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Abstract— In this paper, we propose a novel model order
reduction approach, SBPOR (Second-order Balanced truncation
for Passive Order Reduction), which is the first second-order
balanced truncation method proposed for passive reductionof
RLCK circuits. By exploiting the special structure information
in the circuit formulation, second-order Gramians are defined
based on a symmetric first-order realization in descriptor from.
As a result, SBPOR can perform the traditional balancing
with passivity-preserving congruency transformation at the cost
of solving one generalized Lyapunov equation. Owing to the
second-order formulation, SBPOR also preserves the structure
information inherent to RLCK circuits. We further propose,
SOGA ( Second-Order Gramian Approximation version of SB-
POR), to mitigate high computational cost of solving Lyapunov
equation. Experimental results demonstrate that SBPOR and
SOGA are globally more accurate than the Krylov subspace
based approaches.

Index Terms— Model order reduction, Simulation, Krylov
subspace, Projection, Truncated balanced realization.

I. I NTRODUCTION

Model order reduction (MOR) is an efficient technique
to reduce the circuit complexity while producing a good
approximation of the input-output behavior [7], [10], [14],
[15]. When an RLCK circuit is formulated in the second-order
form, inductance (or partial inductance) will be represented
in its inverse form, which is called susceptance. Susceptance
coupling are shown to be more localized than inductance
coupling and its matrix is diagonally dominant like capacitance
matrix [1]. Hence, susceptance matrix can be sparsified much
easily without loss of stability, which, however, is difficult
in general for the inductance matrix [2]. The new susceptance
element (called ”K” element) can be stamped back into the cir-
cuit matrix using the SPICE-compatible equivalent circuits [3].
Model order reduction techniques for second-order systems,
which are more suitable for reducing RLCK circuits, have
been developed in the past [11], [13].

However, existing second-order MOR techniques are mainly
based on Krylov-subspace methods, which in general have
difficulties to generate reduced models with global accuracy.
Therefore, another approach, truncated balanced realization
(TBR), or balanced truncation (BT), which was originally
developed in the control community [6], has been studied
intensively for interconnect reduction recently [8], [9],[12],
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[16]–[18]. The idea of TBR method is to first transform an
original system into a new coordinate such that each state in
this coordinate is equally controllable and observable before
the consequent truncation of the weak states. To perform the
passive reduction, positive-real TBR (PR-TBR) was applied
in [8], which solves more expensive quadratic matrix equa-
tions. PR-TBR has no constrains on the internal structure
of the state-space equations. But it also does not preserve
any structure information inherent to RLCK circuits such
as symmetry, positive semi-definiteness and sparsity, during
the reduction process. Another issue is that existing balanced
truncation techniques for interconnect reduction are first-order
based and cannot handle RLCK circuits formulated as second-
order systems.

In the control literature [5], Meyer and Srinivasan in-
troduced a second-order balanced truncation method where
second-order Gramians are defined based on Moore’s first-
order balanced truncation method. However, in order to pre-
serve the stability of original system, congruency transforma-
tion instead of similarity transformation is performed. Asa
result, the transformed system is not really balanced, which
sacrifices the accuracy.

In this paper, we propose a new balanced truncation method,
SBPOR (Second-order Balanced truncation for Passive Or-
der Reduction), for passive reduction of RLCK circuits. By
exploiting the symmetric positive definiteness of the system
matrices in the second-order circuit formulation, the new
approach resolves the issue existing in [5] by defining second-
order Gramians based on a symmetric first-order realization.
As a result, balancing and reduction can be achieved via only
congruency transformation without any accuracy degradation.
In contrast to the first-order balanced truncation approaches,
SBPOR can also preserve the structure information inherentto
RLCK circuits and only needs to solve one linear matrix equa-
tion instead of two quadratic matrix equations. Furthermore,
to mitigate the high computational cost of solving Lyapunov
equation, a Second-Order Gramian Approximation version,
SOGA, is proposed to generalize the existing first-order
Gramian approximation technique PMTBR [9] to second-order
systems.

