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Abstract: Model order reduction of interconnect circuits is an important technique to reduce the circuit com-

plexity and improve the efficiency of post-layout verification process in the nanometer VLSI design. Existing 

works using the Krylov subspace method are very efficient, but the resulting models are less compact and 

lack global accuracy. Also, existing methods cannot handle interconnect circuits with large input and output 

ports. Recent advances in reduction techniques using non-Krylov subspace techniques such as truncated 

balanced realization (TBR) hold some promise to solve these problems. In this paper, we first review the 

classic TBR-based reduction methods and then present the recent developments in fast TBR-based reduc-

tion and techniques such as PMTBR, SBPOR, and ETBR methods. These newly proposed methods try to 

avoid the expensive computing steps in traditional TBR methods at some cost to accuracy to boost effi-

ciency and scalability, which is critical to reduce large interconnect parasitics modeled as RLCK circuits. The 

ETBR method can also reduce circuits with massive ports by considering the input signals. We show the 

pros and cons of each method and compare them on a set of large interconnect circuits, and finally point to 

some new research directions for this area.    
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Introduction 

Model order reduction (MOR) is an efficient technique 
to reduce circuit complexity while preserving the input 
and output behavior. In the reduction process, we ex-
pect that the algorithms have the following properties. 
First, the approximation error should be small, and 
ideally there exists a global error bound. Second, sys-
tem properties, like stability and passivity should be 
preserved. Third, the procedure is numerically stable 
and computationally efficient. There are many ways to 

classify MOR algorithms. For instance, from a formu-
lation point of view, MOR techniques can be classified 
into first-order based methods (using modified nodal 
analysis, MNA) and second-order based methods (us-
ing nodal analysis, NA). In terms of projection sub-
space, these approaches are divided into two broad 
categories, namely, moment matching based methods 
(Krylov subspace methods) and balanced truncation 
based methods. In the former case, the system is pro-
jected onto a subspace to match dominant moments of 
transfer functions, while in the latter case the system is 
projected onto a subspace that is both easily controlla-
ble and easily observable. A more detailed survey of 
model order reduction techniques can be found[1,2].  

Moment-matching or Krylov subspace based ap-
proaches have received much attention and develop-
ment in applications for VLSI design in the past[3-9]. 
The AWE method[3] first introduces the explicit   
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moment-matching technique for fast interconnect 
modeling (mainly delay calculation). But AWE suffers 
from numerical instability owing to explicit moment-    
matching. To mitigate this problem, Krylov subspace 
based methods were proposed[4,5], where implicit mo-
ment-matching is performed in a projection framework. 
Furthermore, to ensure the stability of the simulation 
process, PRIMA[6] was developed based on the Arnoldi 
process. PRIMA exploits the positive semi-definiteness 
of matrices in MNA formulation so that passivity can 
be easily preserved via congruency transformation[10]. 
More recently, SPRIM[8] further exploits the block 
structure of RLC formulation such that, in addition to 
passivity, structure information inherent to RLC cir-
cuits can be also preserved. At the same time, second-    
order moment-matching based approaches have been 
successfully developed, such as ENOR[7] to SAPOR[9].  

While suitable for reduction of large-scale circuits, 
these techniques do not necessarily generate models as 
compact as desired[11]. Therefore, another approach, 
truncated balanced realization (TBR), or balanced 
truncation, which was developed in the control com-
munity[12-16], has been studied intensively for inter-
connect modeling[17-26]. In theory, these methods can 
produce overall good approximates with wide fre-
quency band accuracy. Existing first-order balanced 
truncation methods in the control community include 
Lyapunov balancing[12] and stochastic balancing (in-
clude Riccati balancing)[14]. Stochastic balancing is 
more computationally demanding than Lyapunov bal-
ancing but it is highly appreciated by preserving the 
positive realness (passivity)[15] without posing any 
constraints on the internal structure of the state-space.  

Recent developments of balanced truncation for 
general dynamic systems include approximate balanc-
ing by iterative solution of Lyapunov equation[17,18,27], 
Sylvester equation[28], Riccati equation[20,22], the 
AISAID method[29], and its derivative method, which 
are based on the power method, for fast gramian prod-
uct approximation[21], and descriptor system balanc-
ing[30-32]. Specifically, the recent book[2] by Antoulas 
provides excellent coverage of classic TBR methods 
such as Lyapunov balancing, stochastic balancing, 
bounded real balancing, positive balancing, and fre-
quency weighted balanced reduction (Chapter 7), as 
well as connections between the Krylov subspace 
methods and TBR methods (Chapter 12). It also   

discusses the iterative solutions of Lyapunov equations 
for approximating balanced truncation. Research work 
in Ref. [27] presents an approximate balancing method 
(the low-rank Smith method) by iterative solutions of 
Lyapunov equations. A recent paper in Ref. [33] offers 
a comparison of TBR and Krylov subspace based 
methods such as PMTBR, Riccati balanced truncation, 
PRIMA, the special zero method and the optimal 2H  
method. The paper in Ref. [34] introduces various 
gramian definitions in the frequency domain and dis-
cusses the resulting balancing schemes. The paper in 
Ref. [35] presents an excellent review of TBR methods 
and a new error bound for positive-real balanced trun-
cation. Research work in Ref. [28] studies the Sylvester 
equations, the cross gramian, and the approximate bal-
ancing. A recent talk by Benner offers a good tutorial 
on the balanced truncation for circuit simulation[36].  

Standard balanced truncation methods are known to 
be too expensive for direct application to large inte-
grated circuit problems, owing to the cubic cost of 
solving two Lyapunov equations. In addition, it takes 
considerable knowledge of control theory and numeri-
cal procedures to implement balanced truncation in a 
stable way[37,38]. Especially for nonstandard systems, 
additive decompositions and special treatments are 
causally needed[19,30,39]. To remedy this problem, sev-
eral gramian approximation methods have been pro-
posed[23,25,26,40], where the approximated dominant 
subspace of a gramian can be obtained in a very effi-
cient way. However, no rigorous error bounds exist for 
gramian approximation methods. The single gramian 
approximation (SGA) technique (also called Poor 
Man’s TBR or PMTBR)[23] was first proposed to re-
duce the system by projecting onto the approximated 
dominant subspace of the controllability gramian. This 
method works well for RC circuits, which can be 
naturally formulated in a first-order form with matrices 
both symmetric and positive-definite. In this case, the 
controllability and observability gramians are equiva-
lent and can be simultaneously diagonalized via a con-
gruency transformation. As a result, both accuracy and 
passivity can be preserved simultaneously. However, 
for general RLCK circuits, which models the on-chip 
global interconnects with fast signals, the first-order 
formulation could be either symmetric or posi-
tive-definite, but not both. Therefore, preserving high 
accuracy and passivity cannot be achieved at the same 
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time.  
There are several methods proposed to mitigate this 

problem. One of them, SBPOR[24], is based on the 
second-order formulation, which is both symmetric 
and positive-definite for RLCK interconnect circuits. 
In SBPOR, second-order gramians are defined based 
on a symmetric first-order realization. As a result, both 
second-order gramians, which are also the leading 
blocks of the gramians of first-order realization, be-
come the same and can be simultaneously diagonalized 
by a congruence transformation. As a result, it achieves 
passivity without sacrificing accuracy (it still approxi-
mates both controllability and observability gramians). 
Further, a fast SBPOR method, called SOGA, was 
proposed[26]. It computes the approximate gramians of 
one second-order formation from SBPOR to make the 
algorithm more computationally efficient.  

