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Compact Modeling of Interconnect Circuits over Wide Frequency
Band by Adaptive Complex-Valued Sampling Method

HAI WANG, SHELDON X.-D. TAN, and RYAN RAKIB, University of California, Riverside

In this article, we propose a new model order-reduction method for compact modeling of interconnect circuits
over wide frequency band using a novel complex-valued adaptive sampling and error estimation scheme. We
address the outstanding error control problems in the existing sampling-based reduction framework over a
frequency band. Our new method, WBMOR, explicitly and efficiently computes the exact residual errors to
guide the sampling process. We show by sampling along the imaginary axis and performing a new complex-
valued reduction that the reduced model will match exactly with the original model at the sample points.
Additionally, we show in theory that the proposed method can achieve the error bound over a given frequency
range. In practice, the new algorithm can help designers choose the best order of the reduced model for the
given frequency range and error bound via the adaptive sampling scheme. In addition, WBMOR can perform
wideband accurate reductions of interconnect circuits for analog and RF applications where model accuracy
needs to be maintained over a wide frequency range. We compare several sampling schemes such as Monte
Carlo, logarithmic, recently proposed resampling, and ARMS methods. Experimental results on a number
of RLC circuits show that WBMOR is much more efficient than all the other sampling methods, including
the recently proposed resampling and ARMS schemes with the same reduction orders. Compared with the
traditional real-valued sampling methods, the complex-valued sampling method is more accurate for the
same computational cost.
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1. INTRODUCTION

Model order reduction (MOR) is an efficient technique for reducing the complexity of
parasitic interconnect circuits. Existing approaches based on the Krylov subspace are
very efficient [Antoulas 2005; Feldmann and Freund 1995; Odabasioglu et al. 1998;
Silveira et al. 1996]. These methods, which perform implicit moment-matching by
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projecting the original system onto a Krylov subspace, preserve the stability, passivity,
and structural information for RLC interconnect circuits.

The Krylov subspace methods suffer from one long-standing problem: the lack of
a global error bound. Due to this problem, designers can’t predict the errors of the
reduced model over a given frequency range before the reduction. For computing wire
delay, coupled noise, and voltage noise of interconnects in the digital circuits, such
lack of global errors is a lesser concern because matching a few moments is accurate
enough. However, for analog and RF circuits, reduced models of the extracted RLCK
circuits need to be accurate for a wide frequency range and in terms of the time domain
waveforms (versus delay values). The existing Krylov subspace methods can’t meet
such a requirement, although some techniques like multipoint Krylov subspace can
partially mitigate this problem at high computational cost.

Truncated balanced realization based methods (TBR) [Kamon et al. 2000; Moore
1981; Phillips et al. 2003; Yan et al. 2007] have a global error bound, but generally suf-
fer from high computing costs, poor scalability, although some effort has been made to
improve the computing efficiency [Zhou 2002; Wang and Balakrishnan 2005; Vasilyev
and White 2005]. The high cost comes from computing the controllability and observ-
ability Gramians, upon which the truncation, and thus reduction of weak states, is per-
formed. This problem was partially mitigated by the proposed Gramian approximation
techniques [Phillips and Silveira 2005; Willcox and Peraire 2002], where Gramians
are approximated in the frequency domain by computing system impulse responses at
many frequency points (samples). However, how to efficiently perform the sampling
(how many points and which points should be chosen) to control the errors of the re-
duced models still remains an open problem. Two methods were proposed recently to
resolve this problem: a resampling scheme [Silveira and Phillips 2006] and the ARMS
method [Villena and Silveira 2009]. In Silveira and Phillips [2006], a statistical resam-
pling scheme is used. In each iteration, many reduced models are computed by resam-
pling from a common pool of candidate sample points in a given frequency range, and
the variations among all the reduced models are calculated at many frequency points,
called search points. The search point with the largest variation will be taken as the
sample point. The ARMS method uses residue-minimization technique to estimate the
error (without building the reduced models) and add sample points where the largest
residue exists. However, these methods may not find the best sample points or suffer
from the large computational cost, as shown in our experimental results.

In this article, we address the error control issues in the sampling-based reduction
framework. The new algorithm, WBMOR, consists of two important features: first, it
uses the exact residual to estimate the errors of the reduced models and shows resid-
ual computation can be done very efficiently. Second, unlike the existing sampling-
based reduction methods, WBMOR samples along the imaginary axis and performs
new complex-valued reduction, leading to exact matching for the reduced model at the
sampled frequency points. We show that the proposed method achieves the bounded
error over a given frequency range. Practically, the new algorithm can help design-
ers choose the optimal order of the reduced model for the given frequency range and
error bound. In addition, WBMOR can perform wideband accurate reductions of inter-
connect circuits for analog and RF applications. Experimental results on a number of
RLC circuits show that compared with the real-valued sampling methods, the complex-
valued sampling method is more accurate for the same computational cost. WBMOR
is much more efficient than the recently proposed resampling and ARMS schemes. We
also compare several sampling schemes such as logarithmic and Monte Carlo sam-
pling methods. The proposed WBMOR has been integrated into the reduction tool—
UiMOR [Tan et al. 2010] (for UC Riverside Model Order Reduction Tool Suite) , which
can be downloaded from UC Riverside MSLAB website [uim].
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This article is organized as follows. In Section 2, we review the sampling-based
reduction methods. In Section 3, we introduce our new wideband sampling-based re-
duction method. Experimental results are reported in Section 4 to demonstrate the
effectiveness of our proposed method. Section 5 concludes.

2. REVIEW OF BALANCED TRUNCATION METHODS

2.1 The Standard TBR-Based Reduction Method

We first review the standard TBR method for the completeness of this article.
Consider a linear dynamic system in a standard state-space form

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t).

(1)

where A ∈ Rn×n, B ∈ Rn×p, C ∈ Rp×n, and u(t) ∈ Rp. The controllable Gramian X and
the observable Gramian Y are the unique symmetric positive definite solutions to the
Lyapunov equations.

