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Abstract—Electromigration (EM) is a major concern for very
large-scale integration (VLSI) interconnect reliability, partic-
ularly for interconnect trees with multibranch metal wires
representing continuously connected metal (Cu) lines terminated
at diffusion barriers. For EM modeling and assessment, one
important problem is to perform fast EM time to failure analy-
sis for practical VLSI chips. Compact modeling for EM effects
for the interconnect tree has been studied recently to better EM
signoff analysis. But the existing method cannot consider wires
stressed under time-varying temperature, which is very typical
for practical chip working conditions. In this paper, we develop
the exact analytic model for the stress evolution of intercon-
nect trees under different current density and varying segment
length from the first principle. Due to the difficulty in obtaining
the exact analytical solution, we focus on three-terminal wire in
this paper. The stress evolution is modeled by two Korhonen’s
equations coupled through boundary conditions which are solved
with the Laplace transformation technique. The new analytical
EM model is further extended to consider the time-varying tem-
perature stressing condition and initial non-zero residual stress.
The proposed method is compared with the finite-element method
(FEM) tool COMSOL, the recently proposed eigenfunction-based
method, and the published EM simulator XSim. The comparison
shows that the analytical solution agrees well with the results
from the FEM numerical analysis. It uses much fewer terms
compared to the eigenfunction method for the same accuracy.
It also agrees very well with XSim, which is consistent with the
previously reported measured results.

Index Terms—Electromigration reliability, stress evolution,
three-terminal interconnect tree, segment length, time-varying
temperature.
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I. INTRODUCTION

AS THE performance of present day integrated cir-
cuits increases, electromigration (EM) has become a

major reliability concern for current and future VLSI tech-
nologies [1]–[3]. International Technology Roadmap for
Semiconductors (ITRS) 2014 predicts that the lifetime of wires
due to EM will decrease by half for each new generation as
shown in Fig. 1, which shows the actual and predicted ones of
lifetime scaling versus interconnect geometry [4]. It is impor-
tant to be able to assess the EM reliability of three-terminal
interconnect trees since a layout-design of integrated circuits
often has interconnects with junctions. More accurate ana-
lytical modeling and analysis techniques are required for the
prediction of lifetime based on the stress evolution equation.

An interconnect tree is often bounded by diffusion barriers
at vias and contacts in VLSI chips. In the general case, an
interconnect tree has more than one terminal branch when the
junctions are included [5], [6]. Instead of studying interconnect
reliability of trees, most work of interconnect reliability in the
literature focuses on simple straight lines that only have two
terminals. For the multi-branch interconnect tree, the stress
evolution in the void nucleation phase during EM is a com-
plex function of the line length of each wire segment, the
current density and the temperature. In conventional intercon-
nect reliability assessment approaches, interconnect trees are
broken into a number of segments and then the reliability of
the corresponding segments are independently calculated.

The EM behaviors of multi-branch interconnect trees for
the void nucleation phase are still governed by the Korhonen’s
equation [7]. The mathematical problem corresponding to the
reliability calculations of interconnect trees is extremely diffi-
cult to solve, but once the interconnect tree is broken into many
simple single-segment wires, the Korhonen’s equation can be
applied to modeling stress evolution process for each segment.
There are multiple valid reliability assessment approaches for
complex shape of interconnect trees - only the solution of the
Korhonen’s equation for the straight line segment with two
terminals needs to be found. The stress value for multi-branch
interconnect trees must be continuous at the borders of two
connected segments. Also, the atomic flux must be continu-
ous at the borders in the case of equal segment widths, which
is analyzed below. The current densities at the boundaries of
interconnect trees may not be continuous but the currents for
every wire segment must meet the Kirchhoff’s circuit law.
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Fig. 1. The lifetime of interconnect wires versus technology nodes by
ITRS2014 [4].

The lifetime of EM failure mechanisms decreases exponen-
tially with temperature [8]. This can be seen most clearly from
the semi-empirical Black’s equation [9]:

MTTF = Aj−nexp{Ea/kT}, (1)

which calculates mean time-to-failure (MTTF) based on
known current densities (j) and temperatures (T). In (1), k
is the Boltzmann’s constant, Ea is the EM activation energy.
The symbol A is a constant, which depends on a number of
factors, including grain size, line structure and geometry, cur-
rent density, thermal history, etc. The current density exponent
n is found by fitting the model to experimental data. The exact
number of n is very debatable. The common understanding is
that n is close to 1 when the growth phase is dominant, while n
is close to 2 when the nucleation phase is dominant in the EM
failure process [10]–[12]. Practically, n in Black’s equation
commonly was found between 1 and 2 as it models the two EM
failure processes together, and n was affected by the critical
current density or the critical stress of the wires [13]. Recent
study shows that n actually is close to 1 in copper damascene
wires with EM sink and reservoir structures [13]–[15]. As a
result, the application of the Black’s equation on today’s inter-
connects such as a large variety of circuit-like structures may
lead to significant errors in the lifetime prediction [16], [17].
In addition, for high performance multi-core and emerging
3D microprocessors, dynamic reliability management has been
merged to maximize system performance under life time con-
straints [18]–[20]. Existing EM model is difficult to use as it
cannot tell the reliability impacts caused by the dynamic tem-
perature changes over time. Recently some more EM models
have been proposed to mitigate some of those mentioned prob-
lems [21]–[23]. However, these models are still based on the
Korhonen’s equation for calculating lifetime prediction of each
time period with constant temperature. As a result, a dynamic
EM model considering time-varying temperature conditions is
very desirable for system level reliability management.

Many research attempts have been spent to derive exact
and approximate mathematical models for the electromigra-
tion nucleation process for a single, straight-line structure
investigated in reliability analysis. However, obtaining ana-
lytical solutions for electromigration-induced stress evolution
in general interconnect structure are extremely difficult (if not
impossible). Korhonen, for example, developed an analytical

model for straight-line interconnects under the assumptions of
constant temperature and current density [7]. For more com-
plex VLSI interconnect trees such as circuit-like interconnects
with multi segments [13]–[15], conservative analytic modes
are needed to analyze mechanical stress evolution during
electromigration.

Also, a new technique for EM assessment in power delivery
networks of VLSI systems has been reported in [24] and [25].
However, it did not give an accurate analytic form to model an
multi-segment interconnect tree. Analytic model for describ-
ing stress evolution process of multi-branch interconnect tree
have been studied in [26] and [27], but this new analytic model
needs to assume that each wire segment in the interconnect
tree has the same length. Analytic model for multi-branch
tree with different lengths of wire segments is still unsolved
problem. In [26] and [27], a Laplace transform based method
has been proposed for analytic modeling and analysis of the
straight-line 3-terminal wires, the T-shaped 4-terminal wires
and the cross-shaped 5-terminal wires, which assumes that
each wire segment in the interconnect tree has the same
length. The EM behavior of three-terminal Cu interconnect
trees were described in [28] and [29] and the effects of dif-
ferent current density and segment length in a three-terminal
interconnect were experimentally studied. But they did not
provide accurate analytical modeling and analysis techniques
for three-terminal interconnect trees in which the wire seg-
ments had various finite lengths and did not consider the
effects of time-varying temperatures on the calculation of
stress evolution by electromigration.

