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Second-Order Balanced Truncation for Passive
Order Reduction of RLCK Circuits
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Abstract—In this paper, we propose a novel model order
reduction approach, SBPOR (Second-order Balanced truncain
for Passive Order Reduction), which is the first second-orde
balanced truncation method proposed for passive reductiorof
RLCK circuits. By exploiting the special structure information
in the circuit formulation, second-order Gramians are defined
based on a symmetric first-order realization in descriptor fom.
As a result, SBPOR can perform the traditional balancing
with passivity-preserving congruency transformation at he cost
of solving one generalized Lyapunov equation. Owing to the
second-order formulation, SBPOR also preserves the struate
information inherent to RLCK circuits. We further propose,
SOGA ( Second-Order Gramian Approximation version of SB-
POR), to mitigate high computational cost of solving Lyapumov
equation. Experimental results demonstrate that SBPOR and
SOGA are globally more accurate than the Krylov subspace
based approaches.

Index Terms— Model order reduction, Simulation, Krylov
subspace, Projection, Truncated balanced realization.

|. INTRODUCTION

[16]-[18]. The idea of TBR method is to first transform an
original system into a new coordinate such that each state in
this coordinate is equally controllable and observableotzef
the consequent truncation of the weak states. To perform the
passive reduction, positive-real TBR (PR-TBR) was applied
in [8], which solves more expensive quadratic matrix equa-
tions. PR-TBR has no constrains on the internal structure
of the state-space equations. But it also does not preserve
any structure information inherent to RLCK circuits such
as symmetry, positive semi-definiteness and sparsitynduri
the reduction process. Another issue is that existing loaldn
truncation techniques for interconnect reduction are-trslier
based and cannot handle RLCK circuits formulated as second-
order systems.

In the control literature [5], Meyer and Srinivasan in-
troduced a second-order balanced truncation method where
second-order Gramians are defined based on Moore’s first-
order balanced truncation method. However, in order to pre-
serve the stability of original system, congruency transi@-

Model order reduction (MOR) is an efficient techniquéion instead of similarity transfo.rmation is performed. As
to reduce the circuit complexity while producing a goo(gesult, the transformed system is not really balanced, fwhic

approximation of the input-output behavior [7], [10], [14]S2
[15]. When an RLCK circuit is formulated in the second-orde
form, inductance (or partial inductance) will be represent
in its inverse form, which is called susceptance. Suscepta
coupling are shown to be more localized than inductan

coupling and its matrix is diagonally dominant like capanite

matrix [1]. Hence, susceptance matrix can be sparsified m

easily without loss of stability, which, however, is difficu

in general for the inductance matrix [2]. The new suscepgan
element (called "K” element) can be stamped back into the ¢

cuit matrix using the SPICE-compatible equivalent cirs((&].

Model order reduction techniques for second-order syste
which are more suitable for reducing RLCK circuits, hav

been developed in the past [11], [13].

However, existing second-order MOR techniques are maintR/
based on Krylov-subspace methods, which in general h
difficulties to generate reduced models with global accura
Therefore, another approach, truncated balanced realizat
(TBR), or balanced truncation (BT), which was originally®
developed in the control community [6], has been studied

intensively for interconnect reduction recently [8], [912],

Manuscript received October 2007 and revised February 2008 paper
was recommended by Associate Editor D.Z. Pan.

Boyuan Yan and Sheldon X.-D. Tan are with Department of Htmdt
Engineering, University of California, Riverside, CA 9252JSA (e-mail:
{byan,stap@ee.ucr.edu)

Bruce McGaughy is with Cadence Design System, Cadence ID8gigfems
Inc., San Jose, California 95134, USA.

This work is funded in part by NSF CAREER Award under grant S&F-
0448534, in part by UC MICRO awards #06-252 and #07-105 videGee
Design System Inc.