A X + X AT + BBT = 0

ATY + Y A + CTC = 0.
(2)

Since the eigenvalues of the product X Y are invariant under similarity transforma-
tion, we can perform a similarity transformation (Ab = T−1 AT, Bb = T−1B, Cb = CT)
to diagonalize the product X Y such that

T−1X YT = � = diag(σ1
2, σ2

2, . . . , σn
2) (3)

where the Hankel singular values of the system (σk) are arranged in a descending
order. If we partition the matrices as[

WT
1

WT
2

]
X Y

[
V1 V2

]
=

[
�1 0
0 �2

]
(4)

where �1 = diag(σ1
2, σ2

2, . . . , σr
2) are the first r largest eigenvalues of Gramian product

X Y and W1 and V1 are corresponding eigenvectors. A reduced model can be obtained
as follows:

ẋ(t) = Arx(t) + Bru(t)
y(t) = Crx(t)

(5)

where Ar = WT
1 AV1, Br = WT

1 B, Cr = CV1. The error in the transfer function of the
order r approximation is bounded by 2

∑N
i=r+1 σk. In the TBR procedure, the compu-

tational cost is dominated by solving Lyapunov equations O(n3), which makes it too
expensive to apply to integrated circuit problems, and thus an efficient Gramian ap-
proximation technique is highly appreciated.

2.2 The Sampling-Based Reduction Framework

To mitigate the high computational cost of the standard TBR method, a fast TBR
method was proposed (called PMTBR) [Phillips and Silveira 2005], where the Gra-
mians are approximated using the Monte-Carlo sampling approach. Specifically, if we
look at the controllability Gramian, we need to solve the following Lyapunov equation:

A X + X AT + BBT = 0. (6)
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Alternatively, the Gramian X can also be represented in frequency domain as

X =
∫ +∞

−∞
( jωI − A)−1BBT( jωI − A)−Hdω (7)

where superscript H denotes a Hermitian transpose. As a result, computing Gramian
X boils down to evaluating the definite integral in (7) [Iserles 1996]. This can be done
using numerical quadrature methods.

For an integral function f (x), numerical quadrature methods try to approximate
it as ∫ b

a
f (x)dx ≈

m∑
k=1

wk f (xk) (8)

where wk, k = 1, 2, ..., m, are referred to as the quadrature point weights, while the in-
terpolation points xk, k = 1, 2, ..., m, are called quadrature points. The selections of wk
and xk depend on the quadrature methods such as Newton-Cotes, Gaussian quadra-
ture rules [Iserles 1996].

For the sampling-based reduction, our goal is not just computing the Gramian X ,
but the dominant eigenspace to form the projection matrix. As a result, let sk be the
kth sample point, if we define

zk = z(sk) = (sk I − A)−1B, (9)

which is called kth snapshot of the system in (1) in the frequency domain. Then X can
be approximated as

X̂ =
m∑

k=1

wkzkzH
k = Z W2Z H (10)

where

Z = [z1, z2, . . . , zm] (11)

and W is a diagonal matrix with diagonal entries wkk =
√

wk. wk comes from a specific
quadrature method. If we perform the singular value decomposition (SVD) on Z W
and obtain

Z W = V�U (12)

then V, which gives the dominant eigenspace of X , is used as the projection matrix.
The main advantage of the sampling-based TBR methods over the Krylov subspace

methods is that they are globally more accurate, since they sample in a wide frequency
range. However, given a large original model and error bound, how to choose the
sample points efficiently to generate the reduced model as compact as possible with
bounded error still remains an open problem.

3. NEW WIDEBAND SAMPLING-BASED REDUCTION METHOD

In this section, we address the efficient sampling problem of the sampling-based re-
duction methods. In Section 3.1, we first present the problem and three challenges in
solving the problem. Then, we conquer the first one with the complex-valued reduction
and present some of its important properties. Next, in Section 3.2, we conquer the
second challenge and show how error is estimated in the proposed method in
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Fig. 1. Real axis sampling with 20 sample points.

Section 3.3. The third challenge is solved in Section 3.4 using an adaptive sampling
scheme. Finally, the whole algorithm flow and analysis are presented in Section 3.5.

3.1 Challenges of Efficient Sampling

Typically, in the frequency band where the frequency response of a system is smooth,
a sample point (its corresponding subspace) can cover1 a wide frequency range. While
in the spiky district, where many system poles exist, a sample point will only cover a
small interval. As a result, pure uniform or random Monte Carlo sampling schemes
may over-sample at the smooth frequency bands and suffer accuracy loss at the spiky
bands. Let’s illustrate this via an example of a RLC circuit of size 640. 20 uniformly
distributed sample points are used to generate a reduced model of size 20. Obviously,
as shown in Figure 1, the accuracy for this reduction is not satisfactory—the approx-
imation is good for the smooth frequency bands, but it fails to match the area from
1010Hz to 1012Hz, which has a lot of peaks.

One way to mitigate this problem is by a static sampling scheme which simply adds
more sample points at the spiky frequency bands. Unfortunately, knowing the fre-
quency response of a large system as a priori is not feasible, since it requires solving
the large system over the wide frequency range of interest. Moreover, we will not
know how many samples will lead to an acceptable reduced model unless we perform
the reduction many times.

A better way to perform reducion efficiently is via adaptive sampling. In the itera-
tive adaptive sampling method, new sample points are added at the current iteration
based on the information of the last iteration. However, there are three challenges we
need to solve in this scheme. First, we desire the reduced system to have zero errors
at the sample points and thus guarantee the convergence as more samples are added.
This seems simple, but as will be shown later, existing real axis sampling does not
have this property. Second, in order to guide the adaptive sampling at the next iter-
ation and to indicate the convergence of the algorithm, we need to know the errors of
the reduced system at the current iteration over the frequency range. However, cal-
culating the errors explicitly requires expensive solving of the original model at many
points, which should be avoided as much as possible. As a result, an error estimator
with a cheaper computational cost is preferred. Third, assume we have solved the first

1Cover here means that the reduced model generated by the projection matrix matches the original system
in the specified frequency band.
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two problems, the sample points still need to be placed carefully. For example, how
can we accelerate the convergence of the iteration? How can we prevent missing the
potential sample points? The following sections will provide our solutions to all three
challenges.