In this work, we develop the analytic model for stress evo-
lutions of interconnect tree wires with varying wire segment
lengths under time-varying temperature stressing conditions.
This new method first solves the stress evolution equation
(Korhonen’s equation) considering different current density
and varying segment length in three-terminal interconnect tree
by decoupling the individual segments through the bound-
ary conditions. The resulting equations are then solved with
the Laplace transformation technique and the analytical solu-
tion can be represented by a set of auxiliary basis functions
using the known complementary error function. The evolutions
of tensile and compressive stresses are simulated for several
cases with different current densities and segment lengths.
Furthermore, the new analytical EM model is further extended
to consider time-varying temperature stressing condition and
initial non-zero residual stress.The simulation results are com-
pared with the finite element tool COMSOL, which shows
that the analytical solution agrees well with the numerical
analysis results. We also compared the new method with the
published EM simulator XSim [30], which is consistent with
the previously reported measured results, and recently pro-
posed eigenfunction method [31]. The new method agrees with
XSim very well for the three-terminal wires. Compared with
the eigenfunction method, the proposed method uses much
fewer terms to achieve the same accuracy (better convergence).

The rest of this article is organized as follows. Section II
will present the basic Korhonen’s equation describing the
hydrostatic stress in a single confined metal line with block-
ing boundary conditions for the void nucleation phase.
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Fig. 2. The single straight-line metal wire.

In Section III, we will present our analytical solution of the
stress evolution equation by using the Laplace transforma-
tion technique for three-terminal interconnect tree with various
wire segment lengths. The effects of different current density
and segment length configurations on stress evolution will also
be considered in Section III. In Section IV, we will propose
a dynamic EM-induced stress model which can be used to
calculate the stress values under any time-varying temperature
profile. In Section V, experimental and simulation testing of
a number of benchmark examples will be performed to verify
the effectiveness of the proposed analytic model. Concluding
remarks will be drawn in Section VI.

II. KORHONEN’S EQUATION FOR A

SINGLE METAL WIRE

Before we present our analytic model for three-terminal
interconnect tree, we first review the basic Korhonen’s equa-
tion describing the hydrostatic stress in a single confined
metal line with blocking boundary conditions (BC) and given
initial conditions (IC), and briefly discuss how the void nucle-
ation time is approximated from the analytic solution to the
Korhonen’s equation.

Fig. 2 shows a single metal wire with two terminals “a”
and “b”. For the void nucleation phase during EM, the tensile
stress will be developed over time at the cathode node (“a”)
where the atoms deplete and the compressive stress will be
developed at the anode node (“b”) where the atoms accumu-
late. The build-up stress gradient leads to a mechanical driving
force which opposes the electromigration wind force. It was
agreed that a void starts to nucleate at the cathode end of an
interconnect line when the tensile stress reaches the so-called
critical stress, σcrit, which should be used as a condition for a
void nucleation.

The classical model of the homogeneous nucleation, [32],
says that a cavity located in the metal, loaded with the hydro-
static tensile stress σ , can either shrink or enlarge depending
on the original cavity size R. In the very rough approximation,
which we use for illustrative purposes, if R < Rc = 2γ /σ ,
where γ is the cavity surface energy per unit area, the cavity
will shrink to reduce the free energy of the system represented
by the metal with cavity, if R > Rc, the cavity will enlarge to
reduce this energy. Thus, assuming that the preexisting cavi-
ties are of the 5−10nm size, we can estimate the critical stress
level of σ ≈ 200 ∼ 500MPa when γ = 1N/m2. If the atomic
diffusion stops before the tensile stress reaches the critical
stress value, the interconnect wires will become immortal.

The electromigration depletes the atoms by driving them to
the anode “b”, which generates a stress σ that opposes the
electromigration flux. For a single interconnect line shown in

Fig. 2, the stress change in the metal is well described by
Korhonen’s equation [7]:

∂σ(x, t)

∂t
= ∂

∂x

[
κ

(
∂σ(x, t)

∂x
+ G

)]
, (2)

where κ is the stress diffusivity and G is the EM driving force.
For practical interconnect wires, the terms κ and G can be
computed as follows

κ = DaB�

kT
, G = Eq

�
,

where Da is the effective atomic diffusivity, B is the effec-
tive bulk modulus, � is the atomic volume, k is Boltzmann’s
constant, T is the absolute temperature, E is the electric field,
and q is the effective charge. It should be noted that E can be
calculated by E = ρj where ρ is the resistivity and j is the
current density, and q can be replaced by a known quantity
q = |Z|e where Z is the effective charge number and e is the
elementary charge. Thus, the driving force G can be calculated
by G = ρj|Z|e

�
.

The effective atomic diffusion Da is determined mainly
by the interfacial and grain boundary diffusivities which can
be characterized by the grain microstructure development in
the interconnect line [33], [34]. A portion with the smaller
grain size is characterized by a higher diffusivity. Indeed,
the effective Da can be represented by the volume averaged
characteristics of the interconnect line characterized by the
presence of grain boundary and interfaces [35]. Traditionally
people average grain size for the whole interconnect line for
considering electromigration failure [6], [22], [34]. If the mate-
rial transport along the line is assumed to be affected only
by the grain boundary diffusion, the atomic diffusion coeffi-
cient Da can be calculated by Da = wDGB/d where w is the
grain boundary width, DGB is the grain boundary diffusion
coefficient and d is the grain size [7], [36]. If the information
about distribution of the microgranular segments in the almost
bamboo line is available, then it can be taken into account.
Korhonen’s model is widely used to analyze electromigration
induced failures in near-bamboo lines. The advantage of this
model is that a closed-form expression for stress evolution
can be obtained during electromigration [36]. It should also
be mentioned that the effective atomic diffusion coefficient
Da can be replaced by the well-known Arrhenius equation
Da = D0 exp(−Ea

kT ), where D0 is the pre-exponential fac-
tor and Ea is the activation energy [23], [35]. The values of
the parameters used for modeling and simulations throughout
this paper were set to ρ = 3e − 8� · m, resistivity of Cu,
� = 8.78e − 30m3, e = 1.60e − 19C, k = 1.38e − 23J/K,
B = 1e11Pa, D0 = 5.2e − 5m2/s, Ea = 1.1eV , and Z = 10.
These parameters were chosen according to [26] and [35].

