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Abstract—Electromigration (EM) in very large scale integra-
tion (VLSI) interconnects has become one of the major reliability
issues for current and future VLSI technologies. However, exist-
ing EM modeling and analysis techniques are mainly developed
for a single wire. For practical VLSI chips, the elemental EM
reliability unit called interconnect tree is a multibranch inter-
connect segment consisting of a continuously connected, highly
conductive metal (Cu) lines terminated by diffusion barriers
and located within the single level of metallization. The EM
effects in those branches are not independent and have to be
considered simultaneously. In this paper, we demonstrate, for
the first time, a first principle-based analytical solution of this
problem. We have derived the analytical expressions describing
the hydrostatic stress evolution in several typical interconnect
trees: 1) the straight-line three-terminal wires; 2) the T-shaped
four-terminal wires; and 3) the cross-shaped five-terminal wires.
The new approach solves the stress evolution in a multibranch
tree by de-coupling the individual segments through the proper
boundary conditions (BCs) accounting the interactions between
different branches. By using Laplace transformation technique,
analytical solutions are obtained for each type of the intercon-
nect trees. The analytical solutions in terms of a set of auxiliary
basis functions using the complementary error function agree
well with the numerical analysis results. Our analysis further
demonstrates that using the first two dominant basis functions
can lead to 0.5% error, which is sufficient for practical EM
analysis.

Index Terms—Electromigration (EM), modeling and analysis,
multibranch interconnect trees, stress evolution.
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I. INTRODUCTION

ELECTROMIGRATION (EM)-INDUCED reliability
becomes a major design constraint in the current and

future nanometer very large scale integration (VLSI) tech-
nologies. To ensure the EM signoff, conservative design rules
based on the worst cases (highest possible temperature and
power consumption) and simple EM model such as Black’s
equation can lead to significant overdesign and 2×–3×
enlarged guard bands [1]. Such conservative and overdesign
rules, however, will be no longer an option in current and
future technologies because 3× guard band increase will
significantly increase the buffer size and many other aspects
of chips, which will lead to increasing currents, and hence,
the cost and power of the chips. As a result, more accurate
EM modeling and analysis techniques are required to ensure
sufficient accuracy without sacrificing the efficiencies.

A. Physics-Based EM Reliability Model

Existing EM model and analysis techniques mainly focus
on the simple straight line interconnect with two-line end ter-
minals. However, a practical integrated circuit layout often has
interconnects with more complex, multibranch structures. The
EM-induced stress evolutions in those branches are not inde-
pendent and they have to be considered simultaneously [2], [3].
Currently, employed Blech limit [4] (for the out filtration of
immortal segments) and Black’s equation [5] (for calculating
mean time-to-failures (MTTFs) for segments characterized by
known current densities and temperatures) are subjects of the
hard criticism [6], [7]. Across-die variation of residual stress
makes the Blech’s “critical product” to be layout-dependent
variables rather than experimentally determined constants. The
dependency of the Black’s activation energy on the current
density and temperature makes rather controversial the widely
accepted methodology of calculating the MTTF at use con-
dition. It is so because conventionally, the use activation
energy and current density exponent are assumed to be the
same as those determined at the stressed (accelerated) con-
dition, characterized by high current densities and elevated
temperatures.

Recently, some physics-based EM analysis methods for
the through-silicon via (TSV) and power grid networks have
been proposed based on solving the basic mass balance equa-
tions [8]. Since these proposed methods solve the basic mass
balance equations using the finite element method, they can
only solve very small structures such as one TSV. Complicated
look-up table or models have to be built for different TSVs
and wire segments for full-chip power grid analysis at reduced
accuracy. To mitigate this problem, a novel compact physics-
based EM model was proposed recently in [9] and [10]. It is
based on the solution of the diffusion-like continuity equation
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Fig. 1. (a) Color map of hydrostatic stress and current density. (b) Hydrostatic
stress along the top metal line. (c) Current density distributions.

describing the kinetics of hydrostatic stress evolution [11].
Although the new EM model has been extended to deal with
a multiple branch tree based on the projected steady-state
stress, it still cannot provide the evolution of the hydrostatic
stress, which ultimately determines the failures for multibranch
interconnect wires.