3.2 New Complex-Valued Sampling-Based Reduction Method

As shown in Figure 1, the reduced model may fail to match the original model exactly
even at the sample points, such as at the fifth sample points from right to left. In this
section, we show through sampling along the imaginary axis that we will obtain the
exact match at the sample points.

Existing reduction techniques based on the Krylov subspace method are mainly
expanded at s = 0, while multipoint expansion methods and fast TBR methods are
expanded at multiple frequency points, but along the real axis. In other words, sk = σk
instead of sk = jωk is used in (9).2 The reason is that if s = jω, the moments in the
Krylov subspace methods and snapshots in the sampling-based approaches will be-
come complex, causing the reduced matrices Ĝ, Ĉ, B̂ and L̂ to be complex matrices.
This complex reduced system does not exist in the real world, and is hard to be real-
ized into a reduced RLC circuit. We notice that expanding along the imaginary axis is
not an issue for an explicit moment-matching method like the AWE and CFH meth-
ods [Chiprout and Nakhla 1995], as complex Padé approximation can be carried out to
compute the poles and residues.

In this article, we propose a new sampling scheme called Complex-Valued Sampling-
based Truncated Balanced Realization (CVSTBR) as a part of our WBMOR algorithm.
CVSTBR samples along the imaginary axis s = jω to preserve the physical meaning
of the Gramian approximation. In addition, the new CVSTBR method leads to a real
reduced system. We show that the resulting reduced system matches exactly with the
original system at the sample points, which is not the case for sampling along the real
axis (except for s = 0).

3.2.1 The Projection Framework of Sampling-Based Model Reduction. First, we present the
projection framework which plays an important role in the sampling-based model re-
duction method.

For an interconnect circuit modeled as a RLC dynamic system with n states and
p ports, the system Eq. (1) can be formulated in descriptor form in the Laplace
domain as

Gx(s) + sCx(s) = Bu(s),
y(s) = Lx(s)

(13)

where G ∈ Rn×n and C ∈ Rn×n contain element information such as conductance, capac-
itance, and inductance. B and L matrices describe the positions of inputs and outputs
in the network, respectively. And typically there is B = LT ∈ Rn×p, which means the
inputs and outputs are identical. x(s) ∈ Cn is the state variable vector that represents

2We remark that in Phillips and Silveira [2005], the authors mentioned that PMTBR can sample in the
whole complex plane, but no further detail was provided. Here we claim that the imaginary axis should be
the only place to sample.
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node voltages and branch currents, where s = σ + jω ∈ C. Then, for convenience, we
rewrite (9), (10), (11), and (12):

zk = z(sk) = (skC + G)−1B (14)

X̂ =
m∑

k=1

wkzkzH
k = Z W2Z H (15)

Z = [z1, z2, . . . , zm] (16)
Z W = V�U (17)

After the reduction, we will have a reduced model

Ĝxr(s) + sĈxr(s) = B̂u(s),

yr(s) = L̂xr(s)
(18)

where Ĝ = VT GV, Ĉ = VTCV, B̂ = VT B, L̂ = LV. V is computed from (17) and
V ∈ Rn×q. q � n is the dimension of the reduced system. xr(s) ∈ Cq is the reduced state
vector in the reduced system.

Assume we have p impulse inputs u(s) = [e1, e2, ..., ep] applied to the system in (13),
where ei is a p × 1 vector whose ith position is 1 and the rest is 0. Define the impluse
response matrix as

z(s) = (G + sC)−1 B = [x1(s), x2(s), ..., xp(s)] ∈ C
n×p (19)

where xi(s) is the state response according to ei. Correspondingly, we have

zr(s) = (Ĝ + sĈ)−1 B̂ = [x1
r (s), x2

r (s), ..., xp
r (s)] ∈ C

q×p (20)

in the reduced system. From now on, we will use z(s) and zr(s) instead of x(s) and xr(s)
for the identity u(s) case.

The approximate impulse response z̃(s) ∈ Cn×p, which is the approximation of the
original impulse response z(s), can be recovered from the reduced impulse response
zr(s) as

z̃(s) = Vzr(s) ≈ z(s). (21)

It can be also written as

z̃(s) = V(VT Q(s)V)−1VT Q(s)z(s) (22)

where Q(s) = (G + sC) for simplicity [Galántai 2004] and, for short, we will use Q later.
Let’s denote P = V(VT QV)−1VT Q. Since P2 = P, it is clear that the matrix P is a

projector along QTV onto V. The range space of P is the subspace spanned by V and
the orthogonal complement of its null space is spanned by QTV. Also notice that P is
a function of s. Then, combining (21) and (22), we have

z̃(s) = Vzr(s) = Pz(s) ≈ z(s). (23)

We have shown the relationship between the impulse responses of the original system
and the reduced system in (23). It is obvious that the quality of the approximation in
(23) is determined by the projector P. Next, we show how to obtain a good approxima-
tion by choosing the appropriate projector.

It is well known that if the subspace spanned by a matrix F is inside the range
space of a projector P, F remains invariant after the projection by P, that is, P = PF.
In our case, in order to find a reduced system without accuracy lost, V, which spans
the range space of P, should include all the subspaces spanned by z(s). This results
in z̃(s) = z(s), which looks like an excellent result. However, this “perfect” projector
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usually leads to a “reduced system” with the same size as the original system. Notice
that z(s) ∈ Cn×p is a function of s and for a fixed value s = si, z(si) spans a subspace
of dimension p. For all values of s, the infinite number of p dimensional subspaces
usually fill the whole n dimensional space. In order to include all these subspaces, V
needs to have the dimension n leading to a n×n “reduced” system, which has the same
size as the original system and is unacceptable for model reduction.

Although it is usually impossible to generate a reduced system that is accurate
for all values of s, as just discussed, it is possible to generate a reduced system that is
accurate for certain values of s. If we have generated V ∈ Cn×mp to include m subspaces
spanned by m values of s, then the resulting z̃(s) matches z(s) at all these values of s.
Since V ∈ C

n×mp, the reduced system has an order of mp. In order to form this special
V matrix, we have to sample the original system at the m values of s using (14), and
the V matrix has the following property:

span(V) = span(z(s1), z(s2), . . . , z(sm)). (24)

More details of formulating the V matrix are presented in Section 3.2.4.
We summarize the preceding discussions above in the following theory.