Korhonen’s equation (2) is formally very similar to the
familiar diffusion equation (a partial differential equation) with
the diffusivity-like parameter κ . Throughout the rest of the
paper, let us assume that the stress diffusivity κ does not
depend on the time, i.e., κ is a constant value. We can find
the closed-form solutions of Korhonen’s equation with differ-
ent BC for several electromigration problems based on the
Laplace transform technique. For the blocking BC during
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the void nucleation phase, the atomic fluxes are blocked at
both the ends “a” and “b”, i.e., Da

�kT (
∂σ(x,t)

∂x + G)|x=0,L = 0.
Following [7], the closed-form expression for the stress evolu-
tion equation in the single interconnect wire can be described
as follows

σ(x, t, κ, G) = σT + GL

{
1

2
− x

L
− 4

∞∑
n=0

× cos
(
(2n + 1)π x

L

)
(2n + 1)2π2 exp

(
(2n + 1)2π2 κt

L2

)
⎫⎬
⎭,

(3)

where σT is the pre-existing residual stress. Based on
Korhonen’s equation, an analytical model for estimating the
EM reliability of the single metal wire can be obtained, which
is based on calculation of the lifetime of the cathode node “a”
in the wire by estimating the time to void nucleation. If the
tensile stress at the cathode node “a” reaches the critical stress
value [11], a void starts to nucleate at the cathode. To obtain an
analytical expression for calculating the void nucleation time,
we can just keep only one-term approximation (n = 0) of the
exact series solution (3) for the stress at the end x = 0:

σ(t, T, j) ≈ σT + GL

⎛
⎝1

2
− 1

2 exp
{

DaB�t
L2kT

}
⎞
⎠. (4)

By using the relationship σ(tnuc, T, j) = σcrit, the void nucle-
ation time tnuc can be computed by the following analytic
form [21], [24]

tnuc = L2kT

DaB�
ln

⎧⎨
⎩

ρj|Z∗|eL
2�

σT + ρj|Z∗|eL
2�

− σcrit

⎫⎬
⎭. (5)

It can be seen from (5) that the void nucleation time tnuc

depends on the critical tensile stress σcrit which is not included
in the Black’s equation (1). For a single metal wire with
length L, the critical tensile stress σcrit can be calculated by
σcrit = ρjcrit|Z|eL

2�
[13], where jcrit is the critical current density.

As a result, the void nucleation time is related to the criti-
cal current density, which is also not included in the Black’s
equation (1). The absence of mechanical stress evolution anal-
ysis can have serious effects on reliability of VLSI circuits
such as circuit-like interconnects, typically resulting in signif-
icantly overestimating failure times, [7], [36]. In addition, this
formula (5) for computing the void nucleation time is not logi-
cally valid when we consider time-varying temperature effects
on the stress evolution process. If time-varying temperature
conditions are considered for calculating the void nucleation
time, there is a severe discrepancy between the actual and
average temperature models [22]. We will also illustrate this
point later in Section IV for three-terminal interconnect tree.

III. ACCURATE ANALYTIC MODEL FOR THREE-TERMINAL

INTERCONNECT TREE

In this section, we will develop an exact analytical model
that can be applied to study the electromigration induced reli-
ability of three-terminal interconnect tree with various wire

Fig. 3. Three-terminal interconnect tree with two wire segments.

segment lengths during the void nucleation phase. The effects
of current density and segment length configurations on stress
evolution at the void nucleation phase will be considered for
this type of interconnect tree by the present analytical model.

A. Analytic Model for Stress Evolution Process

We now develop an exact closed-form solution for the EM-
induced stress analysis of a three-terminal interconnect tree
with two wire segments with different segment lengths as
showed in Fig. 3. The two segments which are interacted by
the rest of the circuit may not have the same current density.
For this three-terminal interconnect tree with two wire seg-
ments, the following two partial differential equations based
on Korhonen model [7] can be used to describe the stress
evolution process in the two wire segments:

∂σ1(x, t)

∂t
= ∂

∂x

[
κ1

(
∂σ1(x, t)

∂x
+ G1

)]
, −L1 < x < 0, t > 0,

∂σ2(x, t)

∂t
= ∂

∂x

[
κ2

(
∂σ2(x, t)

∂x
+ G2

)]
, 0 < x < L2, t > 0.

(6)

The equations (6) are formally very similar to the familiar
partial differential equation for diffusion with the diffusivities
κ1 and κ2 replacing the conventional diffusion coefficients. For
the sake of simplicity, we need to assume that each segment
in the three-terminal interconnect tree has the same diffusivity,
that is, κ1 = κ2 = κ . In order to ensure that this assumption
is met, the temperature for each segment should be kept the
same due to the fact that the diffusion coefficient in metal (Cu)
lines depends on the temperature.

For the void nucleation phase, we need to consider the case
of the three-terminal interconnect tree where the atom flux is
blocked at both ends, that is, Da

�kT (
∂σ(x,t)

∂x + G)|x=−L1,L2 = 0.
The stresses in the two wire segments will interfere with each
other, which can be reflected in the stress value at the intersec-
tion “o”. The BC of the equations (6) for the void nucleation
phase are then found to be

κ1

(
∂σ1(x, t)

∂x
+ G1

)
= 0, at x = −L1, t > 0,

σ1(x, t) = σ2(x, t), at x = 0, t > 0,

κ1

(
∂σ1(x, t)

∂x
+ G1

)
= κ2

(
∂σ2(x, t)

∂x
+ G2

)
,

at x = 0, t > 0,

κ2

(
∂σ2(x, t)

∂x
+ G2

)
= 0, at x = L2, t > 0. (7)

The first and fourth equations in (7) imply that blocking
boundary conditions for the void nucleation phase are required,
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such that the atom fluxes are zero at both the ends. The second
equation in (7) ensures that stresses at the intersection point
of the two wire segments are continuous. The third equation
in (7) means that the atomic fluxes are also continuous at
the intersection. To obtain the analytical solution of (7), we
assume that the initial conditions (IC) are given by:

σ1(x, 0) = 0, −L1 < x < 0,

σ2(x, 0) = 0, 0 < x < L2, (8)

which means that there is no stress everywhere in each line
segment at t = 0. The IC for stress evolution is that there
is no driving force for the sink or source reactions when
electromigration in the void nucleation phase starts.