II. FIRST-ORDER BALANCED TRUNCATION

Consider a linear time-invariant (LTI) stable system in a
standard state-space form

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t)

(1)

where A ∈ Rn×n, B ∈ Rn×p, C ∈ Rq×n, and in which
x(t) is the state vector, andu(t) andy(t) represent the input
and output, respectively. The controllability and observability
Gramians are computed from the Lyapunov equations

AX + XAT + BBT = 0
AT Y + Y A + CT C = 0

(2)
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Since the eigenvalues of the productXY are input-output
invariant, a similarity transformation(Ab = T−1AT, Bb =
T−1B, Cb = CT ) can be performed to diagonalize the product
XY as

T−1XY T = Σ = diag(σ1
2, σ2

2, . . . , σn
2) (3)

The eigenvalues, which characterize the importance of state
variables in terms of energy transfer, are arranged in a de-
scending order. If we partition the matrices as

[

WT
1

WT
2

]

XY [ V1 V2 ] =

[

Σ1 0
0 Σ2

]

(4)

in whichΣ1 containsr dominant eigenvalues, and the columns
of W1 and V1 are corresponding left and right eigenvectors,
respectively, a reduced model can be obtained as follows

ẋ(t) = Arx(t) + Bru(t)
y(t) = Crx(t)

(5)

whereAr = WT
1 AV1, Br = WT

1 B, Cr = CV1. The error in
the transfer function of the orderr approximation is bounded
by 2

∑n

i=r+1 σk.

III. SECOND-ORDER BALANCED TRUNCATION

Consider a second-order LTI stable system

Mq̈(t) + Dq̇(t) + Kq(t) = Bu(t)
y(t) = Pq(t) + Qq̇(t)

(6)

whereu(t) ∈ Rp, y(t) ∈ Rq, q(t) ∈ Rn, B ∈ Rn×p, P, Q ∈
Rq×n, M, D, K ∈ Rn×n with M assumed to be nonsingular.

The general idea of reducing the second-order system is
to transform the second-order system first into the equivalent
first-order system, from which the balancing matrices are
obtained. To this end, the second-order Gramians in [5] were
defined based on the first-order realization in a standard state-
space form (1) with2n-dimensional statexT = [qT q̇T ], where

A =

[

0 I
−M−1K −M−1D

]

, B =

[

0
M−1B

]

C = [ P Q ]
(7)

The first-order realization has the same input-output behavior
as the second-order system. Although a first-order MOR
approach, like classic balanced truncation [6], can be applied
to reduce (7), the reduced model is not a second-order system
anymore in general. To perform the reduction directly on
the second-order equations (6), one needs to define Gramians
for second-order systems. Similar to the first order Gramian
definition, the second order Gramian definition is based on the
following optimization problem [5]

minq̇(0)∈Rn,u∈L2[−∞,0]

(

J =
∫ 0

−∞
uT (t)u(t)dt

)

subject to
Mq̈(t) + Dq̇(t) + Kq(t) = Bu(t)
q(0) = q0

(8)

which minimizes the necessary energy to reach the givenq0

over all past inputs and initial̇q. If we compatibly partition
the controllability Gramian of the first-order realization(7) as

X =

[

R S

ST F

]

(9)

then the optimum for the problem (8) isqT
0 R−1q0 and thus the

controllability Gramian of the second-order system isX2 = R.

Similarly, if we compatibly partition the observability Gramian
of the first-order realization (7) as

Y =

[

U V

V T N

]

(10)

then the observability Gramian of the second-order system is
Y2 = U . The eigenvalues of the Gramian productX2Y2 are
invariant under a similarity transformation

T−1X2Y2T = diag(σ21
2, σ22

2, . . . , σ2n
2) (11)

Similar to the first-order case, the matrices can be partitioned
as

[

WT
1

WT
2

]

X2Y2 [ V1 V2 ] =

[

Σ1 0
0 Σ2

]

(12)

whereΣ1 contains the firstr largest eigenvalues andW1, V1

are corresponding left and right eigenvectors, respectively. A
reduced second-order model can be obtained as follows