THEOREM 1. If sk is sampled , then z̃(sk) = z(sk) for k = 1, 2, ..., m, where m is the
number of sample points.

PROOF. According to the definition of projection, P, which is a projector onto V, is
the identity operator on the space spanned by V, that is, ∀x ∈ V : Px = x. According to
(24), because z(sk) ∈ span(z(s1), z(s2), . . . , z(sm)) = span(V),

z̃(sk) = Pz(sk) = z(sk), k = 1, 2, ..., m.

3.2.2 Accuracy of the Imaginary Axis Sampling. The previous section shows that if we
sample the original system at m values of s and form the V matrix, the approximated
impulse response matrix z̃(s) equals to the original z(s) at these sampled points. In this
section, we discuss the sample point should be limited to the imaginary axis to capture
the frequency response of the original system.

Assume (13) is a stable causal linear system, the system poles are on the left-hand
side of the complex plane. On the imaginary axis s = jω, the Laplace transform con-
verges and is equivalent to the Fourier transform. The frequency response of the sys-
tem is

H( jω) = L(G + jωC)−1 B (25)

and the impulse response of the system is the inverse Fourier transform of the fre-
quency response

h(t) =
1

2π

∫ ∞

−∞
H( jω)e jωt dω. (26)

In order to have the same frequency behavior as the original system at a frequency
point ωk, the reduced system needs to have the same frequency response at both
− jωk and jωk. It is important because, for the original system, H( jω) is conjugate
symmetric, that is, H(− jω) = H∗( jω). As a result, for the time domian waveforms—
for example, the impulse response (26), the contributions by the ω ∈ (−∞, 0) (i.e.,
1

2π

∫ 0
−∞ H( jω)e jωt dω) and ω ∈ (0,∞) (i.e., 1

2π

∫ ∞
0 H( jω)e jωt dω) are conjugate to each other

such that their imaginary parts are eliminated, leading to the real-time domain wave-
form. Failing to retain this symmetric property in the reduced system is unacceptable.
In addition, as shown in Section 3.2.4, it is even impossible to generate a real system
if the sampling is not performed symmetrically on the imaginary axis.

ACM Transactions on Design Automation of Electronic Systems, Vol. 17, No. 1, Article 5, Publication date: January 2012.



Compact Modeling of Interconnect Circuits 5:9

We introduce Vc to denote the V matrix in the imaginary sampling case. According
to (24), the Vc matrix of the imaginary sampling is generated as

span(Vc) = span(z( jω1), z( jω2), . . . , z( jωm), z(− jω1), z(− jω2), . . . , z(− jωm)) (27)

for the frequency points ω1, ω2, . . . , ωm which we would like to match exactly. The
practical way of generating the real-valued Vc matrix is presented in Section 3.2.4.

We are ready to present the following result as the extension of Theorem 1.

COROLLARY 3.1. The reduced system has exact frequency response at the frequency
ωk if jωk and − jωk on the imaginary axis are sampled.

PROOF. Consider the reduced frequency response Ĥ( jω). If jωk and − jωk are sam-
pled, according to Theorem 1, there are z̃( jωk) = z( jωk) and z̃(− jωk) = z(− jωk), then we
have

Ĥ( jωk) = Lz̃( jωk) = Lz( jωk) = H( jωk)

Ĥ(− jωk) = Lz̃(− jωk) = Lz(− jωk) = H(− jωk).

3.2.3 Accuracy of the Real Axis Sampling. For real axis sampling, according to (24), the
V matrix is

span(V) = span(z(σ1), z(σ2), . . . , z(σm)). (28)

Similar to the imaginary axis sampling case, we have z̃(σk) = z(σk). However, there
is only H(σk) = Ĥ(σk). Generally, for all frequencies except for ω = 0, there is no
H( jω) = Ĥ( jω) guaranteed. In other words, the real axis sampling is not guaranteed
to be accurate for any frequency except for the DC point.

3.2.4 Sampling Along the Imaginary Axis. Previously, we have shown by sampling along
the imaginary axis that the frequency response of the reduced system matches that of
the original system exactly. In this section, we present how the imaginary sampling is
performed in a practical way.

Specifically, by performing the sampling along the imaginary axis, Z , as defined in
(16), is a complex matrix. As explained in Section 3.2.2, for every sampling at jωk,
we also need to sample − jωk. Actually, it is not necessary to perform the sampling at
both points. Due to the conjugate property, if we have sampled jωk, k = 1, 2, . . . , m and
generated the corresponding Z , we only need to introduce Z ∗ as the conjugate of Z
and form a new complex subspace Z c = [Z Z ∗]. Also assume W is an identity matrix,
without loss of generality, we have new versions of (15) and (17) as

X̂c = Z cZ H
c (29)

and

Z c = VcScUc. (30)

As a result, there is

X̂c = VcScUcUH
c ScV H

c = VcS2
c V H

c , (31)

which is the eigendecomposition of the approximated Gramian X̂c. In contrast to the
complex X̂ in (15), X̂c here is a symmetric real matrix, even though Z c is complex.
According to the properties of the eigendecomposition, Vc should be a real unitary
matrix, as it is the eigenspace of a symmetric real matrix, that is, V H

c = VT
c , which will

generate the real reduced systems, even if we sample along the imaginary axis.
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ALGORITHM 1. CVSTBR algorithm
Input: Circuit: G, C, B, L; sample points: ωk, k = 1, 2, ...,m; the reduced order: q.
Output: Reduced system matrices: Ĝ, Ĉ, B̂, L̂.
1. Solve zk = (G + jωkC)−1 B for k = 1, 2, ...,m.
2. Combine all the solved zk to form Z .
3. Construct the complex Gramian subspace Z c = [Z , Z ∗].
4. Perform economic SVD on Z c and obtain the left singular matrix Vc and singular value

matrix S. Keep only q dominant columns of Vc.
5. Rotate Vc to the real axis through multiplying the kth column of Vc with exp(− jφk), where

φk is the phase of the kth column in the complex plane.
6. Build the reduced model Ĝ, Ĉ, B̂, L̂ using the projection matrix Vc and VT

c .