With the BC (7) and the IC (8), we consider the exact
time-dependent solutions for the equations (6) by the Laplace
transform technique. For t ≥ 0, the Laplace transform of
the function σi(x, t) (i = 1, 2) is defined by σ̂i(x, s) =∫ +∞

0 e−stσi(x, t)dt. Instead of solving directly for σi(x, t), we
derive new equations for σ̂i(x, s). Once we find σ̂i(x, s), we
use inverse transform to determine σi(x, t). The first step is to
take the Laplace transform of both sides of the original partial
differential equations (6) with the IC (8). Hence, we obtain
the ordinary differential equations

d2σ̂1(x, s)

dx2
= s

κ1
σ̂1(x, s), −L1 < x < 0,

d2σ̂2(x, s)

dx2
= s

κ2
σ̂2(x, s), 0 < x < L2. (9)

The particular solutions can be determined using variation
of parameters or the method of undetermined coefficients.
Solving for σ̂i(x, s) in (9), we have

σ̂1(x, s) = A1e

√
s

κ1
x + B1e

−
√

s
κ1

x
,

σ̂2(x, s) = A2e

√
s

κ2
x + B2e

−
√

s
κ2

x
, (10)

where the coefficients A1, A2, B1, and B2 are determined by
the BC (7). In order to obtain the undetermined coefficients,
we need to take the Laplace transform for the BC (7):

dσ̂1(x, s)

dx
+ G1

s
= 0, at x = −L1,

σ̂1(x, s) = σ̂2(x, s), at x = 0,

κ1

(
dσ̂1(x, s)

dx
+ G1

s

)
= κ2

(
dσ̂2(x, s)

dx
+ G2

s

)
, at x = 0,

dσ̂2(x, s)

dx
+ G2

s
= 0, at x = L2. (11)

Substituting the expressions σ̂1(x, s) and σ̂2(x, s) from (10)
into (11), we obtain the following linear system⎡
⎢⎢⎣

a
d1

−ad1 0 0
0 0 ad2 − a

d2

a −a −a a
1 1 −1 −1

⎤
⎥⎥⎦

⎡
⎢⎢⎣

A1
B1
A2
B2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

−c1
−c2

c2 − c1
0

⎤
⎥⎥⎦, (12)

where a =
√

s
κ

, ci = Gi
s , and di = e

√
s
κ

Li(i = 1, 2). Solution
of the linear system (12) yields these coefficients:

A1 = −2c1d−1
1 d−2

2 + (c1 − c2)d
−2
2 + 2c2d−1

2 + (c1 − c2)

−2a
(

1 − d−2
1 d−2

2

) ,

B1 = (c1 − c2)d
−2
1 d−2

2 + 2c2d−2
1 d−1

2 + (c1 − c2)d
−2
1 − 2c1d−1

1

−2a
(

1 − d−2
1 d−2

2

) ,

A2 = (c1 − c2)d
−2
1 d−2

2 − 2c1d−1
1 d−2

2 + (c1 − c2)d
−2
2 + 2c2d−1

2

−2a
(

1 − d−2
1 d−2

2

) ,

B2 = 2c2d−2
1 d−1

2 + (c1 − c2)d
−2
1 − 2c1d−1

1 + (c1 − c2)

−2a
(

1 − d−2
1 d−2

2

) . (13)

An analytical method based on the Laplace transform tech-
nique has been developed for the EM-induced stress evolution
problem of the three-terminal interconnect tree, when the
IC (8) are given and the BC (7) are known at the three ter-
minals. On the basis of these known coefficients Ai and Bi,
the closed form solution can be determined from (10) for each
segment by using the inverse Laplace transform technique. In
order to derive the analytical solutions σ1(x, t) and σ2(x, t),
we will start by introducing the notations:

ξ1(x, n) = (2n + 1)L1 + (2n + 2)L2 − x,

ξ2(x, n) = (2n)L1 + (2n + 2)L2 − x,

ξ3(x, n) = (2n)L1 + (2n + 1)L2 − x,

ξ4(x, n) = (2n)L1 + (2n)L2 − x,

ξ5(x, n) = (2n + 2)L1 + (2n + 2)L2 + x,

ξ6(x, n) = (2n + 2)L1 + (2n + 1)L2 + x,

ξ7(x, n) = (2n + 2)L1 + (2n)L2 + x,

ξ8(x, n) = (2n + 1)L1 + (2n)L2 + x,

η1(x, n) = (2n + 2)L1 + (2n + 2)L2 − x,

η2(x, n) = ξ1(x, n), η3(x, n) = ξ2(x, n),

η4(x, n) = ξ3(x, n), η5(x, n) = ξ6(x, n),

η6(x, n) = ξ7(x, n), η7(x, n) = ξ8(x, n),

η8(x, n) = (2n)L1 + (2n)L2 + x, (14)

where x is a location in the three-terminal interconnect
tree and n is a nonnegative integer. These functions ξi and
ηi(i = 1, 2, . . . , 8) are previously determined from the location
x and the nonnegative integer n. Also we need to intro-
duce the complementary error function which is defined as
erfc{x} = 2√

π

∫ +∞
x e−t2 dt. In mathematics, the complemen-

tary error function is a special function that can be used in
probability, statistics, and partial differential equations describ-
ing diffusion. Based on the complementary error function, we
construct the following basis function

g(x, t) = 2

√
κt

π
e− x2

4κt − x × erfc

{
x

2
√

κt

}
. (15)

It would be necessary to say why the basis function shown
in (15) is adopted instead of a trigonometric function in terms
of location and time for calculating the analytical solution for
each segment in the three-terminal interconnect tree. The rea-
son is that a general solution for the stress evolution equation
for this tree type is provided in a functional form of g(x, t).
By using these functions ξi(x, n), ηi(x, n) and g(x, t), we can
obtain the exact analytical solutions for the stress evolution in
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both segments:

σ1(x, t) = −1

2

+∞∑
n=0

{−2G1g(ξ1, t) + (G1 − G2)g(ξ2, t)

+ 2G2g(ξ3, t) + (G1 − G2)g(ξ4, t)}
− 1

2

+∞∑
n=0

{(G1 − G2)g(ξ5, t) + 2G2g(ξ6, t)

+ (G1 − G2)g(ξ7, t) − 2G1g(ξ8, t)},
(16)

σ2(x, t) = −1

2

+∞∑
n=0

{(G1 − G2)g(η1, t) − 2G1g(η2, t)

+ (G1 − G2)g(η3, t) + 2G2g(η4, t)}
− 1

2

+∞∑
n=0

{2G2g(η5, t) + (G1 − G2)g(η6, t)

− 2G1g(η7, t) + (G1 − G2)g(η8, t)}.
(17)

It should be mentioned that the closed-form expressions
σ1(x, t) in (16) and σ2(x, t) in (17) are obtained by assuming
that the preexisting residual stress σT is zero. If we con-
sider the effect of the residual stress σT preexisting in the
interconnect line, by a direct derivation we can easily cal-
culate the total stress σi,total(x, t)(i = 1, 2) experienced by
electromigration as the summation of the two stresses σi(x, t)
and σT , i.e.,

σ1,total(x, t) = σ1(x, t) + σ1,T , σ2,total(x, t) = σ2(x, t) + σ2,T ,

(18)

where σ1,T and σ2,T are the residual stresses preexisting in the
left and right segments, respectively.