Mr q̈(t) + Drq̇(t) + Krq(t) = Bru(t)
y(t) = Prq(t) + Qr q̇(t)

(13)

in which

Mr = WT
1 MV1, Dr = WT

1 DV1, Kr = WT
1 KV1

Br = WT
1 B, Pr = PV1, Qr = QV1

(14)

However, in order to preserve the symmetry and stability of the
original system, an orthogonal projection is performed in [5]
as follows

Mr = V T
1 MV1, Dr = V T

1 DV1, Kr = V T
1 KV1

Br = V T
1 B, Pr = PV1, Qr = QV1

(15)

where the equations are left multiplied byV1 instead ofW1.
Unfortunately, sinceW1 6= V1 for a non-symmetric system (7),
the resulting Gramian productX2Y2 will not be balanced and
the accuracy is sacrificed.

IV. T HE SBPOR ALGORITHM

In this section, we introduce the new second-order balanced
truncation method SBPOR and its Gramian approximation
version.

A. Symmetric realization in descriptor form

As mentioned before, RLCK circuits can be formulated in a
second-order form (6) with special structureM = C, D = G,
K = Γ, P = 0, Q = BT

Cq̈(t) + Gq̇(t) + Γq(t) = Bu(t)
y(t) = BT

2 q̇(t)
(16)

whereu(t), y(t) ∈ Rp are input currents and output voltages;
˙q(t) ∈ Rn are nodal voltages;G, C, Γ ∈ Rn×n are matrices

of conductance, capacitance and susceptance respectivelyand
C = CT > 0, G = GT ≥ 0, Γ = ΓT ≥ 0; B ∈ Rn×p is
the input matrix and its transposeBT ∈ Rp×n is the output
matrix. Note thatC is assumed to be invertible [4], [5].

The key idea in this paper is that instead of using the first-
order realization (7), we choose another first-order realization
in descriptor form [4] with2n-dimensional statexT = [qT , q̇T ]

E ẋ(t) = Ax(t) + Bu(t)
y(t) = BT x(t)

(17)
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where

E =

[

−Γ 0
0 C

]

,A =

[

0 −Γ
−Γ −G

]

,B =

[

0
B

]

(18)

Note that, sinceC, G, Γ are all symmetric, it followsA =
AT , E = ET , which means such a first-order realization is
symmetric.

Controllability and observability Gramians in descriptor
form can be computed from a pair of generalized Lyapunov
equations [12]. However, in this symmetric case, both Grami-
ans are equal and only one equation is to be solved

EXAT + AXET + BBT = 0 (19)

If we compatibly partition the Gramians as

X = Y =

[

R S

ST F

]

(20)

then the second-order Gramians are also equal

X2 = Y2 = R (21)

Since Gramian is symmetric,R is orthogonally diagonalizable,
i.e., there existsT−1 = T T such that

T T RT = Σ (22)

As a result, the second-order Gramian productRR can be
orthogonally diagonalized as

T T RRT = (T T RT )(T T RT ) = (Σ)2 (23)

Note that the eigenspace of the Gramian product is exactly
the eigenspace of each Gramian. If we partition the matrices
in (22) as

[

V T
1

V T
2

]

R [ V1 V2 ] =

[

Σ1 0
0 Σ2

]

(24)

whereΣ1 contains the firstr largest eigenvalues of Gramian
R and V1 are corresponding eigenvectors, a reduced model
can be obtained as follows

Cr q̈(t) + Gr q̇(t) + Γrq(t) = Bru(t)
y = BT

2r q̇(t)
(25)

where Cr = V T
1 CV1, Gr = V T

1 GV1, Γr = V T
1 ΓV1, Br =

V T
1 B. This kind of transformation is known as congruency

transformation, which preserves symmetry and definitenessof
matrices such thatCr = CT

r ≥ 0, Gr = GT
r ≥ 0, Γr = ΓT

r ≥
0, implying the reduced-order system has guaranteed stability,
passivity, and reciprocity [13]. The basic algorithm flow for
SBPOR is given in Fig. 1.