Note that we do not perform the eigendecomposition to compute Vc, instead we use
SVD on Z c in order to save the computation time. However, Vc is still not a real
matrix in general. This is because the singular vectors of the SVD are not unique
in the complex plane, although the singular values are uniquely computed [Trefethen
and Bau 1997]. For instance, for SVD of matrix A ∈ Cn×n, A = VSUT =

∑n
i=1 σiviuT

i =∑n
i=1 σi(vie jφ)(uT

i e− jφ). In other words, singular vector vi and uj can rotate with the
same angle but in the opposite directions without changing the subspace. Specifically,
for the kth column vk in Vc, multiplying with exp(− jφk) will rotate it to the real axis.
The phase φk is the angle between vk and the real axis.

The new complex-valued sampling-based reduction method, called CVSTBR, is
summarized in Algorithm 1.

3.3 Residual-Based Error Estimator and Its Relationship with Imaginary Axis Sampling

We have introduced the new imaginary axis sampling scheme CVSTBR which matches
the frequency response of the original system at the sampled frequencies. However,
CVSTBR works in a static way with the provided sample frequencies, and an adaptive
sample point selecting scheme is demanded. In order to perform the adaptive sam-
pling, we need an error indicator to guide the adaptive sample point picking process.
Calculating the errors explicitly requires expensive solving of the original model at
many points, which should be avoided if possible. In this section, we present a good
error estimator based on the residual of the reduced system. Combined with the imag-
inary sampling scheme, the residual error estimator is zero at the sampled frequencies
and is good for guiding the adaptive sampling process.

Remined in (23), we have the reduced state approximation z̃(s) = Vzr(s) ≈ z. Plug-
ging it into the original system with identity input

Gz(s) + sCz(s) = B (32)

leads to the error matrix, which is called the residual matrix in this article:

R(s) = GVzr(s) + sCVzr(s) − B
= Gz̃(s) + sCz̃(s) − B

(33)

where R(s) ∈ Cn×p. Notice that if z̃(s) = Vzr(s) is very close to z(s), the residual should
be very small. As a result, the norm of R(s), ||R(s)|| can serve as a good error indicator
for the reduced model.

We remark that R(s) is not a dimensionless quantity for each element in it. Each
element in it actually represents either node voltage or branch current residual. And
each column of R(s) can be viewed as normalized error at all the nodes/branches of the
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system (18) stimulated by the impulse response applied at one port. As a result, the
residual matrix R(s) can be used as the input-normalized error indicator.

From Theorem 1, we have the following corollary.

COROLLARY 3.2. The reduced system has zero residual at the sample points in the
complex plane.

PROOF. If sk is sampled, from Theorem 1, there is z̃(sk) = z(sk). By plugging it into
(33), we have

R(sk) = Gz̃(sk) + skCz̃(sk) − B
= Gz(sk) + skCz(sk) − B
= 0.

Furthermore, we would like to show how the residual is related to the imaginary sam-
pling. If the sampling is performed on the imaginary axis, the residual in (33) becomes

R( jω) = GVczr( jω) + jωCVczr( jω) − B
= Gz̃( jω) + jωCz̃( jω) − B, (34)

and there is a corollary similar to Corollary 3.2.

COROLLARY 3.3. The reduced system residual is zero at the sampled frequency
points if the sampling is performed on the imaginary axis.

PROOF. If we have sampled the frequency ωk, there are z̃( jωk) = z( jωk) and z̃(− jωk) =
z(− jωk). As a special case of sampling in the complex plane, we have

R( jωk) = Gz̃( jωk) + jωkCz̃( jωk) − B
= Gz( jωk) + jωkCz( jωk) − B
= 0

R(− jωk) = Gz̃(− jωk) − jωkCz̃(− jωk) − B
= Gz(− jωk) − jωkCz(− jωk) − B
= 0.

Besides showing small values around the sampled frequencies, the residual should
also reveal the errors at the unsampled frequencies to guide the adaptive sampling
process. We now discuss why sampling using residual as the error estimator leads to
good results. Assume we have sampled m points {ω1, ω2, . . . , ωm} of the n dimenstional
system, the resulting reduced model has the order 2mp. We have already shown at the
sampled frequency point, for example, ωk, the approximate impulse response z̃(± jωk)
equals the original impulse response z(± jωk) such that the reduced system has the
exact frequency response as the original system. Consider a frequency far away from
the sampled frequencies, for example at ωl, the approximate impluse response z̃(± jωl)
lays inside the subspace span(Vc) = span(z(± jω1), z(± jω2), . . . , z(± jωm)), which is a
2mp dimensional subspace inside the n dimensional space. Since ωl is not sampled,
the original impulse response z(± jωl) generally does not equal z̃(± jωl) in this case. It
can be decomposed into two components, one equals z̃(± jωl) inside span(Vc), the other
one equals (z(± jωl) − z̃(± jωl)) inside the n− 2mp dimensional left null space of Vc. The
component lays inside the left nullspace causes the error of the reduced system, and is
revealed through the residual as R(± jωl) = (G ± jωlC)(z(± jωl) − z̃(± jωl)). If ||R(± jωl)||
is a local peak, it means ||z(± jωl) − z̃(± jωl)|| is relatively large. In this case, we need
to sample the frequency ωl to make the new subspace span(Vc) include the component
of z(± jωl) inside the left null space of the previous Vc.
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3.4 Adaptive Sample Point Placement

We now demonstrate how to place the sample points along the imaginary axis in an
adaptive way with the residual-based error estimation.

Before presenting the new method, we show some theoretical results regarding the
residual errors and the complex-valued sampling.

THEOREM 2. Given sufficient sample points in an imaginary axis, the residual func-
tion defined in (34) will become monotone-decreasing.

PROOF. Based on Corollary 3.1, it is known that at the sample points, the responses
of the reduced model exactly match those of the original model. Their residuals are all
zero. The sampling approach can be viewed as the multipoint complex Krylov subspace
method where only the zero-th moment is matched at every frequency point. For any
frequency point jωk, the reduced state response in (18) can be written in the moment
form as

zr( jωk + δ) = (I + δMk + δ2M2
k + ...)rk (35)

where Mk = −(Ĝ + jωkĈ)−1Ĉ and rk = (Ĝ + jωkĈ)−1 B̂, δ ∈ C is a small complex value
change from jωk.