Other gramian approximation methods also covered 
in this survey include double gramian approximation 
(DGA), cross-gramian approximation (CGA) and the 
recently proposed response gramian approximation 
(RGA), called ETBR[25], for power grid network 
analysis. CGA[23] combines both controllability and 
observability into a single cross-gramian. ETBR is 
used to reduce and simulate circuits with a large num-
ber of independent sources, which cannot be reduced 
by the conventional multi-port model reduction meth-
ods. ETBR considers both systems as well as the input 
sources for reduction by defining an approximated re-
sponse gramian.  

Another quite different approach to circuit complex-
ity reduction is by means of local node elimination and 
realization[41-45]. The major advantage of these methods 
over projection-based methods is that the reduction can 
be done in a local manner and no overall solution of 
the entire circuit is required and reduced models can be 
easily realized using RLCM elements. This idea was 
first explored by selective node elimination for RC 
circuits[41,42], where time-constant analysis is used to 
select nodes for elimination. Node reduction for mag-
netic coupling interconnect (RLCM) circuits has re-
cently become an active research area. Generalized 

-Y Δ  transformation[44], RLCK circuit crunching[43], 
and branch merging[45] have been developed based on 
NA, where inductance becomes susceptance in the 
admittance matrix. Since mutual inductance is coupled 
via branch currents, to perform nodal reduction, an 

equivalent 6-susceptance NA model is introduced in 
Ref. [44] to reduce two coupling current variables and 
template matching via geometrical programming is 
used to realize the model order reduced admittances, 
but its accuracy depends heavily on the selection of 
templates and only 1 -port realization has been re-
ported. Meanwhile, RLCK circuit crunching and 
branch merging methods are first-order approximation 
based on the nodal time-constant analysis. A more 
general node-elimination algorithm based on the gen-
eral s-domain hierarchical graph-based symbolic re-
duction technique[11,46,47] was proposed, which deals 
with circuits with large number of ports more effi-
ciently than the projection based reduction techniques. 
But in this paper, we still focus on projection based 
reduction techniques.  

We remark that model order reduction by the trun-
cated balanced realization method and other non-Kry-
lov subspace methods has a large body of literature from 
many different fields. This survey paper, however, will 
not be a comprehensive treatment on this topic. Instead, 
we try to focus on recent advances in interconnect 
modeling and reduction, especially TBR based reduc-
tion techniques. Relevant publications not cited in this 
paper do not diminish their contributions to this field.  

This paper is organized as follows: Section 1 intro-
duces some basic concepts such as dynamic systems, 
model order reduction and passivity. Section 2 intro-
duces classic balanced truncation-based reduction 
methods developed for general dynamic systems. Sec-
tion 3 presents recently proposed fast TBR-based re-
duction methods using gramian approximation meth-
ods developed for large-scale VLSI circuits. Numerical 
results are given in Section 4 and Section 5 to summa-
rize the paper.  

1  Model Order Reduction in a  
Nutshell 

1.1  Dynamic system models 

The behavior of linear time-invariant (LTI) systems in 
many engineering problems can be described by state-     
space equations in descriptor form ( , , , , )E A B C D ,  
 ( ) ( ) ( ),t t t= +Ex Ax Bu�  
 ( ) ( ) ( )t t t= +y Cx Du  (1) 
where , n n×∈E A R , n p×∈B R , p n×∈C R , p p×∈D R , ( ) nt ∈x R , 
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( ), ( ) pt t ∈u y R . When E  equals identity matrix ,I  
the state-space equations become the standard form 
( , , , )A B C D ,  
 ( ) ( ) ( ),t t t= +x Ax Bu�  
 ( ) ( ) ( )t t t= +y Cx Du  (2) 
In fact, many LTI systems can also be described by a 
set of second-order differential equations ( , , ,M D K  

, )B C ,  
 ( ) ( ) ( ) ( ),t t t t+ + =Ma Da Ka Bu�� �  
 ( ) ( )t t=y Ca  (3) 
where , , n n×∈M D K R , n p×∈B R , p n×∈C R , ( ), ( )t t ∈u y     

pR , ( ) nt ∈a R . The behavior of the systems can be 
completely characterized by the state-space equations. 
However, in some cases, we are only interested in the 
input-output behavior. In such cases, transfer functions 
are needed. The transfer function associated with the 
first-order system (1) in the Laplace domain is given 
by  
 1( ) ( )s s −= −H C E A B  (4) 
which becomes  
 1( ) ( )s s −= −H C I A B  (5) 
for a standard system (2). For the second-order model 
(3), the transfer function is given by  
 2 1( ) ( )s s s −= + +H C M D K B  (6) 

1.2  Model order reduction 

The complexity of the system can be characterized by 
the size, n , of the model. In electrical engineering, 
civil engineering, or aeronautics, the size, n , is often 
very, even prohibitively, large that many analysis and 
design problems cannot be solved within a reasonable 
computing time. Model order reduction is the tech-
nique to solve this problem by constructing a reduced 
model r ( )sH  of size r n�  like  
 r r r( ) ( ) ( ),t t t= +E x A x B u�  
 r( ) ( ) ( )t t t= +y C x Du  (7) 
where r r, r r×∈E A R , r

r p×∈B R , r
p r×∈C R , p p×∈D R , ( )t ∈x     

,rR ( ), ( ) pt t ∈u y R , for the first-order model (1), or  

 r r r r( ) ( ) ( ) ( ),t t t t+ + =∫M a D a K a B u�  

 r( ) ( )t t=y C a  (8) 
where r r r, , r r×∈M D K R , r

r p×∈B R , r
p r×∈C R , ( ), ( )t t ∈u y  

,pR  ( ) ,rt ∈a R  for the second-order model (3).  
Such a low order system will have approximately 

the same output y  as the original system to the input 

u  of interest. The transfer functions are often used as 
a metric for approximation. If r|| ( ) ( )||s s ε− <H H  in 
some appropriate norm, for some given allowable error 
ε  and frequency range of interest s , the reduced 
model is accepted as accurate.  

In addition, it is important to preserve system prop-
erties like stability and passivity in model order reduc-
tion. Given a passive system, we hope the reduced 
system is also passive. Otherwise, the reduced system 
may cause nonphysical behavior when it is simulated 
with other subsystems even if it is stable.  

Currently, most model order reduction methods are 
projection based. Given two projection matrices , ∈W V  

n r×R , for the first-order model (7), we have  
 T T

r r, ,= =E W EV A W AV  

 T
r r,= =B W B C CV  (9) 

and for the second-order model (8), we have  
 T T T

r r r, , ,= = =M W MV D W DV K W KV  

 T
r r,= =B W B C CV  (10) 

where W  is the left projector and V  is the right 
projector.  

Typically, W  and V  span useful subspaces. Dif-
ferent choices of W  and V  will result in different 
model reduction approaches (Krylov subspace based 
methods, balanced truncation methods, etc). If ≠W V , 
the projection is an oblique (Petrov-Galerkin) projec-
tion. If ,=W V the projection is an orthogonal 
(Galerkin) projection. Usually, oblique projection is 
better in terms of accuracy as both subspaces are used 
(e.g., PVL[4] and TBR[12]). However, orthogonal pro-
jection is widely used in practice because it can be 
used to preserve important properties like passivity for 
systems with special state-space formulation (e.g., 
PRIMA[6] and PMTBR[23]).  