Obviously, the closed-form expressions (16) and (17) show
exact series solutions of stress evolution equations for the two
wire segments. When the tensile stress at the cathode end of
an interconnect wire exceeds the critical stress σcrit necessary
for void nucleation, the value of the void nucleation time tnuc

can be extracted from the general expressions (16) and (17).
Once a void starts to nucleate, it can grow to larger volume
even spanning the whole interconnect line. On the other hand,
an approximate value of tnuc can be derived from the approx-
imate solution of the one dimensional diffusion-like equation
by using the first dominant term (n = 0) approximation for
each segment

σ1(x, t) ≈ −1

2
{−2G1g(ξ1(x, 0), t) + (G1 − G2)g(ξ2(x, 0), t)

+ 2G2g(ξ3(x, 0), t) + (G1 − G2)g(ξ4(x, 0), t)}
− 1

2
{(G1 − G2)g(ξ5(x, 0), t) + 2G2g(ξ6(x, 0), t)

+ (G1 − G2)g(ξ7(x, 0), t) − 2G1g(ξ8(x, 0), t)},
(19)

σ2(x, t) ≈ −1

2
{(G1 − G2)g(η1(x, 0), t) − 2G1g(η2(x, 0), t)

+ (G1 − G2)g(η3(x, 0), t) + 2G2g(η4(x, 0), t)}
− 1

2
{2G2g(η5(x, 0), t) + (G1 − G2)g(η6(x, 0), t)

− 2G1g(η7(x, 0), t) + (G1 − G2)g(η8(x, 0), t)}.
(20)

Fig. 4. Steady state stress distribution for an active segment of length L2 =
20μm with an inactive sink of length L1 = 6μm.

Similar to the single wire case, the void nucleation time can
be obtained by solving the equations

σ1(x, tnuc,1) = σcrit, σ2(x, tnuc,2) = σcrit, (21)

where the critical stress σcrit is known. It can be seen
from (19)-(21) that the void nucleation time depends on the
critical tensile stress and hence is related to the critical current
density which is not included in the Black’s equation (1). Also,
we can see from (19) and (20) that the lifetime is also affected
by the segment length configuration information which has not
been fully reflected in the Black’s equation (1). The MTTF
estimated by the Black’s equation becomes invalid for this type
of circuit-like interconnects with multi segments [13]–[15]. It
should be noted that because of the nonlinearity properties of
the functions σ1(x, tnuc,1) and σ2(x, tnuc,2), iterative methods
can be used to calculate the void nucleation time.

It should also be noted that the one-term approxima-
tion (19)-(20) can be used to calculate the steady-state
stress distribution along three-terminal interconnect tree.
Theoretically the stresses σi,steady(i = 1, 2) at steady state
can be given by σi,steady = σi(x,+∞). In order to verify
the accuracy of computing the steady state stress distribu-
tion using (19)-(20), we consider a three-terminal interconnect
tree with active and inactive segments like the interconnect
structure as shown in [37]. For practical simulation in our
work, the lengths of inactive and active segments are set to be
L1 = 6μm and L2 = 20μm, respectively, and the correspond-
ing current density values are assumed to be j1 = 0A/m2 and
j2 = 5 × 109A/m2. It can be seen from Fig. 4 that the steady
state stress distribution, obtained by the proposed method, is
consistent with the previously published method in [37].

B. Considering Varying Current Density

To simplify the discussion of the effects of current den-
sity configurations on the void nucleation phase for the three
terminal interconnect tree and the EM-induced stress evo-
lution in this type of tree, we will in this section assume
that the two segments in this tree have the same length
L1 = L2 = 20μm. We will simulate the effects of elec-
tromigration using our closed-form expression presented in
Section III-A. The proposed analytical solver is based on a
one-dimensional Korhonen model which has been modified to
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Fig. 5. The EM stress development along the segments 1 and 2 in the three-
terminal interconnect tree: (a) j2 = − 2

3 j1; (b) j2 = − 1
3 j1; (c) j2 = 1

3 j1;
(d) j2 = 2

3 j1.

account for a wide range of EM effects, including the impacts
on the junction of the two wire segments. By the closed-
form expressions, the stress evolution process can be modeled
through initial prestress distribution to steady-state stress dis-
tribution. We can also model the associated void nucleation
time using the proposed exact series solution when the tensile
stress at the cathode end reaches the critical stress value.

Fig. 5 shows the four different current configurations that
were used in tests of the three-terminal interconnect structure.
A constant current density of j1 = 6 × 1010A/m2 was applied
in the left line segment, while a current density with varying
direction and magnitude, j2, was used to stress the right line
segment. For the cases (a) and (b), the currents have differ-
ent directions that can lead to tensile stress at both ends of
the two line segments. Voids can nucleate at the ends “a” and
“b” of this interconnect tree when the tensile stresses exceed
the critical stress necessary for void nucleation. It can be seen
from Figs. 5(a) and 5(b) that the time-to-failure of the left
line segment decreases as the current density in the right line
segment decreases. However, the lifetime of the right line seg-
ment increases with the decrease of its current density. For
the cases (c) and (d), the two segments have the same current
direction. As a result, a tensile stress, which can cause void-
ing, develops at the cathode end “a” in the left line segment.
Correspondingly, a compressive stress, which can cause metal
extrusion, develops at the anode end “b” of the test structure.
We can see from Figs. 5(c) and 5(d) that the compressive
stress at the anode end increases as the current density of the
right line segment increases for a fixed current density j1 in
the left line segment. The effect of current density on stress
evolution is obvious in numerical simulation results obtained
from the proposed analytical model, which fits well with the
experimental work in [37].

C. Considering Varying Segment Length

In this section, the effects of segment length on life-
time at the void nucleation phase will be considered for the

Fig. 6. The EM stress development along the segments 1 and 2 in the three-
terminal interconnect tree: (a) L2 = 1

6 L1; (b) L2 = 2
6 L1; (c) L2 = 3

6 L1;
(d) L2 = 4

6 L1.

three-terminal interconnect tree. For simplicity (without loss
of generality), we assume that the current densities j1 and j2
in the left and right segments are set to be 2 × 1010A/m2

and −2 × 1010A/m2, respectively. Under this assumption, the
directions of the currents in the two segments are opposite to
each, which may cause tensile stress at both ends “a” and “b”
under some given segment length configurations. The effect of
electromigration on stress evolution will be simulated by using
the proposed analytical model. Stress evolution, as presented
in Section III-B, will be simulated through initial prestress
distribution to a steady-state stress distribution. Also, the void
nucleation time can be calculated for different segment length
configurations by using the proposed closed-form expression.