Copyright (c) 2008 IEEE. Personal use of this material isrpeed. However,
permission to use this material for any other purposes meigttitained from
the IEEE by sending an email to pubs-permissions@ieee.org.

crifices the accuracy.
In this paper, we propose a new balanced truncation method,
BPOR (Second-order Balanced truncation for Passive Or-

fer Reduction), for passive reduction of RLCK circuits. By

gxploiting the symmetric positive definiteness of the syste
matrices in the second-order circuit formulation, the new

Jpproach resolves the issue existing in [5] by defining seeon

order Gramians based on a symmetric first-order realization
As a result, balancing and reduction can be achieved via only
ﬁongruency transformation without any accuracy degradati
n contrast to the first-order balanced truncation appreach
POR can also preserve the structure information inhéoent
LCK circuits and only needs to solve one linear matrix equa-
tion instead of two quadratic matrix equations. Furthereor
mitigate the high computational cost of solving Lyapunov
uation, a Second-Order Gramian Approximation version,
GA, is proposed to generalize the existing first-order
Gramian approximation technique PMTBR [9] to second-order
ystems.

Il. FIRST-ORDER BALANCED TRUNCATION
Consider a linear time-invariant (LTI) stable system in a
standard state-space form
z(t) Ax(t) + Bu(t) (1)
y(t) Cu(t)
where A € R™", B € R"P, C € R?™, and in which
x(t) is the state vector, and(t) andy(t) represent the input
and output, respectively. The controllability and obséility
Gramians are computed from the Lyapunov equations
AX + XAT + BBT =0 @
ATY + YA+ CTC =0
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Since the eigenvalues of the produktY” are input-output Similarly, if we compatibly partition the observability &mian

invariant, a similarity transformationid, = T-'AT, B, = of the first-order realization (7) as
T~1B,C, = CT) can be performed to diagonalize the product
XY as y:[ U V} (10)
vl N
T7IXYT =% = diag(01%,02%,...,0,%) 3)

) ] . ) then the observability Gramian of the second-order system i
The eigenvalues, which characterize the importance o€ stat, — (7. The eigenvalues of the Gramian produ¢tYs are

variables in terms of energy transfer, are arranged in a d@variant under a similarity transformation
scending order. If we partition the matrices as

T T XoYoT = diag(o21?,022%, . . ., 02,7) (11)
Midlxyin wy=| > 0 @ o | | N
Wy 0 X2 Similar to the first-order case, the matrices can be panttib
in which X3, containsg- dominant eigenvalues, and the columngS wT > 0
of Wy andV; are corresponding left and right eigenvectors, { WlT ]Xng[ i Vo= { 01 N } (12)
2

respectively, a reduced model can be obtained as follows

i(t) = Awx(t)+ Bau(t) where;; contai_ns the first Igrgest_ eigenvalues andl, \%1
yt) = Cra(t) (5) are corresponding left and right eigenvectors, respdytive
T B WTB. G — OV Th ~ reduced second-order model can be obtained as follows
where A, = W, 1, B, = , Cr = 1. The error in .. .
the transfer furlwtion of the oréerapproximation is bounded Myq(t) + Drg(t) + Krq(t) = Bru(t)

. 13)
" t) = Pog(t) + Qrd(t (
by 25", oy y(t) = Prq(t) + Qrq(t)
in which
II_I. SECOND-ORDER BALANCED TRUNCATION M, = WI MV, D, = WIDWi, K, = WIKV;
Consider a second-order LTI stable system B, = WIB,P, = PVi,Q, — QV; (14)

M(t) + Dq(t) + Kq(t) = Bu(t) (6) However, in order to preserve the symmetry and stabilithef t
y(t) = Pq(t) + Qq(t) original system, an orthogonal projection is performed5h [
whereu(t) € RP, y(t) € RY, q(t) € R", B € R"*?, P,Q € as follows
RY*™ M,D, K € R"*™ with M assumed to be nonsingular. _ T _ T _ T
The general idea of reducing the second-order system is ]\B{T:_“//%pg/[?’f%;vbljzlél‘(/ =ik (15)
to transform the second-order system first into the equitale " L brier !
first-order system, from which the balancing matrices akghere the equations are left multiplied By instead ofiV/;.
obtained. To this end, the second-order Gramians in [5] weltfortunately, sincéV; # V; for a non-symmetric system (7),
defined based on the first-order realization in a standate-stathe resulting Gramian product,Y> will not be balanced and
space form (1) witl2n-dimensional state” = [¢7¢"], where the accuracy is sacrificed.