If we sample sufficiently, δ, which can be viewed as the half distance between two
adjacent points, will be small enough. As a result, the error between zr( jωk) and zr( jωk+
δ) can be approximated as δMkrk. So the error will go down monotonically with δ when
δ is small enough.

We now look at the residual R( jωk + δ). Notice that we have R( jωk) = 0 according to
Corollary 3.3. If we ignore the second-order terms, we have

R( jωk + δ) = (G + ( jωk + δ)C)Vczr( jωk + δ) − B
= R( jωk) + δ(GVcMk + jωkCVc Mk + CVc)rk

= δ(GVcMk + jωkCVc Mk + CVc)rk.

As a result, the residual R( jωk + δ) will decrease monotonically with δ when δ is small
enough.

Theorem 2 states if a point is getting close enough to a sampled point, its residual
error becomes controllable. As a result, the proposed method can always achieve the
error bound by sufficient sampling. But practically, it is not necessary to densely sam-
ple over all frequencies. Instead, we develop a new adaptive sampling algorithm in
which sample points are added dynamically to frequencies having more poles near the
imaginary axis, and thus more likely to show large residuals.

The new algorithm as demonstrated in Figure 2 has two iterative steps. At step (a)
in Figure 2, WBMOR first builds a reduced model using the minimum sample points
picked in the previous iterations. Then it tests all the candidate points, which are ini-
tially evenly distributed in the frequency range (in log scale). Residuals are computed
at all the candidate points (they need to be computed or evaluated only once). At step
(b), WBMOR drops all the satisfied candidate points whose residuals are smaller than
the threshold from the candidate set. And for each unsatisfied point, two of its adjacent
middle points are inserted to the candidate set. The step of inserting more samples is
optional if the initial candidate points are sufficiently dense. At the same time, WB-
MOR takes the peak points, which are the unsatisfied candidate points and are local
maximums in residual values, as the sample points. The peak points are dropped from
the candidate set, as they have guaranteed zero residuals in the next iteration. The
whole process continues until there are no unsatisfied candidates left.
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Fig. 2. An illustrative example for the WBMOR adaptive sampling scheme.

For most of the time, there are several peak points in one iteration. Thus the num-
ber of sample points selected in one iteration is not limited to one. This greatly en-
hances the convergence speed. Moreover, the peak points are usually not close to each
other, which means they are relatively independent. This enables us to sample them
all at the same time without causing over-sampling problems.

The dynamic sample insertion in step (b) guarantees WBMOR can generate a good
model even when the initial candidate points are sparsely or badly distributed. This is
important because sometimes there is too little information about the original model
to guide the placement of the initial candidate points. Although the dynamic sample
insertion in step (b) can be enabled to avoid missing the potential range with large
errors, we notice that if the initial candidates are placed densely enough (around 100
points per decade is enough in our experiments), WBMOR will still obtain very good
results with cheap computational cost without dynamic sample insertion.

In order to achieve a more efficient reduction, after the complex SVD on Z c in (30),
we select the dominant singular values and corresponding singular vectors in Vc based
on a user set SVD threshold thsvd (thsvd is defined as the threshold for the weight of the
trivial singular values).

3.5 WBMOR Algorithm Flow and Analysis

The whole WBMOR flow is shown in Algorithm 2.
The further truncation based on the singular values is performed after the iteration.

As a result, SVD is only needed in the last iteration, and we use QR factorization
instead of SVD in the loop to accelerate the algorithm. In addition, incremental QR
algorithms, which only orthonormalize the newly sampled columns, can also be used
to further save CPU time.

We now take a look at the computational cost of WBMOR. Most CPU time is spent
on the residual matrix computation (34), since it is required for each candidate point
in every iteration. GVc and CVc in (34) is calculated only once in an iteration because
they are the same for every candidate and only vary over iterations. Also, zr(s) can be
solved cheaply from the reduced system at each candidate. Thus, the cost of (34) at
one candidate point is mainly the multiplication cost of GVc · zr and CVc · zr, which
is O(npq) where n is the size of the original model, p is the port number, and q is
the reduced model size at the current iteration. The cost for each candidate increases
as the reduced model size q increases during the iterations. However, the number of
candidate points will decrease as all the candidates smaller than the threshold are
dropped. Thus, the later iteration will cost less as the algorithm proceeds. More-
over, WBMOR takes peak candidate points as sample points, whose number is usually
larger than one. This greatly improved the convergence speed, and usually makes WB-
MOR stop in less than 10 iterations. In summary, although more expensive than the
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ALGORITHM 2. WBMOR algorithm
Input: Circuit: G, C, B, L; frequency range: ωmin, ωmax; the residue threshold: thres and the

SVD threshold: thsvd.
Output: Reduced system matrices: Ĝ, Ĉ, B̂, L̂.
1. Place initial candidate points at a reasonable density in the given frequency range

[ωmin, ωmax] evenly in log scale.
2. Obtain the initial reduced model by sampling at ωmin and ωmax using the CVSTBR

algorithm.
3. While max residue > thres, do
4. Calculate the residues at the candidate points using (34).
5. Scan all the candidate points. If residue norm < thres, drop this point; otherwise (optional),

add two middle points between the current point and two adjacent points as new
candidate points.

6. Add the candidates which are peak points with excessive residues as the sample points.
Use the CVSTBR algorithm to compute the new reduced model with all the selected
sample points.

7. Take the singular subspace Vc from the CVSTBR in the last iteration. Only keep its
dominant singular vectors according to thsvd.

8. Build the real reduced model Ĝ, Ĉ, B̂, L̂ using the projection matrix Vc and VT
c .

static sampling-based methods, WBMOR still has a relatively low computational cost
considering its high accuracy.

4. EXPERIMENTAL RESULTS

4.1 Implementation and Settings

The proposed method, WBMOR, together with the resampling method [Silveira and
Phillips 2006], and the recently proposed adaptive sampling-based reduction method
ARMS [Villena and Silveira 2009], as well as other mentioned sampling methods
have been implemented in Matlab 7.0. All the experimental results are collected on
a Linux workstation with Intel Quadcore Xeon CPU with 2.99Ghz and 16GB mem-
ory. The WBMOR method has been integrated into the UC Riverside Model Order
Reduction Tool Suite (UiMOR) [Tan et al. 2010], which is available for download
online [uim].