The stress of a three-terminal interconnect tree as a func-
tion of its segment length configurations has been shown
in (16)-(17). When this analytical model is applied to compute
the lifetime of a three-terminal interconnect tree, it is obvious
that the lifetime is changed as there is an increase or decrease
in the segment length. The effect of segment length on lifetime
has been demonstrated by experimental characterization with
metallization technology [5]. However, it did not give a closed-
form expression to model the three-terminal interconnect tree
in which the neighboring segments interact with each other.
In order to simulate the effect of segment length under the
fixed current condition, we assume that the length of the left
segment is 20μm, and we will observe the change of stress by
setting different current densities for the right segment. At the
fixed current density configuration, it can be seen from Fig. 6
that the stress of the right segment decreases as the decrease
of the length, which leads to the increase of the lifetime of the
interconnect tree. This is due to the fact that the compressive
stress developed at the node “o” of the test structure can inter-
act with, and thus slow down the rate of tensile stress increase
at the node “b”. It was observed from Figs. 6(a) and 6(b) that
a compressive hydrostatic stress can build up in the right seg-
ment when the length of this segment is small enough. They
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Fig. 7. The temperature profiles for simulations during the EM lifetime
for the three-terminal interconnect tree: (a) temperatures between 353K and
373K; (b) temperatures between 383K and 473K.

demonstrate that the decreasing of the length of one of the
segments taking place under the fixed electric current load
results a progressive development of the compressive stress in
this segment. This is caused by a continuously increasing back
stress gradient in the short segment due to a continuous supply
of atoms from the long segment to the segment border. On the
other hand, as seen in Figs. 6(c) and 6(d), a tensile stress can
also build up in the right segment if we increase the length of
this segment. With the increase of the length of the right seg-
ment, a void can form at the node “b” of this segment where
the tensile stress is the largest, resulting in simultaneous fail-
ure of the right segment. As a result, voids do not necessarily
always form in the longest segment of an interconnect tree.

IV. DYNAMIC EM MODELING FOR THREE-TERMINAL

INTERCONNECT TREE

The thermal effects have become a key factor in reliability-
aware design under lifetime constraints. In this section, we will
present a dynamic EM-induced stress model for three-terminal
interconnect tree with various wire segment lengths, which can
be used to calculate the stress values under any time-varying
temperature profile for the EM-induced reliability.

A. Temperature Impacts on EM Effects

Black’s model (1) needs to assume a constant tempera-
ture when applied to system-level thermal reliability analysis
and design. This assumption eliminates the need for the ther-
mal analysis on the interconnect lifetime prediction [22], [23].
When the interconnect trees have very high current densities
(j > 109A/m2), thermal effects are becoming a limiting factor
in high performance IC design due to the strong temperature
dependence of reliability. Further, using average tempera-
ture is never a good practice for EM evaluation due to its
Arrhenius nature Da = D0 exp(−Ea

kT ). If a constant tempera-
ture is considered in the stress evolution equation (6) for three
terminal interconnect tree, it may result in pessimistic lifetime
estimations in restricted design spaces.

As an example, we consider time-periodic responses of the
interconnect temperature as shown in Figs. 7(a)–7(b) where P
is the period. The current densities j1 and j2 in the left and right
wire segments are set to be 1 × 1010A/m2 and 2 × 1010A/m2,
respectively. Using the data from Fig. 7(a), the maximum and
minimum temperatures in this three-terminal interconnect tree
are assumed to be 373K and 353K, respectively. Hence, the

Fig. 8. The EM stress development at the cathode end of the three-terminal
interconnect tree: (a) under temperature profiles shown in Fig. 7(a); (b) under
temperature profiles shown in Fig. 7(b).

corresponding average temperature used for the simulation of
stress evolution process is 363K. Using these configurations,
we can compare the values of stress obtained from the actual
temperatures with those of the average, maximum, and mini-
mum temperatures, and finally compare the time to the void
nucleation by (21). A similar treatment can be required for the
temperature profiles shown in Fig. 7(b).

Our simulation results are reported in Fig. 8 which shows
four different cases where the temperatures profile affect the
stress evolution process in the interconnect. In general, if the
temperature change is within 10K and the current density is
relatively small, using the average temperature for estimat-
ing interconnect lifetime is still a good approximation to the
IC circuit designers. It can be observed from Fig. 8 that
while the interconnect temperature variation increases (e.g.,
beyond 20K), these differences become obvious by compari-
son between the actual and average temperatures. On the other
hand, it can be seen from Fig. 8(a) that using the minimal
temperature will make a big difference for stress calcula-
tions and it will lead to larger errors for interconnect lifetime
prediction. Also, if we take the maximum temperature dur-
ing the total simulation time, we can see from Fig. 8(b) that
there is a serious difference between the actual and maximum
stress profile calculations. Thus, the interconnect could be seri-
ously underestimated, resulting in excessive design margin.
Therefore, as the temperature variation increases, we can no
longer use minimal/average/maximum temperature to estimate
the interconnect reliability.

In view of the fact that the variation magnitude seri-
ously affects the estimation of interconnect lifetime under
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EM constraints, we will develop an exact dynamic EM-
induced stress model for three-interconnect tree with various
wire segment lengths in the next section. This dynamic model
can be used for calculation of interconnect lifetime for any
time-dependent temperature profile.

B. Dynamic EM Model Considering Varying Temperature

We now present dynamic EM modeling considering time-
varying temperature for three-terminal interconnect trees with
varying segment length. We start with the stress evolution
equation as shown in (6) and assume that the two segments in
the three-terminal interconnect tree have the same diffusivity.
Considering that the temperature is time-dependent, we can
re-write the diffusivities κ1 and κ2 as

κ1(t) = κ2(t) = κ(t) = D0 exp(− Ea
kT(t) )B�

kT(t)
. (22)

We still assume that the current density for each segment does
not change over time. Therefore, the terms G1 = E1q

�
and

G2 = E2q
�

are both constant.
We are now ready to derive the analytic solution of the

stress evolution equation (6) with the time-varying tempera-
ture. Although we were able to use the Laplace transformation
technique to obtain the series solution of stress evolution equa-
tion of three-terminal interconnect tree with various segment
length and constant temperature, the stress evolution equation
with time-varying temperature cannot be solved in a similar
way. But fortunately, we have the following observations.

Theorem 1: Let σi(x, t, κ1) and σi(x, t, κ2) (i = 1, 2) be the
solutions to the stress evolution equation (6) with the diffusiv-
ities κ1 and κ2 for the same initial and boundary conditions,
respectively, then we have

σi(x, t, κ2) = σi

(
x,

κ2

κ1
t, κ1

)
.