ALGORITHM 1: SBPOR
Input: C, G, Γ, B
Output:Cr , Gr , Γr , Br

1) Form the symmetric first-order realization in descriptorform (17)
2) SolveEXT

A
T + AXE

T + BB
T = 0 for X

3) PartitionX as:

X =

»

R S

ST F

–

4) Compute SVD of the second-order Gramian:

R = [ V1 V2 ]

»

Σ1 0
0 Σ2

– »

V T

1

V T

2

–

5) Form the reduced model as
Cr = V T

1
CV1, Gr = V T

1
GV1, Γr = V T

1
ΓV1, Br = V T

1
B

Fig. 1. The SBPOR algorithm.

B. Second-order Gramian approximation

We also propose a second-order Gramian approximation
technique to mitigate high computational cost. Practically,
we find thatΓ can easily become singular, which will make
both A andE in (18) singular. To mitigate this problem, we
propose a little different symmetric realization. If we define
xT = [ET

l qT , q̇T ], we have the following new realization:

Cẋ(t) = −Gx(t) + Bu(t)
y(t) = BT x(t)

(26)

where

C =

[

−L−1 0
0 C

]

,G =

[

0 ElL
−1

L−1El
T G

]

,B =

[

0
B

]

(27)
Here El is the incidence matrix for inductor matrixL in
the modified nodal analysis (MNA) formulation andΓ =
ElL

−1El
T . We remark thatElL

−1 will not have zero rows
for a physical system asElq is actually a vector of a branch
vector potential [19]. SoG will not be singular, required by
our new SOGA algorithm, for any physical system that has
DC paths to ground for any node.

SinceC, G, L are all symmetric, such a first-order realiza-
tion is also symmetric and the second-order Gramian measures
the contribution of the node voltageṡq = v with respect to
the transfer function.

For first-order system in descriptor form (26), the Gramian
X can be computed from the expression in frequency do-
main [12]

X =
1

2π

∫ +∞

−∞

(jωC + G)−1BBT (jωC + G)−Hdw (28)

Let ωk be kth sampling point over the frequency range of
interests. If we define

zk = (jωkC + G−1)B (29)

then X̂ can be approximately computed as

X̂ =
1

2π

∑

zkzH
k = ZZH (30)

whereZ is a matrix whose columns arezk. If we partition
ZH =

[

ZH
1 ZH

2

]

and compatibly partition the approxi-
mated Gramian as

X̂ =

[

R̂ Ŝ

ŜT F̂

]

=

[

Z1Z
H
1 Z1Z

H
2

Z2Z
H
1 Z2Z

H
2

]

(31)

then the approximated second-order Gramian isF̂ , which can
be diagonalized as

F̂ = Z2Z
H
2 = (Û Σ̂V̂ )(Û Σ̂V̂ )T = Û Σ̂2ÛT =

[

Û1 Û2

]

[

Σ̂2
1 0

0 Σ̂2
2

] [

ÛT
1

ÛT
2

]

(32)

Therefore,Û1 will be used to perform the reduction as in the
SBPOR method. The SOGA algorithm is presented in Fig. 2.

V. EXPERIMENTAL RESULTS

In this section, we show examples that illustrate the ef-
fectiveness of proposed SBPOR method and compare it with
existing relevant MOR approaches.
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ALGORITHM 2: SOGA
Input: C, G, Γ, B
Output:Cr , Gr , Γr , Br

1) Start from the symmetric first-order realization (26)
2) Do until satisfied:
3) Select a frequency pointssk

4) Computezk = (skC + G)−1
B

5) FormZk = [z1, z2, . . . , zk] and partitionZk =

»

Zk1

Zk2

–

6) Compute the SVD of the matrixZk2. If the error is satisfactory, go to Step
7. Otherwise, go to Step 2.

7) Form the projection matrix̂U1 from the singular vectors ofZk , dropping ones
corresponding to small singular values below a desired tolerance, and form the
reduced model as
Cr = ÛT

1
CÛ1, Gr = ÛT

1
GÛ1, Γr = ÛT

1
ΓÛ1, Br = ÛT

1
B

Fig. 2. The SOGA algorithm.