1.3  Passivity 

Passivity is an important property of many physical 
systems. Passive systems cannot produce energy inter-
nally. When modeling passive systems, non-passive 
reduced models may generate unbounded responses in 
transient simulation. For linear dynamic systems, pas-
sivity requires the transfer functions to be positive-real 
when the input and output signals are port voltages and 
currents. For scattering-parameter (s-parameter) sys-
tems passivity requires bounded-real for s-parameter 
matrices.  
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1.3.1  Necessary and sufficient condition 
Condition 1 The system is passive if and only if its 
transfer function ( )sH  is positive real[48], which 
means  

• ( )sH  is analytic for Re ( ) 0,s >   

• ( ) ( )s s=H H  for ,s ∈C   
• H( ) ( ) 0s s+H H  for Re ( ) 0,s >   

where H  denotes complex conjugate, HH  denotes 
Hermitian (complex conjugate and transpose), and 

0  denotes positive semi-definiteness in a matrix 
context.  
1.3.2  Sufficient condition 
Condition 2 Given a dynamic system model, if the 
system matrices are positive semi-definite and the in-
put matrix and output matrix equal, then the state-    
space model is in a passive form Refs. [6,7,10].  

• For first-order model (1), A  and E  are positive 
semi-definite and T.=B C   

• For second-order model (3), ,M ,D and K  are 
positive semi-definite and T=B C .  

In such a passive form, the transfer function will be 
positive-real, which means the system is passive. This 
sufficient condition is important because RLCK cir-
cuits can be formulated into such a passive form. Since 
the passive form can be inherited by the reduced model 
via an orthogonal projection, passivity can be easily 
preserved[6-10,23,26].  

2  Review of Classic Balanced  
Truncation Methods for Reduction 

In this section, we review the classical balanced trun-
cation methods developed in the control community 
for general dynamic systems.  

2.1  Lyapunov balancing 

Lyapunov balancing was introduced to the system and 
control society by Ref. [12]. Given a stable minimal 
linear time invariant (LTI) system in standard state-   
space form ( , , , )A B C D  in Eq. (2), the controllability 
gramian X  and observability gramian Y  are as   
follows: 

 
TT

0
e e d ,τ τ τ

∞
= ∫ A AX BB

 
T T

0
e e dτ τ τ

∞
= ∫ A AY C C  (11) 

It is easy to verify that they are the unique symmetric 

positive definite solutions to the Lyapunov equations,  
 T T 0,+ + =AX XA BB  
 T T 0+ + =A Y YA C C  (12) 
The controllability and observability gramians X  
and Y  are related to the energy demanded to control 
and observe the system.  
2.1.1  Controllability 
Given any state 0x  at 0t = , if the system is control-
lable, there is a signal ( )tu  with the smallest energy 
(measured by 2L  norm),  

 
0 T

2 ( ) ( )d|| ( ) || t t tt
−∞

= ∫ u uu  (13) 

which could drive the system from zero initial condi-
tion at t = −∞  to 0x . Assuming ( ) 0,−∞ =x  the zero-    
state response is  

 ( )( ) e ( )d
t tt τ τ τ−

−∞
= ∫ Ax u  (14) 

The controllability gramian X  is connected to the 
solution of the minimum 2L  norm problem,  
 

2

2
[ 0] 2min ,|| ( ) ||L t∈ −∞,u u  

 
0

0subject to (0) e ( )dτ τ τ−

−∞
= =∫ Ax u x  (15) 

The solution to this problem is  

 ( )T T
10T T

0( ) e e e dtt τ τ τ
−

− − −

−∞
= =∫A A Au B xBB  

 
TT 1

0e t− −AB X x  (16) 
So the minimal energy needed to reach 0x  is  
 2 T 1

0 02|| ( )||t −= x X xu  (17) 
Now the optimization problem becomes a quadratic 

form, which means the size of the eigenvalues of X  
describes how much input energy is needed to control 
the associated state eigenvector. In other words, if 0x  
is picked as one of the eigenvectors of X , the energy 
needed in the input will be exactly the inverse of the 
corresponding eigenvalue. As a result, the largest ei-
genvalue will correspond to the state which is easiest 
to control.  
2.1.2  Observability 
Observability shares the similar definition of control-
lability. Given any state 0x  at 0t = , we want to ob-
serve how much energy (measured by 2L  norm) there 
will be from the output signal if the system is released 
from 0x  with zero input for 0t . The observability 
gramian Y  is related to the solution of the maximum 

2L  norm problem  
 

2

2
[0 ] 2max ,|| ( )||L t∈ ,+∞y y  
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 0subject to (0) =x x  (18) 
The zero-input response is  
 ( ) ( ) (0)e tt t= = Ay Cx Cx  (19) 

The 2L  norm of the output signal when the system 
is released from 0x  is  

 ( )T2 T T T
0 0 0 02 0

e d|| ( )|| t t tt
∞

= =∫ A Ax C Ce x x Yxy  (20) 

which means the size of the eigenvalues of Y  de-
scribes how much output energy is produced when the 
associated state eigenvector is in free evolution. In 
other words, if 0x  is picked as one of the eigenvec-
tors of ,Y  the energy observed in the output will be 
exactly the corresponding eigenvalue. As a result, the 
largest eigenvalue will correspond to the state which is 
easiest to observe.  
2.1.3  Balanced truncation 
Given a dynamic system, the state-space representation 
is not unique. Any nonsingular linear transformation 

T=x x�  can be applied to the system ( , , , )A B C D  to 
obtain a new state-space representation ( , , , )A B C D� �� ,  
 ( ) ( ) ( ),t t t= +x Ax Bu� � �� �  

 ( ) ( ) ( )t t t= +y Cx Du� �  (21) 
where  
 1 1, ,− −= = =A T AT B T B C CT� ��  (22) 
Such a transformation is known as a similarity trans-
formation, which does not change the input-output be-
havior of the system. It is easy to see that both repre-
sentations ( , , , )A B C D  and ( , , , )A B C D� ��  have the 
same transfer function ( )sH .  

A balanced realization is a special state-space repre-
sentation, where the controllability and observability 
gramians are diagonal and equal. The balancing trans-
formation can be computed by calculating the eigen-
modes of the gramian product XY ,  
 1−=XY TΛT  (23) 
It can be seen that the eigenvetors of XY  are the ba-
sis vectors that describe the balancing transformation 
as follows. From Eqs. (11) and (22), we obtain the fol-
lowing expressions for the gramians of the transformed 
system  
 1 T ,− −=X T XT�  

 
T

=Y T YT�  (24) 
For a balanced system, we require = =X Y Σ� � , where 

Σ  is a diagonal matrix. From Eq. (24), we can write  
 1 T ,− =T X ΣT  

 
T−

=YT T Σ  (25) 

or  
 1 2− =T XYT Σ  (26) 
which means the transformation T , which balances 
the system, contains the eigenvectors of the gramian 
product XY  as its columns.  

From the gramian expression (23) and (26), it can be 
seen that the the eigenvalues iλ  contained in the di-
agonal matrix Λ  are positive real numbers, and 

i iσ λ=  are known as the Hankel singular values of 

the system. The eigenvectors of XY  correspond to 
states through which the input is transmitted to the 
output. The magnitudes of the Hankel singular values 
describe the relative importance of these states and are 
independent of the particular realization of the system. 
States corresponding to the small Hankel singular val-
ues are difficult to control and difficult to observe. 
Such states are less involved in the energy transfer 
from inputs to outputs.  