To further illustrate this, Fig. 1 shows distributions of the
current density and hydrostatic stress evolved in the three ter-
minals interconnect tree loaded with DC currents. Electrons
inflow the upper-level metal line through the most left and
middle upstream vias and outflow to the lower-level metal line
through the right downstream via. The steady state hydrostatic
stress distribution, which was obtained from the solution of
the linked partial differential equations (PDEs) describing the
major physics of the EM phenomenon [12] with the finite ele-
ment analysis tool COMSOL [13], demonstrates the two-slope
stress distribution resulted by the intrabranch atom diffusion.
It is clear that this stress distribution can be explained by
redistribution of the atoms among both the branches of the
tree. Tree decomposition on two independent segments will
never explain this type of stress distribution [14]. Closed-form
analytical description of the distribution of hydrostatic stress
caused by EM-induced redistribution of atoms inside an inter-
connect tree, which is needed for determination of the potential
locations for void nucleation, was the major motivation for the
reported work.

B. Related Works
Many, mostly experimental studies of the EM-induced

degradation of the multibranch interconnects were reported
in the literature. Vairagar et al. [15] studied the depen-
dence of EM-induced failure in a three-terminal Cu wire
on the electric current configuration in adjoining intercon-
nect segments and provided direct evidence of the peculiar
EM behavior. Experimental characterization of the reliability
of dual-damascene Cu interconnect tree structures consist-
ing of straight contact-to-contact lines has been analyzed
in [16]–[18]. However, it did not give a unified ana-
lytic form to model the three-terminal interconnect trees
which strongly depend on the correlated stress evolution
in neighboring segments. In [19], the effects of EM in a
three-terminal L-shaped interconnect tree were studied by
using a numerical simulation technique based on solution of

the 1-D Korhonen’s equation [11]. An analytic model for
the stress evolution in the star-like tree represented by semi-
infinite segments with known current densities connected at the
central node has been developed in [20]. In order to imple-
ment critical threshold design rules of EM reliability, a nodal
analysis technique for computing the steady-state EM-induced
stress was proposed in [21]. The nodal analysis technique is an
approximate method for calculating the node voltages at the
ends of the interconnect segments extracted from the larger
interconnect network. In [22], a systematic study of Blech
effect-based model for EM in complex structures including
the effect of adjacent segments has been made, but transient
analysis has not been performed on this model.

In this paper, we propose, for the first time, an accurate and
first principle-based analytic model for calculating the hydro-
static stress evolution in the finite multibranch interconnect
trees during the void nucleation phase. An ultimate goal is a
capability to predict all suspicious locations inside intercon-
nect where void can be nucleated. A well-known steady state
analysis of the hydrostatic stresses distribution across the tree
can provide just potential locations for void nucleation, where
these stresses exceed the critical one. In reality, when the
stress evolution kinetics is considered, these void nucleation
site locations could be quite different. We have derived the ana-
lytical expressions describing the hydrostatic stress evolution
in several typical interconnect trees: 1) the straight-line three-
terminal wires; 2) the T-shaped four-terminal wires; and 3) the
cross-shaped five-terminal wires. This new approach solves the
stress evolution in a multibranch tree by de-coupling the indi-
vidual segments through the proper boundary condition (BC)
accounting the interactions between different branches. By
using Laplace transformation technique, analytical solutions
are obtained for each tree. The analytical solutions then are
obtained in terms of set of auxiliary basis functions using the
complementary error function. The employed transient anal-
ysis is a part of the dynamical analysis of the EM-induced
IR-drop degradation. Those analytical EM models agree well
with COMSOL simulation results. Furthermore, we demon-
strate that employing just the first dominant basis function
can lead to less than 4% error and by using the first two basis
functions the error does not exceed 0.5%, which is sufficient
for practical EM analysis.

The rest of this paper is organized as follows. Section II
describes the existing analytical expression for the stress evo-
lution in the single confined metal line with the blocking
BC. In Section III, we present our analytical solutions by
using the Laplace transformation technique for the straight-
line three-terminal wire, the T-shaped four-terminal wire, and
the cross-shaped five-terminal wire. In Section IV, we show
the segment length effect in EM-induced stress evolution by
using the proposed analytical method. Experimental results for
a number of benchmark examples are provided in Section V.
Concluding remarks are drawn in Section VI. The details of the
mathematical derivation of the analytical EM analysis for the
T-shaped four-terminal interconnect tree and the cross-shaped
five-terminal interconnect tree are presented in the Appendix.