A= 0 I B_ 0
| -M"'K -M~'D | T | M 'B 7) IV. THE SBPOR A GORITHM
C=[P Q] In this section, we introduce the new second-order balanced

The first-order realization has the same input-output bienavtruncation method SBPOR and its Gramian approximation
as the second-order system. Although a first-order MO¥€rsion.

approach, like classic balanced truncation [6], can beiegpl
to reduce _(7), the reduced model is not a secqnd-order SVStﬁmSymmetric realization in descriptor form
anymore in general. To perform the reduction directly on i o .
the second-order equations (6), one needs to define Gramian@S mentioned before, RLCK circuits can be formulated in a
for second-order systems. Similar to the first order Grami&§cond-order form (6)TW'th special structuré = C, D = G,
definition, the second order Gramian definition is based en thf =1, P =0, Q@ = B

following optimization problem [5] Ci(t) + Gi(t) + Tq(t) = Bu(t)
| 0 (t) = B (1) (o)
MiNG(0)e R ue La[—o00,0] (J =/ _u (t)u(t)dt) : 2
subject to (8) Whereu(t), y(t) € R are input currents and output voltages;
Mq(t) + Dq(t) + Kq(t) = Bu(t) ¢(t) € R™ are nodal voltages, C,T' € R"*" are matrices
q(0) = qo of conductance, capacitance and susceptance respectively

C=C">0G=G">0T=TI7T>0,Bec R™is
the input matrix and its transposg’ € RP*" is the output
matrix. Note thatC' is assumed to be invertible [4], [5].

The key idea in this paper is that instead of using the first-
Y- R S @) order realization (7), we choose another first-order redilim

| ST F in descriptor form [4] with2n-dimensional state” = [¢”, ¢7]

then the optimum for the problem (8) 4§ R~'qo and thus the Ei(t) = Ax(t) + Bu(t)
controllability Gramian of the second-order systenkXis = R. y(t) = BTx(t)

which minimizes the necessary energy to reach the giyen
over all past inputs and initiaj. If we compatibly partition
the controllability Gramian of the first-order realizati¢n) as

(17)



IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS I, VOL XX, NO. XXMONTH 200X 3

where B. Second-order Gramian approximation

- 0 0 -TI 0 We also propose a second-order Gramian approximation
€= [ 0o C ] A= { -I' -G } B = [ B ] (18) technique to mitigate high computational cost. Practyall
) o we find thatl" can easily become singular, which will make
Note that, sinceC, G, I' are all symmetric, it followsA = poth 4 and € in (18) singular. To mitigate this problem, we
AT,& = &7, which means such a first-order realization igropose a little different symmetric realization. If we defi

symmetric. = _ . 2T =[Elq",4"], we have the following new realization:
Controllability and observability Gramians in descriptor
form can be computed from a pair of generalized Lyapunov Ci(t) = —Gx(t) + Bu(t) (26)
equations [12]. However, in this symmetric case, both Grami y(t) = BT x(t)
ans are equal and only one equation is to be solved
where
T T T _
EXA" + AXEY + BB =0 (19) . -1 - 0 B! . 0
If we compatibly partition the Gramians as N 0 c 'Y | L'ET G B é? )
7
X=y= [ RT S } (20) Here E; is the incidence matrix for inductor matriX in
ST F the modified nodal analysis (MNA) formulation ardd =

E,L7'E,". We remark that&, L= will not have zero rows
for a physical system a&)q is actually a vector of a branch
Xo=Y=R (21) vector potential [19]. Sq7 will not be singular, required by
) o o ) ) our new SOGA algorithm, for any physical system that has
_Smce Gram|f_;1n is slymmeTtmR is orthogonally diagonalizable, pc paths to ground for any node.
i.e., there existd"~ = T such that SinceC, G, L are all symmetric, such a first-order realiza-
TTRT = % (22) tion is also symmetric and the second-order Gramian mesisure
the contribution of the node voltages= v with respect to
As a result, the second-order Gramian prod@i® can be the transfer function.

