputs.

If we partition into

(44)

and partition the transformed matrices as

(45)
a reduced model of order

(46)

is obtained by taking the leading blocks of
, respectively

(47)

B. Modified Balanced Truncation for Systems With Massive
Inputs

Given the system (39), if the number of inputs of
the system is much larger than the number of outputs

(48)

the dimension of controllable subspace is hight and the decay of
eigenvalues of the gramian product will be slow even if the
number of outputs is small. This means a higher order reduced
model is needed based on the criteria of balanced truncation.

The system (39) can be decomposed as single
input systems [6], where is the

th column of . Let be the controllability gramians for the
system satisfying

(49)

Given the fact that

(50)

it is easy to show that the controllability gramian of the system
can be decomposed as the sum of the controllability gramians

associated to the each single input system [6]

(51)

In this summation, each input is implicitly assumed to have an
equal weight. As a result, if the number of inputs is large, the
decay of the eigenvalues of the gramian will be slow.

However, as shown in the previous section, those inputs
are not equally important. In fact, in most cases, only a small
number of inputs are dominant. To take advantage of this
property, we present a modified balanced truncation method
for systems with a large number of inputs (48). Similar to
the dominant Krylov subspace method, we first construct an
input matrix to include those dominant inputs, which are
determined by the relative gain array. After that, a dominant
controllability gramian can be obtained by solving the
following Lyapunov equation:

(52)

The system can be balanced in terms of the gramian product

(53)

where is the observability gramian obtained from (41).
Given the matrix , similar to the classical balanced trun-

cation, a reduced order model (46) can be obtained
by balancing (42) and then truncating (47) the system. Note
that, the balanced truncation is performed on instead of ,
which means the energy transfers from weak inputs are also
coarsely preserved. Given a small number of outputs, the pro-
posed method often leads to very compact models for systems
with a large number of inputs.

The cost of balanced truncation is dominated by the cost of
solving Lyapunov equations. If the matrix is sparse, the cost
of solving Lyapunov equation (40) is with iterative
methods [14], where is the rank of input matrix (the number
of inputs ). Therefore, as the number of dominant inputs is
much smaller , the cost will be reduced from
to by solving (52) in the proposed method.

Note that, the proposed method cannot be relied to preserve
passivity with classical passivity preserving balanced truncation
method like PRTBR [22]. However, just like with PRIMA, pas-
sivity can be preserved with congruency transformation based
balanced truncation methods like PMTBR [23] for interconnect
modeling.
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Fig. 3. Mesh structure network.

Fig. 4. Illustration of RGA.

VI. EXPERIMENTAL RESULTS

The proposed methods have been implemented in MATLAB

7.0 and tested on a computer with an Intel core 2 duo 3.17 GHz
processor and 4 GB memory. The performance of the proposed
methods is demonstrated with examples with mesh structures
(see Fig. 3), which are widely used for distributing critical global
signals on a chip such as clock and power/ground [3], [5], [7],
[9], [19], [21], [30], [35].

A. Example 1

First, we consider an illustrative example. As shown in Fig. 4,
given a simple circuit with unit elements , the scaled
relative gain array is obtained as

(54)

where each row corresponds to one output (node voltage) and
each column to one input (current source). For instance, if the
voltage response at node 2 is of interests, the metric indicates
that, in terms of importance, the inputs should be arranged in a
descending order as and this can be verified by
applying a constant current input at different nodes respectively
to observe the corresponding voltage responses at node 2.

B. Example 2

The second example is a simple RC mesh ( and
pf) with 1600 nodes and 33 ports. In this example, we

demonstrate how to divide and conquer an MIMO coupled net-
work by decoupling it into a number of MISO subsystems and
reduce each subsystem individually. As the reduced subsystems
are independent, the simulation can be performed in parallel on
the reduced subsystems.

We verify the reduction accuracy in the time and frequency
domain. Current sources are connected to the ports to stimulate
the circuit with a series of pulses of unit magnitude. The voltage
responses at the ports are observed. The RGA value is shown in
Fig. 5. We can see that the most input-output pairs are magni-

Fig. 5. RGA computed at different frequencies.

tude-wise insignificant and their corresponding values are close
to zero.
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In addition, as the frequency increases, RGA becomes more
and more locally concentrated. This is because the RC networks
behave as low pass filters. For a low-pass filter, the attenuation
of high frequency components is much faster than the attenua-
tion of low frequency components, which means that high fre-
quency components tend to be more localized and the evaluation
of RGA at dc is actually valid for all the frequencies.

First, we build the reduced model for the voltage response
at port 1. From Fig. 6, we see that port 1 is only dominantly
interacted with itself. In this case, a reduced model of order
7 can match the original output well. The results of PRIMA,
SVDMOR, and DeMOR are shown in Fig. 6 with the same
order. We notice that SVDMOR does not work well. The reason
is that dc matrix has full rank, which is usually the case for
a complete matrix-valued transfer function. The frequency re-
sponses at port 1 are also shown in Fig. 6. The simulation times
of the reduced models of order 7 is 0.006 s.

Second, we build the reduced model for the voltage response
at port 12, which is located in the center of the circuit. From
the RGA values, there are three dominant inputs: input 8, input
12, and input 16. A reduced model of order 12 is needed for a
good match, where four moments of the corresponding inputs
are matched. The reduction results of PRIMA, SVDMOR, and
DeMOR are compared in Fig. 7. The simulation time of reduced
models of order 12 is 0.008 s.