Therefore, a general idea of balanced truncation is to 
transform the system into a balanced form ( , , , )A B C D� �� , 
where the states which are difficult to control are also 
difficult to observe. Then, the parts of the dynamics 
that correspond to those week states will be discarded. 
We may partition Σ  into  

 1

2

0
0

⎡ ⎤
= ⎢ ⎥

⎣ ⎦

Σ
Σ

Σ
 (27) 

and conformingly partition the transformed matrices as  

 

11 12

21 22

1

2

,

,

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

A AA
A A

BB
B

� ��
� �

��
�

 

 1 2[ ]= C CC � ��  (28) 
The reduced model of order r r r r( , , , )A B C D  is ob-
tained by taking the r r× , r p× , q r×  leading blocks 
of A� , B� , C� , respectively.  
 r 11 r 1 r 1, , == =A A B B C C� ��  (29) 
This truncation leads to a balanced reduced-order sys-
tem r r r( , , , )A B C D .  

The TBR method has two important properties. One 
is the stability preservation, the other is the existence 
of the error bound throughout the frequency domain. 
Specifically, the error in the transfer function of the 
order r  approximation is bounded by Ref. [13],  

 r
1

|| ( ) ( ) || 2
n

i
i r

s s σ
= +

− ∑H H  (30) 
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To summarize, the standard balanced truncation al-
gorithm flow chart[37] is shown in Fig. 1. An approach 
with improved numerical properties may be found in 
Ref. [38].   

 

Algorithm: Standard Balanced Truncation Method. 
Input: : ( , , , )H A B C D   
Output: r r r r( , , , ):H A B C D   
(1) Compute 0>X  and 0>Y   
(2) Cholesky factorization T

x x=X L L  and T
y y=Y L L   

(3) Compute SVD T
y x=UΣV L L   

(4) Compute 1 2
x

− /=T L VΣ  and 1 1 2 T T
y

− − /=T Σ U L   
(5) Compute the balanced realizations 1 ,−=A T AT 1 ,−=B T B

=C CT .  
(6) Truncate to form the reduced system r r r( , , , )A B C D   

 

Fig. 1  Balanced truncation algorithm 
2.1.4  Balancing in descriptor form 
Given a state-space model in descriptor form ( , ,E A  

, , )B C D  in Eq. (1), if the matrix E  is singular, the 
system may not be proper. In this case, there are infi-
nite eigenvalues and the transfer function can be rep-
resented as a sum of proper transfer function and a ma-
trix of polynomials  
 p

0
( ) ( ) i

i
i

s s s
>

= +∑G G G  (31) 

where p ( )sG  is a matrix of proper rational functions 
of s . The proper and polynomial parts of the transfer 
function can be separated by projecting the system 
onto deflating subspaces of the pair ( , )E A  corre-
sponding to finite and infinite eigenvalues, respec-
tively[30]. The polynomial terms should be exactly pre-
served by the reduced system and the proper rational 
term p ( )sG , where E  is nonsingular, can be reduced 
by classical balanced truncation.  

Given the system in descriptor form with nonsingu-
lar ,E  controllability and observability gramians[21] 
can be computed by solving generalized Lyapunov 
equations, 
 T T T 0,+ + =EXA AXE BB  
 T T T 0+ + =E YA A YE C C  (32) 

Similarly, we want to find a matrix T  to perform a 
similarity transformation 1 1 1( , , , )− − −T ET T AT T B CT  
to diagonalize the product TXE YE . After the similar-
ity transformation, the system is balanced. We may 
conformingly partition the transformed matrices as  

 11 121

21 22

,− ⎡ ⎤
= ⎢ ⎥
⎣ ⎦

E ET ET
E E

 

11 121

21 22

,− ⎡ ⎤
= ⎢ ⎥
⎣ ⎦

A AT AT
A A

 

11

2

,− ⎡ ⎤
= ⎢ ⎥
⎣ ⎦

BT B
B

 

 1 2[ ]=CT C C  (33) 
and 11 11 1 1( , , , , )E A B C D  is the reduced order system. 
In fact, this reduction is mathematically equivalent to 
performing balanced truncation on the system 1( ,−E A    

1 , , )−E B C D . However, the computation steps are nu-
merically better conditioned via generalized Lyapunov 
equations.  
2.1.5  Balancing from a projection point of view 
Note that, the interpretation of balanced truncation is to 
project the system onto a subspace both easily control-
lable and easily observable, which is just the dominant 
eigenspace of the matrix XY  corresponding to the 
r  largest eigenvalues. If we partition T  and 1−T  as  

 
T

1
T

[ ]− ⎡ ⎤
= , =⎢ ⎥
⎣ ⎦

W
T T V V

W
 (34) 

and substitute Eq. (34) into Eq. (33), then we have  
 T T

11 11, ,= =E W EV A W AV  

 T
1 1,= =B W B C CV  (35) 

which unifies the balancing and truncating operations 
into one projection step. Since the left projector W  
and right projector V  are not equal generally, i.e., 

≠W V , the projection is an oblique projection.  
2.1.6  Balancing a symmetric system 
Given a state-space model in descriptor form ( , , ,E A B  

, )C D  in Eq. (1), the state-space model is symmetric if  
 T T T, ,= = =E A E E B C  (36) 
In this symmetric case, both Lyapunov Eq. (32) are the 
same and both gramians are equivalent =Y X . Since 
the gramian X  is symmetric, it is orthogonally di-
agonalizable, i.e., there exists 1 T− =T T  such that 

T .=T XT Σ  Then, we have  
 T T T 2= =T XXT T XTT XT Σ  (37) 
which means, in this symmetric case, the eigenspace of 
gramian product XX  is exactly the eigenspace of 
each gramian X . In this case, we only need to project 
onto the dominant eigenspace of one gramian. Since 
either gramian is symmetric, the left projector W  and 
right projector V  are equal, =W V , and the projec-
tion (35) becomes an orthogonal projection,  
 T T

11 11, ,= =E V EV A V AV  

 T
1 1,= =B V B C CV  (38) 
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2.2  Riccati balancing 

Lyapunov balancing preserves the stability of the sys-
tem, but passivity might not be preserved. To keep the 
passivity properties of a system, Riccati balancing[14] is 
needed. If a system ( , , , )A B C D  is positive real (pas-
sive), it will satisfy the positive real (PR) equations[49],  

 
T T

TT

,
,

l l

l l

+ = −

− = −

AP PA B B
PC B B D

 

 
TT

l l− − = −D D D D  (39) 
where T 0= >P P . A dual pair of positive real equa-
tions are as follows:  

 
T T

r r
T T

r r

,

,

+ = −

− = −

A Q QA C C

QB C C D
 

 T T
r r− − = −D D D D  (40) 

where T 0= >Q Q . The above equations can be re-
written as a dual pair of Riccati equations, and then 
solved for P  and Q,  
 T T T 1 T( ) ( ) ( ) 0−+ + − + − =AP PA PC B D D CP B∙  
  (41) 
 T T T 1 T( ) ( ) ( ) 0−+ + − + − =A Q QA QB C D D B Q C∙  
  (42) 
Riccati balancing can now be achieved by substituting 
( , )P Q  with ( , )X Y  in the balanced truncation algo-
rithm. Since the reduced system also satisfies the (PR) 
equations, passivity is preserved. Riccati balancing has 
been applied to interconnect reduction in the posi-
tive-real TBR (PR-TBR) method[19].  