For the proposed WBMOR method, the default setting is as follows: the residual
threshold is chosen to be 0.1 and the number of initial points per decade is 100, and we
only drop candidate points without adding new ones. The SVD threshold thsvd is 10−7.

For the resampling method, the number of points in the pool is 20, the number of
reduced models used in each iteration is 10, the size of the reduced model is 20. We
also used 20 search points, 1/3 of which will be replaced. One point in the pool will be
substituted in every iteration. We also implemented the speedup techniques such as
efficient construction of projectors and heuristic search [Silveira and Phillips 2006].

For the ARMS method, however, many implementation details were not given
in Villena and Silveira [2009]. In our implementation and comparison, it shares the
same initial sampling candidate set with WBMOR. We apply QR factorization to do the
orthogonalization to generate the residuals. We may argue that the incremental QR al-
gorithm is more efficient. However, incremental QR needs to store the large and dense
orthogonalized basis (the Q matrix in QR factorization) for every candidate point, and
the resulting algorithm will soon become memory-limited.

ACM Transactions on Design Automation of Electronic Systems, Vol. 17, No. 1, Article 5, Publication date: January 2012.



Compact Modeling of Interconnect Circuits 5:15

Fig. 3. Accuracy comparison of imaginary axis sampling and real axis sampling methods on TL.

Since our comparison includes both statical sampling methods and adaptive meth-
ods with different stop criteria, for a fair comparison, we have to keep the same or
similar size of the final reduced order for all methods for an accurate comparison.

The benchmark circuits are published benchmarks such as the transmission line
(TL) model, the PEEC model from Chahlaoui and Dooren [2002], which are available
online for download. Some additional RLC circuits are also used for further accuracy
and scalability comparisons.

We first show that the results of the static complex-valued sampling-based reduc-
tion method on the transmission line model example. We then show the results of the
adaptive WBMOR method on the TL, PEEC models. Finally, the runtime and maxi-
mum error of each method are evaluated using more RLC circuits.

4.2 Comparison of Complex-Valued Sampling Scheme and Real-Valued Sampling Scheme

First, we would like to show the accuracy of CVSTBR. Note that in order to generate
the same dimension of Z c, the real sampling method has to use twice the sample
points. In the example, the real sampling method uses 100 sample points that are
uniformly distributed in the given frequency range, while the CVSTBR picks only half
of these points, that is, 50 points. After SVD, both of the two methods keep 50 dominant
columns of the left singular matrix Vc as the projection matrix, and thus the size of the
two final reduced models is 50. All the samples are generated randomly so that the
real-valued sampling method is similar to the proposed PMTBR method [Phillips and
Silveira 2005]. Figure 3 shows the results of the comparison. It is clear that the model
generated by the CVSTBR reaches a frequency response that cannot be distinguished
from the original one, while the real sampling method has very large errors.

For the computational cost, since both schemes generate the same dimension of
the Z c matrix, they have the same SVD cost of Z c. However, the real axis sampling
scheme samples twice more than the CVSTBR to reach the same size of Z c, and thus
it is more expensive. To make the computational costs similar, the real axis sampling
method will sample half of the points (both methods sample 50 points). Obviously, it
will become more inaccurate. As a result, we can clearly observe that given the same
computing cost, the complex-valued method CVSTBR is more accurate than the real
axis sampling methods like PMTBR [Phillips and Silveira 2005]. Actually, this is the
case for all other benchmarks we test for a reasonable number of samples.
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Fig. 4. Frequency response (top) and transient simulation (bottom) comparison of imaginary axis sampling
and real axis sampling methods on rlc1.

Detailed analysis shows that instead of 50 sample points, only 13 points are enough
to produce the 50 state reduced model in the ideal case (recall that every point
generates 4 states in the final reduced model without the SVD process). This ideal case
happens when we sample at only the critical points, such that, in the SVD process, all
the singular vectors are important and cannot be truncated. In the next section, we
show how we insert new samples around those critical regions more intelligently in
the WBMOR algorithm.

A better accuracy comparison is in the time domain for the reduced models. We test
on a RLC circuit, rlc1, which has a 640 states and 1 port. It has many peaks around
1011Hz and is very hard to approximate. 100 sample points are used for CVSTBR,
while 200 points for the real axis sampling method. The frequency range of interest is
chosen to be [109, 1012], which covers the whole spiky area. The final size for both re-
duced models is kept manually at 100. A periodic 1Amp pulse current with 2 × 10−12s
rise time and 4 × 10−12s hold time is used as the input signal at the port. The output
voltage is measured from the same port. The frequency response and transient simu-
lation results are shown in Figure 4. It can be seen from the time domain simulation,
for the model generated by real-value sampling, that there obvious discrepancies at
some peak and valley values in the transient response wave.
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Fig. 5. The residual convergence process of WBMOR for four iterations.

Fig. 6. Comparison with resampling method for the transmission line example.

4.3 Adaptive Process and Comparison with the Resampling Scheme

We now compare the new adaptive WBMOR method with several methods based on
real axis sampling, including the recently proposed resampling method [Silveira and
Phillips 2006], and the simple logarithmic and Monte Carlo sampling methods. In or-
der to reach a fair comparison, we set all of the four methods with the same dimension
of Z c and the same size of final reduced system after SVD.

The first example is the transmission line model used in Section 4.2. In this case,
WBMOR uses only 14 sample points and generates a reduced model of dimension 37.
Figure 5 shows the residual convergence process of our WBMOR during four iterations.
The maximum residual of the reduced system drops very fast from the value, as large
as 104 to below 10−3 after four iterations. From Figure 6, it is clear that the new
WBMOR method produces a reduced model as accurate as the the static CVSTBR
(Figure 3) with many fewer sample points and a more compact size. Even with twice
the number of samples and the same size of the final reduced model, none of them
capture the fine details of the original system frequency response. Among these three
real sampling methods, the resampling method has the best results, which, however,
gradually become less accurate after the third large peak.
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Fig. 7. Comparison with resampling method for the PEEC example.