In the previous case, the same reduced order is
used for different methods. Now, instead of the same reduced
order, the same number of moments is used for dif-
ferent methods. In this case, different methods will lead to
reduced models of different orders. To match four moments,
the reduced orders of PRIMA and DeMOR are 132 and 12.
The maximum errors for PRIMA and DeMOR reduced models
in stimulation are 0.002 and 0.013 V. Although the results
for PRIMA are better, such small difference can be actually
ignored. For SVDMOR, in order to get better results than
DeMOR, a reduced model of order 80 is needed. In this case,
the reduction times for PRIMA, SVDMOR, and DeMOR are
0.316, 0.223, and 0.086 s. The simulation times of reduced
models of PRIMA, SVDMOR, and DeMOR are 1.765, 0.233,
and 0.008 s.

In this example, as the original model has the special circuit
formulation structure (26) and the reduced subsystems inherit
such structure, the reduced subsystems are guaranteed to be pas-
sive and the overall reduced system remains passive as proved
in Section IV-C.

C. Example 3

DeMOR is quite suitable for analyzing a number of nodes in
a local region. We can perform the RGA analysis for all those
nodes and find their dominant inputs. Typically, those nodes to
be observed may share a very small number of dominant inputs,
which is the case for power grid networks where input sources
are not attached to every node to be observed.

To demonstrate this point, we use a power grid network with
10 000 nodes and 1000 distributed current sources. The current
sources are used to model the typical switching activities of non-
linear devices, which are obtained in the standalone simulations.

Fig. 6. (top) Relative gains, (middle) time-domain, and (bottom) frequency-
domain responses at port 1 for an RC circuit.

The resistance and capacitance on the grid are on the order of
and pf, respectively.

Now we are interested in the transient responses for 500 nodes
in a local region. As shown in Fig. 8, the distribution of those
nodes in terms of dominant inputs are very concentrated, which
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Fig. 7. (top) Relative gains, (middle) time-domain, and (bottom) frequency-
domain responses at port 12 for an RC circuit.

means a small number of dominant inputs are shared by a large
number of nodes. For each node, we choose the most domi-
nant input. Since many inputs are shared, the redundant ones are
eliminated. In this example, 25 representative inputs are identi-
fied and 2 moments are matched for each representative input,

Fig. 8. Distribution of nodes in terms of dominant inputs in a local region.

which results in a reduced model of order 50. The transient re-
sponses of the 500 nodes, however, can be well approximated
by the localized reduced model. Fig. 9 shows the transient re-
sponses at one of the nodes. Given the same reduced order 50,
while DeMOR can match the original response well, there is
still noticeable error for SVDMOR. In this example, the reduc-
tion times for DeMOR, SVDMOR, and PRIMA are 13.199,
12.856, and 68.241 s, respectively. The simulation time of re-
duced models of order 50 is 0.326 s.

In this example, as the voltages responses to be observed are
not limited to the nodes with input sources, and thus
the original model does not have the special circuit formulation
structure (26), which means the reduced model cannot be guar-
anteed to be passive. However, as stability is still preserved in
the reduction process [27], the simulation will be stable if the
reduced network is driven by independent sources and not con-
nected with any load, which is the typical setting for power grid
simulation [30].

D. Example 4

Finally, we show the effectiveness of the modified balanced
truncation method (mBT) for systems with a large number of in-
puts. As balanced truncation is very expensive for large systems,
we use a smaller RC mesh with 400 nodes and 10 input sources
to demonstrate the accuracy. We use the voltage response at one
of the nodes as the output. In mBT, the principle components are
obtained from two steps: first, we choose the dominant inputs
based on RGA; then, we choose the dominant states in terms
of the energy transfers from the dominant inputs based on the
Hankel singular values.

As shown in Fig. 11, given one dominant input, the Hankel
singular values in mBT are decaying much faster than those in
BT: only 5 states are dominant in mBT while more than 20 states
seem important in BT. Given the same reduced order 5, the per-
formances of two methods are shown in Fig. 10: while mBT
can match the original frequency response well, there is still no-
ticeable error for BT. This verifies that we do not need to pay
attention to each input equally. In this example, the reduction



YAN et al.: DECENTRALIZED AND PASSIVE MODEL ORDER REDUCTION OF LINEAR NETWORKS WITH MASSIVE PORTS 875

Fig. 9. Simulation results of the part of the grid.

times of BT and mBT are 4.436 and 1.125 s, respectively. As
discussed in Section V, the reduced model is not guaranteed to
be passive.

VII. CONCLUSION

In this paper, we have proposed a novel method for the model
order reduction of linear networks with many ports. The new
method DeMOR adopts a decentralized reduction scheme, in
which an MIMO system is decoupled into a number of MISO
subsystems and each subsystem is reduced and simulated in-
dividually. The decouple process is carried out with the aid
of the RGA, which measures the degree of interaction of each
input-output pair. As a result, efficient passive reduction of each
subsystem becomes possible and the whole reduced system can
be proved to be passive. The DeMOR method is suitable for re-
sistance-dominant interconnects like on-chip power grids and
substrate planes, and can lead to extremely compact models for
systems with massive ports compared to the traditional MOR
methods. The simulation results show indeed that DeMOR is
more advantageous than the existing approaches.

Fig. 10. Frequency-domain responses.

Fig. 11. Hankel singular values.
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