Similar to Lyapunov balancing, Riccati balancing 
also has physical interpretations in terms of energy. Let 

( ( ), ( ))t ts u y  be the supply function, which describes 
the rate at which power is supplied to the system and 
typically is defined such that ( ( ), ( )) 0t t >s u y  implies a 
positive amount of energy input, while ( ( ),ts u ( )) 0t <y  
means energy is extracted from the system back to the 
environment. When the system inputs and outputs are 
currents or voltages, i.e., when the system transfer 
function represents impedance or admittance matrices, 
we may use the supply function ( ( ), ( ))t t =s u y T( ) ( )t tu y .  

The input energy gramian P  is associated with the 
following optimization problem:  

 ( )0 T 1
0 0inf ( ( ), ( ))dt t t −

−∞
=∫ s u y x P x  (43) 

which minimizes the amount of energy that must be 
injected into the system, in order to control the system 
to state 0x  at time 0 . In this setting, the sizes of the 

eigenvalues of R  describe how much energy is needed 
to control the associated state eigenvector. Small ei-
genvalues of P  implies that a large amount of energy 
is needed to reach the associated mode.  

Similarly, the output energy gramian Q  is associ-
ated with the following optimization problem  

 ( ) T
0 00

sup ( ( ), ( ))dt t t
∞

− =∫ s u y x Qx  (44) 

which maximizes the amount of energy which can be 
extracted from the system in free evolution from 0x  
at time 0 . Also, the sizes of the eigenvalues of Q  
describe how much energy can be extracted from the 
system in free evolution. Small eigenvalues of Q  
implies that a small amount of energy can be extracted 
from the associated model.  

For the positive-real case, the error bound is given 
by Ref. [50].  
 r|| ( ) ( ) ||s s−H H  

 
2

T
max 2

1 1

22( ) 1
(1 ) 1

n k
jk

i r jk j

σσλ
σ σ= + =

⎛ ⎞
+ +⎜ ⎟⎜ ⎟− −⎝ ⎠

∑ ∑D D ∙  (45) 

2.3  Second-order balancing 

Consider a second-order LTI stable system ( , , ,M D K  
, )B C  in Eq. (3) with M  assumed to be nonsingular, 

the general idea of reducing the second-order system is 
to transform the second-order system into the equiva-
lent first-order system, from which the balancing ma-
trices are obtained. The second-order gramians[16] were 
defined based on the first-order realization in a stan-
dard state-space form ( , , )A B C  in Eq. (2) with 2n-    
dimensional state TT T[ ]=x q q� , where  

 
1 1

1

0
,

0
,

− −

−

⎡ ⎤
= ⎢ ⎥− −⎣ ⎦

⎡ ⎤
= ⎢ ⎥

⎣ ⎦

I
M K M D

M B

A

B

 

 [ ]= P QC  (46) 
The first-order realization has the same input-output 

behavior as the second-order system. Although a 
first-order MOR approach, like classic balanced trun-
cation[12], can be applied to reduce Eq. (46), the re-
duced model is no longer a second-order. To perform 
the reduction directly on the second-order Eq. (3), one 
needs to define gramians for second-order systems. 
Similar to the first order gramian definition (15), the 
second order controllability gramian definition is based 
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on the following optimization problem[16], 

 ( )2

0 T
(0) [ 0]

min ( ) ( )d ,

subject to ( ) ( ) ( ) ( )

n L
t t t

t t t t
∈ , ∈ −∞, −∞

+ + = ,

∫a u
u u

Ma Da Ka Bu

�

�� �
R  

 0(0) =a a  (47) 
which minimizes the necessary energy to reach the 
given 0a  over all past inputs 2[ 0]L∈ −∞,u  and ini-
tial (0) n∈a� R . First, we minimize the energy over all 
past inputs 2[ 0]L∈ −∞,u , the solution of which has 
been available based on the optimization problem re-
lated to the first-order gramian (15),  

 ( )( )2

0 T
[ 0](0)

min min ( ) ( )dn L t t t∈ −∞,∈ −∞
=∫ua

u u� R
 

 T 1
0 0(0)

min ( )n
−

∈a
x x� X

R
 (48) 

If we compatibly partition the controllability gramian 
of the first-order realization (46) defined in Eq. (11) 
X  and its inverse 1−X  as  

 1 1 22 1
TT
2 32 3

,
⎡ ⎤
⎢ ⎥ −
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

⎡ ⎤
= = ⎢ ⎥

⎣ ⎦

R R R R
R R R R

� �
� �

X X  (49) 

then we minimize the energy over initial (0) n∈a� R ,  
 T 1

0 0(0)
min ( )n

−
∈

=
a

x x� X
R

 

 
0

01 2TT
0 0 T

2 3 0

min [ ]n∈

⎛ ⎞⎡ ⎤⎡ ⎤
⎜ ⎟⎢ ⎥⎢ ⎥⎜ ⎟⎣ ⎦ ⎣ ⎦⎝ ⎠

a

aR Ra a
R R a

�

� �
�

� � �R
 (50) 

By annihilating the gradient, we can obtain the mini-
mum energy 1 TT

1 2 3 20 0( ) .−−a aR R R R� � � �  Since 1 T
1 2 3 2

−−R R R R� � � �  
is the Schur complement of 3R� , we have 1 T

1 2 3 2
−− =R R R R� � � �  

1
1
−R  and  

 T 1 T 1
0 0 0 1 0(0)

min ( )n
− −

∈
=

a
x x a R a� X

R
 (51) 

So the optimum for the problem (47) is T 1
0 1 0

−a R a  and 
thus the controllability gramian of the second-order 
system is 2 1=X R . Similarly, the second-order ob-
servability gramian definition is based on the following 
optimization problem:  

 ( )2

T
(0) [0 ] 0

max ( ) ( )d ,

subject to ( ) ( ) ( ) ( )

n L
t t t

t t t t

∞

∈ , ∈ ,∞

+ + = ,

∫a y
y y

Ma Da Ka Bu

�

�� �
R  

0(0) =a a                      (52) 
If we compatibly partition the observability gramian 

of the first-order realization (46) as  

 1 2
T
2 3

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

=
N N
N N

Y  (53) 

then the observability gramian of the second-order 
system is 2 1=Y N . The eigenvalues of the gramian 
product 2 2X Y  are invariant under a similarity   

transformation. Let W  and V  be the dominant left 
and right eigenvectors of the gramian product 2 2X Y . 
A reduced second-order model can be obtained as 

r r r r r( , , , , )M D K B C  in which  
 T T T

r r r, , ,= = =M W MV D W DV K W KV  

 T
r r,= =B W B C CV  (54) 

However, in order to preserve the symmetry and sta-
bility of the original system, an orthogonal projection 
is performed in Ref. [16] as follows:  
 T T T

r r r, , ,= = =M V MV D V DV K V KV  

 T
r r,= =B V B C CV  (55) 

where the equations are left multiplied by V  instead 
of .W  Unfortunately, since ≠W V  for a non-sym-
metric system (46), the resulting gramian product 

2 2X Y  will not be balanced and accuracy is sacrificed. 
In fact, this issue has been resolved[26], which is to be 
presented in the following section, where second-order 
systems are in a symmetric form,  
 T T T T, , ,= = = =M M D D K K B C  (56) 

3  Fast TBR-Based Reduction  
Methods by Gramian  
Approximation 

Although balanced truncation methods have been 
demonstrated to produce overall good approximations, 
they are, in general, too expensive for direct applica-
tion to large interconnect circuit problems. In this sec-
tion, we present efficient approaches to mitigating the 
high computing costs of standard TBR methods by 
gramian approximation. We show that the fast TBR 
method, and its various derivative methods, can deliver 
both high accuracy and reduction efficiency required 
for interconnect reductions for high performance inte-
grated circuits.  