Proof: This can be proved using the same technique as for
the analogous result in [22]. Let σ̃i(x, t) = σi(x,

κ2
κ1

t, κ1), then
we just need to verify that σ̃i(x, t) is equal to σi(x, t, κ2). If
we take the derivative of the partial derivative of σ̃i(x, t) with
respect to t, then we can extract a partial differential equation
(PDE), namely

∂σ̃i(x, t)

∂t
− κ2

κ1

∂σi

(
x, κ2

κ1
t, κ1

)
∂t

= 0.

Since σi(x, t, κ1) is the solution of the equation (6) with the
diffusivity κ1 for certain initial and boundary conditions, we

have
∂σi(x,

κ2
κ1

t,κ1)

∂t = ∂
∂x [κ1(

∂σi(x,
κ2
κ1

t,κ1)

∂x + Gi)] = 0. Substituting
this expression into the above PDE, and noting that ∂σ̃i(x,t)

∂t =
∂σi(x,

κ2
κ1

t,κ1)

∂t , we have

∂σ̃i(x, t)

∂t
− κ2

κ1

∂

∂x

[
κ1

(
∂σ̃i(x, t)

∂x
+ Gi

)]
= 0,

which implies that σ̃i(x, t) is the solution of the stress evolu-
tion equation (6) with the diffusivity κ2 under the same initial
and boundary conditions. This completes the proof of the
theorem.

It can be seen from Theorem 1 that the stress evolution pro-
cesses in the three-terminal interconnect tree are independent
of the diffusivity in (6) which only affects the stress evolution
speedup. This will lead to a time-shift invariant representation
of the solution of the stress evolution equation with time-
varying temperature based on the series solution (16)-(17) in
the case of constant temperature. On the other hand, if we
look at the complete analytic solution (16)-(17), only the term
g(x, t) is affected by the temperature T(t). From (15) we can
see that as long as κ(T(t))t is constant, the basis function
g(x, t) will be the same. As a result, the temperature impact
on the stress σi(x, t, κ) through κ(T(t)) can be translated to
the time period change for a three-terminal interconnect tree.
In other words, a three-terminal interconnect tree whose stress
development over a period �t2 under the temperature T2 will
be equal to the stress development for a three-terminal inter-
connect tree over a period κ(T2)

κ(T1)
�t2 under the temperature T1.

Without loss of generality, we assume that the time period can
be partitioned into n small segments:

κ(T(t)) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

κ1, t ∈ [0, �t1],
κ2, t ∈ (�t1, �t1 + �t2],
· · · ,

κn, t ∈
(∑n−1

l=1 �tl,
∑i

l=1 �tl
]
, n = 2, 3, . . . .

(23)

Inside each time segment we assume that the temperature
is constant, which leads to an invariant diffusivity for the
stress evolution processes. As a result, the temperature-varying
stress computation problem can be converted into the constant
temperature problem.

Now we denote the dynamic stress with time-varying tem-
perature by σi,th(x, t, κ) for each metal wire. At the end of
the first time segment [0, �t1], we have σi,th(x,�t1, κ1) =
σi(x,�t1, κ1) where σi(x,�t1, κ1) is calculated by (16)-(17).
Then at the current time ti =∑i

l=1 �tl, we have

σi,th

(
x,

n∑
l=1

�tl, κn

)
= σi

(
x,

n∑
l=1

κl

κ1
�tl, κ1

)
, (24)

where n = 1, 2, . . ., and σi(x, t, κ) is given by (16)-(17). When
the tensile stress (we ignore thermal residual σT for the time
being for the sake of better presentation) reaches the critical
stress σcrit, a void will nucleate at the cathode end of a metal
wire. If σcrit is greater than the steady state tensile stress at
the cathode end, no void will form and the wire is immortal.
If the dynamic stress reaches a critical threshold at the inuc-
th time segment, we have σcrit = σi(x,

∑nnuc
l=1

κl
κ1

�tl, κ1). Then
the time to nucleation can be computed by tnuc =∑nnuc

l=1 �tl.

V. SIMULATION RESULTS AND DISCUSSIONS

The proposed dynamic EM model and the method of anal-
ysis of three-terminal interconnect tree with various wire
segment lengths have been implemented in Matlab and com-
pared with the finite element analysis tool COMSOL [38] and
the electromigration simulator XSim [30] and the recently pro-
posed eigenfunction method [31], which is considered as a
“golden” tool in our work.

Authorized licensed use limited to: Univ of Calif Riverside. Downloaded on June 24,2026 at 07:47:49 UTC from IEEE Xplore.  Restrictions apply. 



662 IEEE TRANSACTIONS ON DEVICE AND MATERIALS RELIABILITY, VOL. 17, NO. 4, DECEMBER 2017

TABLE I
CURRENT DENSITY AND SEGMENT LENGTH CONFIGURATIONS

USED FOR MODELING AND SIMULATION

Fig. 9. The EM stress development along the segments 1 and 2 in the three-
terminal interconnect tree considering current density and segment length
configurations: (a) Case I; (b) Case II; (c) Case III; (d) Case IV; (e) Case V;
(f) Case VI.

A. Different Current Density and Segment
Length Configurations

For the purpose of simulation, the metal wire structure used
in our experiment has been shown in Fig. 3. The current den-
sity and segment length configurations used in our numerical
simulations are shown in Table I from which we can see that
the left segment length for each case is set to be shorter than
the right one. Also, the current magnitude of the left seg-
ment is set to be larger than that of the right segment for
each case. The stress profiles for different times shown in
Figs. 9(a)–9(f) are obtained from the five-term approximation
of the proposed series solution (16) and the COMSOL sim-
ulations. It can be seen from Figs. 9(a)–9(f) that the analytic
solution obtained with the proposed method fits well to the
results of the numerical simulations by COMSOL at every
time instance.

Fig. 10. The proposed analytical method compared against XSim results.

We now discuss all the cases, in which different current
density and segment length configurations are set in the two
line segments. In the cases I and II, the left and right seg-
ments have the same current direction. It was observed from
Figs. 9(a)–9(b) that a tensile stress will be developed over time
along the left segment and a compressive stress will be devel-
oped along the right segment. The tensile stress at the cathode
node “a” in the left segment decreases as the current density
of the right segment decreases for a fixed current density in
the left segment. Generally, the left segment in the two cases
is called reservoir as it has tensile stress and the right segment
is called sink [37]. Fig. 9(b) shows that voids can only happen
in the reservoir when the current magnitude in the sink is zero
or small. However, voids can be also nucleated when the sink
becomes active. This can be easily seen from Fig. 9(d) for
the case when the current magnitude in the right segment is
with no zero and the current direction is opposite to the left
segment. In the cases III and VI, voids can be only nucleated
in the left segment since the current density in the right seg-
ment is zero. The tensile stress at the node “a” increases with
the length of the left segment for a fixed length of the right
segment. In the cases IV and V, tensile stresses can build up
at both ends “a” and “b” since the currents in the two seg-
ments are opposite in direction. Fig. 9(d) shows that voids can
first form at the end “b” of the longer segment (right). On the
other hand, it can be seen from Fig. 9(e) that void can also
be nucleated at the end “a” of the shorter segment (left) if we
decrease the current magnitude of the right segment.