II. DYNAMIC STRESS EVALUATION FOR
SINGLE SEGMENT WIRE

Before we present our analytical solutions to the PDE
describing the stress evolution in multibranch interconnect
trees, let us review the basic hydrostatic stress evolution tak-
ing place in a single segment wire loaded with the constant
electric current.

Authorized licensed use limited to: Univ of Calif Riverside. Downloaded on June 24,2026 at 15:12:23 UTC from IEEE Xplore.  Restrictions apply. 



CHEN et al.: ANALYTICAL MODELING AND CHARACTERIZATION OF EM EFFECTS FOR MULTIBRANCH INTERCONNECT TREES 1813

TABLE I
NOTATIONS AND TYPICAL VALUE IN OUR TRANSIENT SIMULATION

Fig. 2. (a) EM-induced stress development and distribution along a single
metal wire. (b) Stress development at the cathode node.

For a 1-D metal wire, the stress evolution σ(t) caused by
EM effects is well described by the following diffusion-like
equation [11]:

∂σ(x, t)

∂t
= ∂

∂x

[
κ

(
∂σ(x, t)

∂x
+ G

)]
(1)

where κ = (DaB�/kT) is the “stress” diffusivity and G =
(Eq∗/�) is the EM driving force, Da is the effective atomic
diffusion coefficient

Da = D0 exp

(
−Ea

kT

)
. (2)

Here, D0 is the pre-exponential factor, Ea is the activa-
tion energy, B is the effective bulk modulus, � is the
atomic volume, k is Boltzmann’s constant, T is the absolute
temperature, E is the electric field, and q∗ is the effective
charge. The electric field E can be replaced by the product of
the resistivity ρ times the current density j, i.e., E = ρj. The
effective charge q∗ = |Z∗|e is a known quantity, where e is the
elementary charge and Z∗ is the effective charge number. As a
result, driving force G can be rewritten as G = (ρj|Z∗|e/�).
To facilitate the comprehension of this paper, we summarize
the major notations in Table I.

Fig. 2 shows the stress development over time in a metal
line computed by COMSOL. Fig. 2(a) shows that tensile (the
positive) stress will be developed over time at the cathode
node (left node) and compressive (the negative) stress will be
developed at the anode node (right node). The stress changes
sign in the middle of the wire. The built-up stress (its gradient)
will serve as the counter-force for atomic flux. It was agreed
that development of the so-called critical stress σcrit should
be used as a condition for a void nucleation. Indeed, due to
a huge activation energy a void cannot be nucleated by, for
example, vacancy agglomeration even when the stress is big.
At the same time different natural flaws such as micro cracks,
small process induced cavities (pores), dislocation gladding

induced steps, etc., usually pre-exist in metal. The classical
model of the homogeneous nucleation [23] says that a cav-
ity located in the metal, loaded with the hydrostatic tensile
stress σ , can either shrink or enlarge depending on the origi-
nal cavity size R. In the very rough approximation, which we
use for illustrative purposes, if R < Rc = 2γ /σ , where γ is
the cavity surface energy per unit area, the cavity will shrink
to reduce the free energy of the system represented by the
metal with cavity; if R > Rc, the cavity will enlarge to reduce
this energy. Thus, assuming that the pre-existing cavities are
of the 5–10 nm size, we can estimate the critical stress level
of σ ≈ 200–500 MPa when γ = 1N/m2. It means, if stress
exceeds the critical level then the pre-existing cavities of the
corresponding sizes start to grow. Rate of this growth is deter-
mined by the atomic diffusion, i.e., is pretty slow. We can see
from Fig. 2(b) that if the largest stress at the cathode node
exceeds the critical stress, then the growing voids will be gen-
erated. If the stress development enters a steady state (atomic
diffusion stops) before it reaches the critical stress, the wire
will become immortal.