3.1  Circuit formulation using susceptance matrices 

RLCK circuits are a special class of dynamic systems. 
Corresponding circuit formulations are dynamic sys-
tem models with special internal structures. In this sec-
tion, we present circuit formulation that use the sus-
ceptance matrix for RLCK circuits, which stamp the 

1−L (susceptance) matrix instead of the inductance   
matrix .L  This is because susceptance decays much 
faster than inductance, and thus, the 1L−  matrix is 
easier to sparsify without causing stability issues[51].  
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3.1.1  First-order passive circuit formulation  
( , , )C G B  

Recently, the branch vector potential dl l t=∫A E v  (and  

l lt∂ / ∂ =A E v ) is introduced as a new state variable to 
obtain a first-order admittance that contains 1−L  ele-
ments[52]. lE  here is the incident matrix for inductance 
in the MNA formulation. If we define 

T T T[ , ]l=x v A ,  
the first-order formulation, called vector-potential 
based nodal analysis (VNA)[52], is as follows:  
 ( ) ( ) ( ),t t t= − +x x i�C G B  

 T( ) ( )t t=y xB  (57) 
where  

 
1

1

1 T

0
,

0

,
0
l

l

−

−

−

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
⎡ ⎤

=⎢ ⎥−⎢ ⎥⎣ ⎦

C
L

G E L
L E

C

G
 

 
0

⎡ ⎤
= ⎢ ⎥

⎣ ⎦

B
B  (58) 

Like MNA formulation, VNA matrices have the fol-
lowing properties:  
 T T0, 0= +C C G G  (59) 
Hence the formulation is in a passive form described 
by the sufficient conditions of passivity in Condition 2. 
However, such a formulation is not in a symmetric 
form in Eq. (36) because G  is not symmetric.  
3.1.2  First-order symmetric circuit formulation  

s s( , , )C G B  
It is easy to see that the formulation (58) can be re-
written into a symmetric formulation s s( , , ),C G B   
 s s( ) ( ) ( ),t t t= − +x x i�C G B  

 T( ) ( )t t=y xB  (60) 
where  

 
s 1

1

s 1 T

0
,

0

,
0
l

l

−

−

−

⎡ ⎤
= ⎢ ⎥−⎣ ⎦

⎡ ⎤
=⎢ ⎥

⎢ ⎥⎣ ⎦

C
L

G E L
L E

C

G
 

 
0

⎡ ⎤
= ⎢ ⎥

⎣ ⎦

B
B  (61) 

Since both sG  and sC  are symmetric, this formula-
tion falls into the class of systems in descriptor form 
Eq. (1) with additional symmetric conditions in Eq. 
(36). However, since sG  and sC  are no longer posi-
tive semi-definite, the sufficient conditions of passivity 

in Condition 2 are violated.  
3.1.3  Second-order circuit formulation ( , , , )C G Γ B  
ENOR[7] stamps the nodal susceptance 1 T

l l
−=Γ E L E  

( lE  is the incident matrix for inductance) and results 
in a second-order NA (nodal analysis) form, which can 
be passively reduced[7,9]. The second-order formulation 
is as follows:  
 ( ) ( ) ( )d ( ),t t t t t+ + =∫Cv Gv Γ v Bi�  

 T( ) ( )t t=y B v  (62) 
where ( )ti , ( ) pt ∈y R  are input currents and output 
voltages; ( ) nt ∈v R are nodal voltages; , , n n×∈G C Γ R  
are matrices of conductance, capacitance and suscep-
tance respectively; n p×∈B R  is the input matrix and 
its transpose T p n×∈B R  is the output matrix. An im-
portant property in second order formulation is that the 
system matrices are both symmetric and positive 
semi-definite,  
 T T T0, 0, 0= = =C C G G Γ Γ  (63) 
which means the formulation fulfills both the sufficient 
conditions of passivity in Condition 2 and the symmet-
ric conditions (56) for second-order systems.  

It is easy to verify the formulations (57), (60), and 
(62), have the same transfer function, 
 T 1( ) ( / )s s s −= + +H B C G Γ B  (64) 
Hence they are equivalent in terms of input-output be-
havior and either Eq. (57) or Eq. (60) can be viewed as 
a first-order realization of Eq. (62).  

There is always a tradeoff in the first-order circuit 
formulation, either symmetric (implying accuracy) or 
positive semi-definite (implying passivity). Both can 
be obtained simultaneously only when the circuits are 
RC/RL circuits, where the formulations (62), (57), and 
(60) equal  
 ( ) ( ) ( ),t t t= − +Cv Gv Bi�  

 T( ) ( )t t=y B v  (65) 
with T 0=C C  and T 0=G G .  

3.2  Single gramian approximation (SGA) 

The first-order passive circuit formulation ( , , )C G B  
(58) falls into the class of systems in descriptor form in 
Eq. (1). In frequency domain, the controllability gramian 
X  can also be computed from the expression,  

 1 T H1 ( j ) ( j ) d
2π

wω ω
+∞ − −

−∞
= + +∫X C G BB C G  (66) 

where superscript H  denotes Hermitian transpose. A 
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gramian approximation process was proposed in Ref. 
[23]. Let kω  be the k-th sampling point. If we define  

 1( j )k kω −= +z C G B  (67) 
then X  can be approximated as  
 H 2 Hˆ

k k kw= =∑ z z WX Z Z  (68) 
where 1 2[ , , , ]q= z z z…Z  and W  is a diagonal ma-
trix with diagonal entries kk kw w=  and kw  comes 
from a specific numerical quadrature method. If we 
perform a singular value decomposition ,=W UΣVZ  
then we have  
 2 H Tˆ ( )( )= = =W UΣV UΣVX Z Z  

 
2 T

2 T 1 1
1 2 2 T

2 2

0
[ ]

0
⎡ ⎤ ⎡ ⎤

= ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

Σ U
UΣ U U U

S U
 (69) 

where T .=U U I U  converges to the eigenspace of 
X  and the dominant eigenvectors 1U  can be used as 
the projection matrix. Note that since we are only inter-
ested in the dominant subspace in ,Z  the actual val-
ues of weights kw  do not matter as they are just a con-
stant multiplied to each .kz  As a result, we will drop 
them in the rest of the paper. The reduced model r( ,C  

r r, )G B  can be obtained via an orthogonal projection  
 T T T

r 1 1 r 1 1 r 1, ,= = =U U U U UC C G G B B  (70) 
Since the orthogonal projection preserves the defi-

niteness of matrices such that  
 T T

r r r r0, 0= +C C G G  (71) 
the reduced-order system r r r( , , )C G B  also fulfills the 
sufficient condition of passivity in Condition 2, which 
means passivity is preserved.  

Given q  sampling points and p  inputs, the cost 
of SVD on matrix n pq×Z  is 2( )( )O n pq . In addition, 
it takes q  matrix factorizations and pq  matrix solu-
tions. The total cost is 2( )( )O n qn pqnpq β α+ +  
(typically, 1 1 1 5β. .  and 1 1 2α .  for cir-
cuits)[23], which is dominated by ( )O qnβ .  