then the second-order Gramians are also equal

orthogonally diagonalized as For first-order system in descriptor form (26), the Gramian
X can be computed from the expression in frequency do-
TTRRT = (TTRT)(TTRT) = (%) (23) main [12] P P guency
Note that the eigenspace of the Gramian product is exactly 1 [T
the eigenspace of each Gramian. If we partition the matrices X = 2—/ (jwC + G)'BBT (jwC + G) Hdw  (28)
in (22) as TJ—co
78 S, 0 Let w; be kth sampling point over the frequency range of
| R[VI Vo )= (24) interests. If we define
‘/2 0 Yo
whereX; contains the first- largest eigenvalues of Gramian 2 = (jwrC +G71)B (29)

R and V; are corresponding eigenvectors, a reduced moqﬁ
can be obtained as follows

Crit) + Gri®) + Trat) = Bult) e B= LS e = z2h (30)

y = BJ,4(t)
where C, = V{'CV;,G, = VGV, T, = VTV, B, = "z‘ir,‘frfﬁ '2}? m;‘}{"j vgzgsgoﬁi)lu?[;s arg. If Weh partition -
V' B. This kind of transformation is known as congruenc - L. =2 patibly partition the approxi
1 . ; ng ¥hated Gramian as
transformation, which preserves symmetry and definitenéss o
matrices such that, = C > 0,G, = GF >0,I, =TT > s | R S
0, implying the reduced-order system has guaranteed stabili T 8T F
passivity, and reciprocity [13]. The basic algorithm flow fo R
SBPOR is given in Fig. 1. then the approximated second-order Gramiaf'jsvhich can
be diagonalized as

Ien)? can be approximately computed as

[ zzH z,2H

_{ZQZF Z, 74 ] (31

ALGORITHM 1: SBPOR
Input: C, G, T, B o H _ (775N TVN\T — 7752777
output: Cy. G Ty B, F=27,75 = (gZEV)(UEV[)jT_ Ux<U"* = ”
1) Form the symmetric first-order realization in descripfmm (17) [ ﬁl AQ } 1 92 ~ lT ( )
2) SolveexXT AT + AxeET + BBT =0 for X 0 X3 U,
3) Partition X as:
R ~ . . .
X=| g7 p l Therefore,U; will be used to perform the reduction as in the
4) Compute SVD of the sEecondborder Gr‘fir;ian: SBPOR method. The SOGA algorithm is presented in Fig. 2.
— 1
reivow i[5 L[]
5) Form the reduced model as
Cr = VICOVL, Gr = VEGVL,T, = VITWL, B, = VT B V. EXPERIMENTAL RESULTS

: : In this section, we show examples that illustrate the ef-
Fig. 1. The SBPOR algorithm. fectiveness of proposed SBPOR method and compare it with
existing relevant MOR approaches.
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ALGORITHM 2: SOGA . .
Input: C, G, T, B B. Comparison with SAPOR
Output: C., G, Ty, B,

P o o In the second example, we want to compare our method
1) Start from the symmetric first-order realization (26) with moment-matching based second-order MOR approach

2) Do until satisfied:

3)  Select a frequency points, SAPOR [13]. The example is an RLCK circuit, which has
4)  Computezy = (sxC+G)""B P 100 nodal voltages. The reduced second-order model has a
5  FormZy = [z1, 22, ..., z;] and partitionZ;, = { 7 } dimension of 2. As shown in Fig. 4(a), SBPOR is globally

6) Compute the SVD of the matri%y,». If the error is satisfactory, go to Ste,|
7. Otherwise, go to Step 2.

7) Form the projection matri¥/; from the singular vectors a¥,, dropping ones
corresponding to small singular values below a desireddalze, and form the|
reduced model as N N N N N
c,.=vfct,,q,=0raq0,,v, =0fr0,,B, =0r'B

Fig. 2. The SOGA algorithm.