Equation (1) can have different closed-form solutions with
different BC. Following [11], we assume throughout the rest of
this paper that the diffusivity-like parameter κ does not depend
on stress, and hence, on time. For the blocking BC, the atomic
flux is blocked at both line ends x = 0 and x = L, i.e., J(0, t) =
J(L, t) = 0, where J(x, t) = (Da/�kT)((∂σ (x, t)/∂x) + G).
Following [11], the stress evolution in the line can be
described as

σ(x, t, κ, G)

= σT + GL

⎧⎨
⎩

1

2
− x

L

− 4
∞∑

n=0

cos
(
(2n + 1)π x

L

)
(2n + 1)2π2 exp

(
(2n + 1)2π2 κt

L2

)
⎫⎬
⎭
(3)

where σT is the pre-existing residual stress due to a ther-
mal process. An ultimate target of the existing EM modeling
approaches is prediction of the void nucleation time, i.e., the
instance in time when the stress developed in the line has
reached the critical stress [24]. To derive the closed-form
expression, one can keep the slowest decaying term of the
infinite series in (3) to obtain the approximate estimation for
stress at the line cathode end (x = 0) as

σ(t, T, j) ≈ σT + GL

⎛
⎜⎜⎝1

2
− 1

2 exp

{
DaB�t

L2kT

}
⎞
⎟⎟⎠. (4)

As a result, when σ(t, T, j) ≥ σcrit, the nucleation time tnuc
can be computed in an analytical form as

tnuc = L2kT

DaB�
ln

⎧⎪⎨
⎪⎩

ρj|Z∗|eL

2�

σT + ρj|Z∗|eL

2�
− σcrit

⎫⎪⎬
⎪⎭. (5)

III. NEW ANALYTICAL MODELS FOR MULTIBRANCH
INTERCONNECT TREE

In this section, we present our analytical solution to the
multibranch interconnect trees. We discuss three cases: 1) the
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Fig. 3. Straight-line three-terminal interconnect tree.

straight-line three-terminal interconnect tree; 2) the T-shaped
four-terminal interconnect tree; and 3) the cross-shaped five-
terminal interconnect tree as they are commonly seen in many
practical VLSI wirings for a single metal layer. In this paper,
the tree is defined as an elemental EM reliability unit con-
sisting of continuously connected highly conductive metal
segments lying within one layer of metallization and sur-
rounded by the diffusion barriers [Ta/TaN liners and Si(C)N
dielectric barrier]. In the general case the tree has more than
one termination branch. In this section, we focus on the three
cases, corresponding to different types of trees, regarding
the derivation of exact analytical solutions and approximate
expressions for the hydrostatic stress evaluation in the EM
void nucleation phase.

A. Straight-Line Three-Terminal Interconnect Tree
For multibranch interconnect tree, EM-induced stress evo-

lution in nucleation and growth phases is still governed by the
Korhonen’s equation [11]. But it is a difficult task to solve
simultaneously the Korhonen’s equation for all the branches.
One viable approach is to break the multibranch interconnect
tree into a number of simple single-segment wires in a way
that we can apply the Korhonen’s equation for each segment.
At the joints of two connected wire segments, the stress value
must be continuous as well as the atomic flux. It should be
noted that the last condition is valid in the case of equal seg-
ment widths, which is analyzed below. Also, note that the
current densities at the boundaries may not be continuous, but
must meet the Kirchhoff’s circuit law.

We first analyze the three-terminal interconnect tree with
two segments with the current flow directions as shown in
Fig. 3. The current densities in the two segments may not be
the same, which will be determined by the rest of the circuit.
For the two segments, we have the following two diffusion
equations based on the Korhonen model [11]:

∂σ1(x, t)

∂t
= ∂

∂x

[
κ1

(
∂σ1(x, t)

∂x
+ G1

)]
,

in − L < x < 0, t > 0
∂σ2(x, t)

∂t
= ∂

∂x

[
κ2

(
∂σ2(x, t)

∂x
+ G2

)]
,

in 0 < x < L, t > 0. (6)

For the void nucleation phase, the hydrostatic stresses in the
two segments will interplay with each other, which is reflected
in the BC

κ1

(
∂σ1(x, t)

∂x
+ G1

)
= 0, at x = −L, t > 0

σ1(x, t) = σ2(x, t), at x = 0, t > 0

κ1

(
∂σ1(x, t)

∂x
+ G1

)
= κ2

(
∂σ2(x, t)

∂x
+ G2

)
,

at x = 0, t > 0

κ2

(
∂σ2(x, t)

∂x
+ G2

)
= 0, at x = L, t > 0. (7)

The second equation in (7) means that stresses at the bound-
ary need to be continuous. The third one indicates that the
atom flux is also continuous at the boundary. The ICs of the
equations are as follows:

σ1(x, t) = 0, for t = 0,in − L < x < 0
σ2(x, t) = 0, for t = 0,in 0 < x < L (8)

which basically says that there is no stress anywhere in the
whole tree at t = 0. With the given boundary and initial condi-
tions (ICs), it turns out that we can use the Laplace transform
technique to obtain the exact analytical solution for the stresses
in these two segments, which are expressed as infinite series
of some basis functions.