However, since the system is projected onto the 
dominant invariant subspace of controllability gramian 
only instead of onto the gramian product, the system is 
not balanced and accuracy will be sacrificed.  

3.3  Double gramian approximation (DGA) 

In fact, if the passivity constraint is removed,     
controllability and observability gramians can be   
approximated simultaneously. In order to achieve this, 
we start from the first-order symmetric circuit formu-
lation s s( , , )C G B  in Eq. (61), which falls into the 

class of systems in descriptor form, Eq. (1), with addi-
tional symmetric conditions like Eq. (36).  

In this symmetric case, both gramians are equivalent, 
.=Y X� Based on the discussion of balancing a   

symmetric system in Section 2, we only need to   
find the dominant invariant subspace of an approxi-
mated gramian X̂ . As a result, the same gramian    
approximation process from Eqs. (66) to (70) can be 
performed.  

Since both controllability and observability gramians 
are approximated simultaneously, accuracy will be 
improved. However, passivity is not guaranteed as the 
reduced matrices rC  and rG  are no longer positive 
semi-definite.  

3.4  Second-order gramian approximation 
(SOGA) 

In order to balance accuracy and passivity, a second-     
order balanced truncation method was proposed[26]. 
Given the second-order circuit formulation ( , ,C G     

, )Γ B  in Eq. (62), the symmetric formulation s s( , ,C G     
)B  in Eq. (61) is employed as a first-order realization 

in descriptor form to define second-order gramians. 
Controllability and observability gramians in descrip-
tor form can be computed from a pair of generalized 
Lyapunov Eq. (32). However, in this symmetric case, 
both gramians become the same and only one equation 
is to be solved, 
 T T

s s s s 0+ − =CXG GXC BB  (72) 
If we compatibly partition the gramians as  

 1 2
T
2 3

⎡ ⎤
= = ⎢ ⎥

⎣ ⎦

R R
R R

X Y  (73) 

then the second-order gramians, which measure the 
contribution of the node voltages v  with respect to 
the transfer function[26], are also equal  
 2 2 1= =X Y R  (74) 
Since both gramians are equal, balanced truncation can 
be performed based on one gramian only. The reduced 
model r r r r( , , , )C G Γ B  can be obtained by projecting 
onto the dominant invariant subspace of the gramian 
R1, 
 T T

r 1 1 r 1 1, ,= =C U CU G U GU  

 T T
r 1 1 r 1,= =Γ U ΓU B U B  (75) 

This kind of projection is known as orthogonal projec-
tion, which preserves symmetry and definiteness of 
matrices such that T T

r r r r r0, 0,= = =C C G G Γ     
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T
r 0Γ , implying the reduced-order system also satis-

fies the sufficient passive conditions in Condition 2, 
and thus passivity is preserved[7].  

Now, we approximate the invariant subspace of the 
second-order gramian. Given the first-order realization 
(60), in frequency domain, the controllability gramian 
X  can also be computed from the expression,  

 1 T H
s s s s

1 ( j ) ( j ) d
2π

wω ω
+∞ − −

−∞
= + +∫X C G BB C G  

  (76) 
Let kω  be k-th sampling point. If we define  

 1
s s( j )k kω −= +z C G B  (77) 

then X  can be approximated as H Hˆ
k k= =∑ z zX ZZ  

where 1 2[ , , , ]q= z z z…Z . If we compatibly partition 
H H H

1 2[ ]= Z ZZ , then we have  

 
H H

1 2 1 1 1 2
T H H
2 3 2 1 2 2

ˆ ˆˆ
ˆ ˆ

⎡ ⎤⎡ ⎤
= = ⎢ ⎥⎢ ⎥

⎣ ⎦ ⎣ ⎦

Z Z Z ZR R
Z Z Z ZR R

X  (78) 

So the approximated second-order gramian 1R̂  equals 
H

1 1Z Z  and can be diagonalized as follows:  

 H T 2 T
1 1 1

ˆ ( )( )= = = =R Z Z UΣV UΣV UΣ U  

 
2 T
1 1

1 2 2 T
2 2

0
[ ]

0
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

Σ U
U U

Σ U
 (79) 

which means 1U  is the dominant invariant subspace 
of 1R̂  and a reduced model r r r r( , , , )C G Γ B  can be 
obtained by projecting onto 1U  like Eq. (75).  

3.5  Cross-gramian approximation (CGA) 

The cross-gramian CGX  is introduced, which contains 
both controllability and observability information in a 
single matrix. Given a system in descriptor form (1), 

CGX  can be calculated from the Sylvester equation,  
 CG CG+ = −AX E EX A BC  (80) 
The cross-gramian reduction method is based on pro-
jecting onto the eigenspaces related to the dominant 
eigenvalues of CGX .  

For symmetric systems, both of the two Lyapunov 
equations used in balanced truncation will be the same 
as the Sylvester equation in the cross-gramian method. 
Also, both controllability and observability gramians 
are identical to the cross-gramian and 2

CG=XY X . 
These properties make the cross-gramian method 
equivalent to the balanced truncation method for sym-
metric models.  

Given the circuit formulation (58), in the frequency 
domain, CGX  is expressed as  

 1 T 1
CG

1 ( j ) ( j ) d
2π

wω ω
+∞ − −

−∞
= + +∫X C G BB C G  (81) 

Let kω  be the k-th sampling point. If we define  

 11 T
c o( j ) ( j )

k kk kω ω
−−= + , = +z zC G B BC G  (82) 

then CGX̂  can be computed as  

 H H
CG c o c o

ˆ
k k

= =∑ z zX Z Z  (83) 

where cZ  and oZ  are matrices whose columns are ck
z  

and o ,
k

z  respectively. In order to find the eigenvec-
tors of CGX , we need to do the eigen-decomposition 
on H

c oZ Z  and a reduced order model can be obtained 
by a projection onto the left and right dominant eigen-
spaces 1W  and 1V .  

Since H
c oZ Z  is not symmetric, the projection is 

done by an oblique projection 1 1≠W V  and the pas-
sivity of the reduced model is not guaranteed. In addi-
tion, since an eigenanalysis of a full matrix is still 
needed, the computational cost can not be significantly 
reduced.  

The comparison of four gramian methods that we 
have reviewed are summarized in Table 1. In terms of 
the gramian used, DGA takes into consideration both 
controllability and observability gramians. SOGA con-
siders second-order controllability and observability 
gramians, which are the leading blocks of the corre-
sponding first-order gramians. CGA considers control-
lability and observability in a single cross-gramian. 
SGA includes the controllability gramian only. Passiv-
ity is not preserved in either DGA or CGA. In the first 
case, the circuit matrix is symmetric but not positive 
semi-definite. In the second case, the projection is not 
orthogonal.  

Table 1  Time complexity comparison ( β1.1 1.5  for 
sparse matrices. q is the number of sampling points) 

Methods Gramians used Passivity CPU cost 
SGA contr. yes ( )O qnβ  
DGA contr. observ. no ( )O qnβ  
CGA cross no 3( )O n  

SOGA contr. observ (2nd) yes ( )O qnβ  
 

3.6  Response gramian approximation (RGA) 

Model order reduction of circuits with many ports   
remains a difficult problem. Fundamentally, with   
more ports, we need to have more states in order to 
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observe all the port behaviors. However, when input 
information is available as a priori, this issue can be 
resolved by including the input signals as part of the 
system and converting a MIMO system into a SIMO 
system.  