Impedance

A. Comparison with first-order TBR

Given a circuit in the form (16), we first compare SBPOR
with the first-order TBR method. Note that the ordein the
reduced models reduced by SBPOR on (16) will correspond to
the order of2¢ in the reduced models by the first-order TBR
method performed on equivalent first-order realization {¥¢
choose a small circuit for the purpose of illustration sottha
both impedances and real parts can be compared at all pmssibl
reduced orders. The RLCK circuit has 4 nodal voltages and
thus has a dimension of 4 in a second-order formulation.
The equivalent first-order realization has a dimension of 8.
As shown in Fig. 3(a),(b),(c), SBPOR outperforms standard

Absolute Error

107 10" 10°
(b) Fre
quency

Fig. 4. Comparison with Krylov-based second-order MOR méth
SAPOR [13].

Impedance
Impedance
Real

EAVER/AL " accurate at all frequencies while SAPOR has very good local
. N behavior around DC (the expansion point of SAPOR is 0.01
-l | i ol ) Hz) but behaves so bad at other frequencies. The error isrshow
Frequency Frequency Flequency " Plequency in Fig. 4(b), where the maximum absolute error for SBPOR
© . @, is about 10 but for SAPOR is almost 100.

—— oniginal

C. Comparison with existing second-order TBR

In this part, we want to compare the new method, SBPOR,
with existing technique [5] in the control literature, whigve
: name TBR2. The example is an RLCK circuit with 100 nodal
quency Prquency * dapor RO voltages and the reduced dimension is 10. In Fig. 5(a), we can
see that SBPOR outperforms TBR2 obviously. As shown in
Fig. 5(b), the maximum absolute error for SBPOR is smaller
than 10 while it is almost 100 for TBR2. The reason is that the
system in TBR2 is not really balanced and thus the accuracy
TBR at each reduced ordeg<1,2,3). This can be explainedis sacrificed.
from the ‘energy’ distribution of singular values as showan i
Fig. 3(d), where the second-order singular values decayhmuc . .
faster than the first-order ones. The passivity of reduced-mg:)' Comparison of SOGA with SAPOR
els can be tested from the real parts. As expected, SBPOR caifihe original model is an RLCK circuit with 1000 nodes in
guarantee the passivity of reduced models while standafi®l TR second-order formulation. The reduced model has an order
cannot. As shown in Fig. 3(a),(b),(c), only in Fig. 3(c), teal of 11 (¢ = 11). As shown in Fig. 6, SOGA produces a better
part of TBR reduced model is positive at all frequencies arabproximation than SAPOR over a wide frequency band (the
thus the reduced model is passive. Note that standard TBRpansion point of SAPOR is 1 Hz). The computational cost of
applied to the equivalent first-order realization(7) alssults SOGA is almost the same as that of SAPOR given the same
in a first-order reduced model and thus is not a second-ordeduction order. The reduction CPU times of several mesh-
MOR approach available. We just use it as a criterion to shatructured RLC examples are shown in Table |, whererthe
the accuracy of our new approach. is the number of nodes and the reduced ordeilis

Impedance
g
Real
Singular Values
Singular Values

Fig. 3. Comparison with the first-order TBR method (perfodhom linearied
first-order system).
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100
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Impedance

—— Original
o TBR2

= = =SBPOR

Frequency

Absolute Error

Frequency

Fig. 5. Comparison with the existing second-order TBR met[i].

TABLE |
REDUCTIONCPUTIME COMPARISON OFSOGAAND SAPOR
(SECONDS.
n=640 | n=1000 [ n=2680 [ n=4380
SOGA | 3.257 6.875 25.24 1 602.63
SAPOR | 1.438 3.420 21.42 | 580.57

VI. CONCLUSION
In this paper, we have proposed a novel method. SBPOR Port model order reduction and realization of RLCM circjlittEEE

—— Original
<o SAPOR
- = =SO0GA

Impedance
-
5

10* 10
Frequency

Relative Error

Frequency

Fig. 6. Accuracy comparison between SOGA and SAPOR.
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