A. Comparison with first-order TBR

Given a circuit in the form (16), we first compare SBPOR
with the first-order TBR method. Note that the orderq in the
reduced models reduced by SBPOR on (16) will correspond to
the order of2q in the reduced models by the first-order TBR
method performed on equivalent first-order realization (7). We
choose a small circuit for the purpose of illustration so that
both impedances and real parts can be compared at all possible
reduced orders. The RLCK circuit has 4 nodal voltages and
thus has a dimension of 4 in a second-order formulation.
The equivalent first-order realization has a dimension of 8.
As shown in Fig. 3(a),(b),(c), SBPOR outperforms standard
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Fig. 3. Comparison with the first-order TBR method (performed on linearied
first-order system).

TBR at each reduced order (q=1,2,3). This can be explained
from the ‘energy’ distribution of singular values as shown in
Fig. 3(d), where the second-order singular values decay much
faster than the first-order ones. The passivity of reduced mod-
els can be tested from the real parts. As expected, SBPOR can
guarantee the passivity of reduced models while standard TBR
cannot. As shown in Fig. 3(a),(b),(c), only in Fig. 3(c), thereal
part of TBR reduced model is positive at all frequencies and
thus the reduced model is passive. Note that standard TBR
applied to the equivalent first-order realization(7) also results
in a first-order reduced model and thus is not a second-order
MOR approach available. We just use it as a criterion to show
the accuracy of our new approach.

B. Comparison with SAPOR

In the second example, we want to compare our method
with moment-matching based second-order MOR approach
SAPOR [13]. The example is an RLCK circuit, which has
100 nodal voltages. The reduced second-order model has a
dimension of 2. As shown in Fig. 4(a), SBPOR is globally
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Fig. 4. Comparison with Krylov-based second-order MOR method
SAPOR [13].

accurate at all frequencies while SAPOR has very good local
behavior around DC (the expansion point of SAPOR is 0.01
Hz) but behaves so bad at other frequencies. The error is shown
in Fig. 4(b), where the maximum absolute error for SBPOR
is about 10 but for SAPOR is almost 100.

C. Comparison with existing second-order TBR

In this part, we want to compare the new method, SBPOR,
with existing technique [5] in the control literature, which we
name TBR2. The example is an RLCK circuit with 100 nodal
voltages and the reduced dimension is 10. In Fig. 5(a), we can
see that SBPOR outperforms TBR2 obviously. As shown in
Fig. 5(b), the maximum absolute error for SBPOR is smaller
than 10 while it is almost 100 for TBR2. The reason is that the
system in TBR2 is not really balanced and thus the accuracy
is sacrificed.

D. Comparison of SOGA with SAPOR

The original model is an RLCK circuit with 1000 nodes in
a second-order formulation. The reduced model has an order
of 11 (q = 11). As shown in Fig. 6, SOGA produces a better
approximation than SAPOR over a wide frequency band (the
expansion point of SAPOR is 1 Hz). The computational cost of
SOGA is almost the same as that of SAPOR given the same
reduction order. The reduction CPU times of several mesh-
structured RLC examples are shown in Table I, where then
is the number of nodes and the reduced order is10.
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Fig. 5. Comparison with the existing second-order TBR method [5].

TABLE I
REDUCTION CPUTIME COMPARISON OFSOGAAND SAPOR

(SECONDS).

n=640 n=1000 n=2680 n=4380
SOGA 3.257 6.875 25.24 602.63

SAPOR 1.438 3.420 21.42 580.57

VI. CONCLUSION

In this paper, we have proposed a novel method, SBPOR
and its faster Gramian computation version, SOGA, for the
model order reduction of RLCK circuits. SBPOR utilizes a
symmetric first-order realization in descriptor form so that the
second-order system can be really balanced via congruency
transformation without any accuracy loss, which in contrast
with the existing second-order balanced truncation [5]. Experi-
mental results show that SBPOR is more accurate than existing
second-order balanced truncation method [5]. SOGA is also
globally more accurate than the second-order Krylov subspace
based method SAPOR [13] with similar computational cost.
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