As a result, the reduction essentially becomes a 
simulation process as we need the input signals, and 
the reduced models cannot work for different input 
signals. But such a reduction based approach is still a 
viable simulation approach for a linear system. Early 
approaches using such a strategy in the Krylov sub-
space framework, called (improved) extended Krylov 
subspace methods (EKS/IEKS) have been pro-
posed[53,54].  

In the ETBR (extended TBR) method proposed in 
Ref. [25], a response gramian in the frequency domain 
is defined as  

 1
r

1 ( j ) ( j )
2π

ω ω
+∞ −

−∞
= +∫ uX C G B ∙  

 T T H( j ) ( j ) dω ω ω−+u B C G  (84) 
Let kω  be the k-th sampling point over the frequency 
range. If we further define  
 1( j ) ( j )k k kω ω−= +z uC G B  (85) 
then rX  can be approximately computed as 

 H H
r r r

ˆ
k k= =∑ z zX ZZ  (86) 

where rZ  is a matrix whose columns are kz . The 
projection matrix can be obtained by performing a 
singular value decomposition on rZ . After this, we 
can reduce the original matrices into smaller ones, and 
then perform the transient analysis on the reduced cir-
cuit matrices. Note that we need the frequency spectra 
of input signal u  in Eq. (85). This can be obtained by 
fast Fourier transformation on the input signals in time 

domain.  

4  Numerical Results 

In this section, we present some numerical results to 
compare the gramian approximation techniques pre-
sented in this paper. All the proposed methods have 
been implemented in Matlab 7.0. Besides the TBR 
based methods, the second-order Krylov subspace 
based reduction method, SAPOR[9], is also imple-
mented and compared.  

We remark that we do not want to seek comprehen-
sive numerical results and complete comparison due to 
the nature of this paper. Instead, we want to present 
some numerical data so that observations and insight 
can be made to inspire future research and investiga-
tion of this important topic.  

4.1  Performance of gramian based modeling 
methods 

The original model is an RLC mesh with original order 
640 , where the values of R L C, ,  are randomly gen-
erated at the order of 1 12 1210 , 10 H, 10 F,− − −Ω  re-
spectively. The reduced order is set to be 20  for all 
methods. As shown in Fig. 2, gramian approximation 
based methods (SGA, DGA, CGA, SOGA) offers bet-
ter approximation than the Krylov subspace based 
second-order method SAPOR[9] over a wide frequency 
band. However, SAPOR is more accurate at low fre-
quencies close to the expansion point ( 0 1 GHz. ).    
In this example, we observe that DGA is the most   
accurate method, as it takes into consideration both 
controllability and observability gramians. SOGA is   

 
Fig. 2  Comparison of different gramian approximation methods with SAPOR 
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ranked in second place, and it considers second-order 
controllability and observability gramians, which are 
the leading blocks of the corresponding first-order 
gramians. CGA is ranked in third place, which consid-
ers controllability and observability in a single cross-     
gramian. SGA is in last place, which includes control-
lability gramian only.  

Since DC performance is more important in practice, 
the expansion point of the Krylov subspace (moment 
matching) based methods is often chosen at low fre-
quencies. In fact, the performance of these methods are 
dependent on the choices of expansion points, and 
choices at higher frequencies may result in better 
global performance. However, if a compact model is 
desired, gramian approximation methods often achieve 

better global accuracy than moment-matching based 
methods. Now we show this point as follows: First, the 
expansion point is chosen at 1 Hz . As shown in Fig. 3, 
SAPOR is more accurate than SOGA at low frequen-
cies around the expansion point but it cannot match the 
dynamics at high frequencies at all. Next, we shift the 
expansion point to 10 GHz . As shown in Fig. 4, the 
performance of SAPOR is much better than in the first 
case. However, it cannot match the high frequency 
dynamics well either. After that, we further shift the 
expansion point to higher frequencies (100 GHz ). In 
this case, while the high frequency performance is 
much better, the low frequency accuracy deteriorates. 
Noticeable error can be observed at low frequencies as 
shown in Fig. 5.  

 
Fig. 3  Accuracy comparison between SOGA and SAPOR expanded at 1 Hz 

 
Fig. 4  Accuracy comparison between SOGA and SAPOR expanded at 10 GHz 

4.2  Performance of gramian based simulation 
methods 

We then compare ETBR[25] with the Krylov subspace 

based simulation method EKS[53,54]. The test circuit has 
10 000  nodes and 100  sources. The reduction order 
q  is set to 6  for EKS and the number of frequency 
samples used for ETBR is also set to 6. Figure 6 shows 
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the simulation results of ETBR and EKS at the 200th 
node. The simulation errors compared with SPICE re-
sults are also shown in Fig. 6. We can see that ETBR is 

more accurate than EKS over the entire simulation 
time. 

 
Fig. 5  Accuracy comparison between SOGA and SAPOR expanded at 100 GHz 

 
Fig. 6  Accuracy comparison between ETBR and EKS 

Table 2 shows the CPU times of both ETBR (in-
cluding the cost of FFT) and EKS on the given set of 
circuits using the same reduction order 6q = . We find 
that EKS is a bit faster for small circuits. But for Ckt6 
and larger circuits, the CPU times are almost the same  

Table 2  CPU times (in seconds) comparison of ETBR 
and EKS ( q = 6 ) 

Test #Nodes #Sources ETBR (s) EKS (s) 
Ckt1 1000 100 0 23.  0 08.  
Ckt2 10 000 100 1 28.  0 89.  
Ckt3 10 000 1000 1 80.  1 40.  
Ckt4 100 000 1000 20 4.  18 8.  
Ckt5 100 000 4000 28 6.  25 3.  
Ckt6 500 000 5000 152.0  151.0  
Ckt7 500 000 20 000 162.0  160.0  
Ckt8 1 000 000 50 000 562.0  out of memory

for both methods. For the largest circuit Ckt8, EKS is 
unable to even finish owing to memory constraint, 
while ETBR runs through all the circuits. This clearly 
shows that ETBR is more memory efficient than EKS 
using a non-LU decomposition solver.  

5  Summary and Discussion 

In this paper, we have presented the recent develop-
ment in non-Krylov subspace based reduction    
techniques. We first reviewed classic truncated bal-
anced realization methods as a backdrop. Then we 
presented several recently proposed reduction methods 
using fast truncated balanced realization methods. 
Among them are gramian approximation techniques 
such as single gramian approximation (SGA), double 
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gramian approximation (DGA), second-order gramian 
approximation (SOGA), cross-gramian approximation 
(CGA), and response gramian approximation (RGA) 
for model order reduction of RLCK circuits. We pre-
sented the reduction methods based on both first-order 
formulation and second-order formulations. In addition, 
we furher provided some numerical comparison results 
for the presented methods. We showed that fast TBR 
methods typically produce a better approximation over 
a wide frequency range than the corresponding Krylov 
subspace based methods. We show that each fast TBR 
method has their pros and cons in terms of accuracy, 
efficiency, numerical stability, structure-preserving and 
passivity-preserving properties.  

Still many challenging problems remain unsolved 
such as reduction for interconnect circuits with mas-
sive ports, wide frequency band, and high-fidelity ac-
curacy reduction for RF/analog circuits. More research 
efforts are still required to develop new efficient and 
accurate reduction techniques to meet the increasing 
demands of analyzing massive interconnect parasites 
in nanometer VLSI systems.  
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