To further verify the accuracy of the proposed method, we
compare the proposed analytical solution with the results pub-
lished in the literature on very similar structures [30], [39] in
which the EM-based stress evolution in a short three-contact
interconnect tree was calculated by the electromigration simu-
lator XSim [30]. XSim is widely used to calculate the hydro-
static stress evolution in an interconnect which is assumed to
be confined within diffusion barriers. In this simulation, the
lengths of the left and right segments in the interconnect line
are set to be 1 × 10−5m and 4 × 10−5m, respectively. The
width and the thickness in the interconnect tree used in XSim
are set to be 0.2 × 10−6m and 0.38 × 10−6m, respectively.
The temperature is set to be 350◦C and the current densi-
ties in the left and right segments are −2 × 109A/m2 and
2 × 109A/m2, respectively. Fig. 10 shows the stress evolution
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Fig. 11. The EM stress development along the segments 1 and 2 in the
three-terminal interconnect tree considering time-varying temperature: (a) t =
8 × 104s; (b) t = 2 × 106s; (c) t = 5 × 106s; (d) t = 4 × 107s.

calculated by XSim and using the first dominant term approx-
imation (19)-(20) along this interconnect line at various time.
We can see from Fig. 10 that XSim and the one-term approx-
imation provide results of similar accuracy which shows the
effectiveness of the proposed analytical method.

B. Dynamic EM Stress Under Time-Varying Temperature

To verify the accuracy of the new dynamic EM model, let us
consider the three-terminal interconnect tree shown in Fig. 3
in which the lengths of the left and right segments are set to be
6×10−6m and 2×10−5m, respectively. For our simulation, we
assume that the current densities j1 and j2 in the left and right
segments are 1×1010A/m2 and 2×1010A/m2, respectively, and
we create the periodic change temperature profiles over time
which can be shown in Fig. 7(a). For this case the correspond-
ing analytic solution to the stress evolution equation (6) with
time-varying temperature can be represented by (24). For com-
parison with the proposed dynamic EM model, we will also
apply COMSOL to compute an accurate numerical solution
of (6).

To illustrate the effect of time-varying temperature, we use
the one-term approximation (n = 0) of the proposed series
solution (16) and the FEA tool COMSOL to calculate the
stress values during the void nucleation process. Fig. 11 shows
the stress distributions under time-varying temperature along
the whole length of this three-terminal interconnect tree. It
can be seen from Fig. 11 that the stresses calculated by the
proposed one-term approximation are in good agreement with
those obtained from COMSOL. It should be noted that elec-
trons flow from the left segment to the right segment and out
of the anode end of the right segment. The slope of the stress
profile will be unchanged in the interconnect tree when the
stress gradually increases to a steady-state level, but it can be
observed from Fig. 11 that the maximum tensile stress will be

Fig. 12. Relative errors between the one-term and two-term approxima-
tions at different locations in the three-terminal interconnect tree: (a) constant
temperature; (b) time-varying temperature.

higher and will still occur at the end “a” (the cathode end) of
the left segment.

C. Computational Accuracy and
Convergence Characteristics

We now study the convergence behavior of the aforemen-
tioned method using the series solution (16) and we illustrate
the discussion by analyzing the convergence observed in actual
computations. In general, we need to compare the (m+l)-term
approximation with the m-term approximation for arbitrary
fixed nonnegative integers m and l. As we can see, Fig. 11
has shown that the dominant term of the expression (16) can
match well with the COMSOL simulation results for a given
current density and temperature profile for the three-terminal
interconnect tree with various lengths. Therefore, we just need
to compare the accuracies of the EM models employing the
one-term (n = 0) and two-term (n = 1) approximations of the
original series solution.

This comparison can be seen clearly from the numerical
simulation results or the stress evolution process. Fig. 12
shows the comparison results between the one-term and two-
term approximations for this three-terminal interconnect tree.
It can be seen that the relative errors between the one-term
and two-term approximations are less than 0.2% for both the
constant and time-varying temperatures. Fig. 12(a) shows that
using the constant temperature can lead to smaller relative
errors (e.g., within 0.02%). By using more terms, the accuracy
of the proposed EM model simulation results will not be sig-
nificantly increased, which means that the dominant one-term
approximation can achieve sufficient accuracy for practical EM
analysis.

To further illustrate that the analytical series solu-
tion (16)-(17) has fast convergence, we compare the proposed
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Fig. 13. Comparison between the proposed analytical method and the
eigenfunction method for calculating the EM stress development along the
three-terminal interconnect tree.

method with results reported in [31] for an interconnect with
similar structures. In [31], the integral transform technique
was used to calculate the transient hydrostatic stress repre-
sented in the form of an infinite series of eigenfunctions. The
accuracy of this algorithm depends on the number of eigen-
functions used in the series solution. As discussed above, the
accuracy of the proposed analytical method by using the one-
term approximation is validated by numerical experiments.
However, Fig. 13(a) shows that a significant error can be
produced if the one-term approximation of the infinite series
solution of eigenfunctions is used to calculate the stress evolu-
tion along the interconnect line. The accuracy will be improved
if more eigenfunctions are used for simulation. It can be
seen from Fig. 13(b) that the fifty-term approximation of the
eigenfunction method can achieve the same accuracy with
the one-term approximation of the series solution (16)-(17).
That is to say, the analytical method proposed in this paper
has faster convergence compared the eigenfunction method
reported in [31]. Simulation results show that the proposed
method can achieve improved performance compared with the
eigenfunction method for calculating the stress evolution by
electromigration of three-terminal interconnect tree.

VI. CONCLUSION

In this paper, we have proposed a new modeling and anal-
ysis technique for EM reliability analysis in three-terminal
interconnect tree with wire segment lengths, which reflects
practical VLSI interconnect architectures and interconnect
layout-design techniques. By using the Laplace transform

technique we have derived an exact analytical solution to the
stress evolution equation for the void nucleation phase during
EM of this type of interconnect tree. The effects of different
current densities and segment lengths on stress evolution have
been observed from the proposed analytic model. We have
also developed a dynamic EM stress model considering time-
varying temperature based on the obtained exact series solution
at constant temperature, which reflects a more practical chip
working conditions especially for multi-core and emerging 3D
ICs. The numerical comparison shows that the analytical solu-
tion agrees well with the results from the finite element method
based numerical analysis. It uses much less terms compared to
the eigenfunction method for the same accuracy. It also agrees
very well with XSim, which is consistent with the previously
reported measured results.
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