Fig. 8. Comparison with ARMS for the TL example.

Figure 7 shows the results of the widely used PEEC model. With 42 sampling points,
WBMOR shows good results in most of the frequency bands, and only a little off around
10Hz. This is because the responses at these frequencies are quite small (around
−160dB) and are very hard to match due to numerical errors.

4.4 Comparison with the ARMS Method

The results compared with-recently proposed adaptive sampling method the ARMS, is
shown in this section. Although the ARMS’s implementation is based on real-valued
sampling, we modify it by using the proposed imaginary axis sampling. In this way, we
can see more clearly the performance of the two methods for their adaptive schemes.
Specifically, in order to perform complex-valued reduction, an additional conjugate
column should be put into the Gramian matrix Z in ARMS. In addition, SVD is used
in the last iteration in order to generate the real-valued system.

The results on the TL model is shown in Figure 8. The order of the reduced models
is 37, except for the imaginary sampling-based ARMS, which has a order of 36. Obvi-
ously, the real sampling-based ARMS method failed to find the critical samples, while
the imaginary axis sampling-based ARMS does a relatively better job, although it still
lacks some accuracy at certain frequency bands.
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Fig. 9. Comparison with ARMS for the PEEC example.

Fig. 10. Demonstrating adding the candidates feature of WBMOR.

Also, the comparison on the PEEC model is presented in Figure 9.
Until now, all the results of WBMOR were obtained by only dropping the candidates

during iterations. In other words, we do not add any new candidate points. This gener-
ates good results, as shown in the previous experiments. However, at times, setting the
initial set of candidate points becomes a tricky problem. We may start with a sparse
candidate set, which results in a poor approximation, since the initial set may fail to
cover some critical regions with large errors. This can be avoided by inserting candi-
date points in a dynamic and adaptive way. Take the TL model again, for example.
We now start with only 10 candidates per decade instead of the 100 used previously.
Figure 10 shows the results. By detailed inspection, it is clear that most of the impor-
tant potential samples, which would have been missed, are correctly located through
the dynamic point insertion process. The resulting WBMOR successfully reaches a
good approximation even with the sparse initial candidate set.

4.5 CPU Runtime and Error Comparison

Finally, we report the runtime and the maximum relative errors of the examples in
Section 4.3, together with several additional RLC circuits in Table I. The comparison
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Table I. Scalability Comparison of Runtime and Relative Errors for WBMOR and Resampling Method

1 2 3 4 5 6 7 8 9 10 11 12

Ckt Node Port Order WBMOR Re-sampling Monte Carlo Logarithmical
Time(s) Max Time(s) Max Time(s) Max Time(s) Max

error error Time(s) error Time(s) error

TL 256 2 37 0.9 0.3 1.4 21.6 0.09 8.5 0.09 17.7
PEEC 480 1 79 1.9 1.5 2.4 2000.1 0.71 33.1 0.70 32.9
rlc1 640 1 62 0.7 0.1 1.2 1.1 0.14 1.7 0.12 2.08
rlc2 1180 2 160 4.8 0.1 4.4 0.5 0.36 0.9 0.34 1.6
rlc3 2680 3 192 12.1 0.1 8.8 1.2 0.8 2.1 0.8 1.5
rlc4 10960 1 58 11.2 0.2 6.3 1.0 2.7 2.8 2.7 2.1

Table II. Scalability Comparison of Runtime and Relative Errors for WBMOR and ARMS Method

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Ckt Node Port WBMOR ARMS real ARMS img
order iter Time(s) Max order iter Time(s) Max order iter Time(s) Max

error error error

TL 256 2 37 4 0.9 0.3 38 19 5.3 11.6 40 10 10.7 2.8
PEEC 480 1 79 10 1.9 1.5 79 79 46.7 81.0 80 40 56.9 1.7
rlc1 640 1 62 11 0.7 0.1 62 62 135 1.2 62 31 126 0.1
rlc2 1180 2 160 9 4.8 0.1 160 80 1099 0.5 160 40 2402 0.1
rlc3 2680 3 192 7 12.1 0.1 192 64 2918 0.4 192 32 3705 0.05
rlc4 10960 1 58 9 11.2 0.2 58 58 2737 1.2 58 29 3273 0.2

with the ARMS method is presented in Table II. The relative errors used in the two
tables are computed as

error( jω) =
||H( jω) − Ĥ( jω)||

||H( jω)||
at all the simulation frequency points.

We observe that the proposed method is much more accurate than all the real axis
sampling-based methods. The modified imaginary axis-based ARMS has almost the
same accuracy as WBMOR. We notice that the ARMS computing costs are much higher
than the other two methods. The main computing costs are the QR operations. We
need to do this for every remaining candidate point in each iteration, which is expen-
sive for a large candidate pool. We can argue that incremental QR will be better off in
this case. We actually implemented incremental QR in ARMS. But we need to store
all the previous Qi and Ri for each remaining candidate point. The sizes of Qi and Ri
grow during iterations, and their numbers are large due to the large number of initial
candidate points (100 in our implementation). As a result, we soon run out of memory
for some test cases.

5. CONCLUSION

We have proposed a novel model order-reduction method, WBMOR, for the wide fre-
quency band modeling of interconnect circuits. WBMOR explicitly computes the exact
residual errors to guide the sampling process in an adaptive way. We showed that by
sampling along the imaginary axis and performing a new complex-valued sampling-
based reduction, the reduced model will match exactly with the original model at the
sample points. Theoretically, the proposed method can achieve the error bound over a
given frequency range with sufficient sampling. Practically, we designed an adaptive
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scheme to help designers choose the best order of the reduced model for the given fre-
quency range and error bound. We compared several sampling schemes such as Monte
Carlo, logarithmic, and the recently proposed resampling methods. Experimental re-
sults on a number of RLC circuits show that WBMOR is much more efficient than all
the other sampling methods, including the recently proposed resampling and ARMS
schemes with the same reduction orders. Compared with the real-valued sampling
methods, the complex-valued sampling method is more accurate for the same compu-
tational cost.
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