Starting with the function σ(x, t) of time and space coor-
dinates, the Laplace transform of σ(x, t) can be defined as
σ̂ (x, s) = ∫ +∞

0 e−stσ(x, t)dt. This new function has several
important properties which will turn out to be convenient for
purposes of solving the diffusion equations (6) with the BC (7)
and the IC (8). The Laplace transform technique has been used
to calculate the hydrostatic stress evolution at the intersec-
tion of a semi-infinite interconnect [18], [20]. However, they
did not give an exact closed-form expression of the stress evo-
lution of this type of interconnect if each segment has finite
length. Using this Laplace transform for (6) with the IC (8),
we get the ordinary differential equations

d2σ̂1(x, s)

dx2
= s

κ1
σ̂1(x, s), −L < x < 0

d2σ̂2(x, s)

dx2
= s

κ2
σ̂2(x, s), 0 < x < L. (9)

Solution of these equations provides

σ̂1(x, s) = A1,Ie

√
s

κ1
x

+ B1,Ie
−
√

s

κ1
x

σ̂2(x, s) = A2,Ie

√
s

κ2
x

+ B2,Ie
−
√

s

κ2
x

. (10)

We will need to calculate the undetermined coefficients A1,I ,
A2,I , B1,I , and B2,I so that the corresponding solutions satisfy
the BC (7). Using the Laplace transform again, we get

dσ̂1(x, s)

dx
+ G1

s
= 0, at x = −L

σ1(x, s) = σ2(x, s), at x = 0

κ1

(
dσ̂1(x, s)

dx
+ G1

s

)
= κ2

(
dσ̂2(x, s)

dx
+ G2

s

)
, at x = 0

dσ̂2(x, s)

dx
+ G2

s
= 0, at x = L. (11)

Substituting the expressions σ̂1(x, s) and σ̂2(x, s) from (10)
into (11), we obtain⎡
⎢⎢⎢⎢⎣

a1

d1
− a1d1 0 0

0 0 a2d2 − a2

d2
κ1a1 − κ1a1 − κ2a2 κ2a2

1 1 − 1 − 1

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎣

A1,I
B1,I
A2,I
B2,I

⎤
⎥⎦ =

⎡
⎢⎣

−c1−c2
f21
0

⎤
⎥⎦ (12)

where ai = √
(s/κi), bi = aiL, ci = (Gi/s), di = ebi(i = 1, 2),

and f21 = κ2c2 − κ1c1.
Solution of the linear system (12) yields these coefficients.

For the sake of simplicity we assume that each branch in
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the three-terminal interconnect tree has the same diffusivity,
i.e., κ1 = κ2 = κ . In order to ensure that this assump-
tion is met, the temperature for each branch should be
kept the same due to the fact that the diffusion coefficient
in metal (Cu) lines depends on the temperature. With this
assumption, we can conclude that a1 = a2 = a, b1 = b2 = b,
and d1 = d2 = d. Thus, solving the linear system (12)
yields

A1,I = 2c1d−3 − (c1 − c2)d−2 − 2c2d−1 − (c1 − c2)

2a(1 − d−4)

B1,I = −(c1 − c2)d−4 − 2c2d−3 − (c1 − c2)d−2 + 2c1d−1

2a(1 − d−4)

A2,I = −(c1 − c2)d−4 + 2c1d−3 − (c1 − c2)d−2 − 2c2d−1

2a(1 − d−4)

B2,I = −2c2d−3 − (c1 − c2)d−2 + 2c1d−1 − (c1 − c2)

2a(1 − d−4)
.

(13)

In order to derive the analytical solutions σ1(x, t) and
σ2(x, t) from (10) and (13) by using the inverse Laplace
transform technique, we need to introduce the following
functions:

ξ1(x, n) = (3 + 4n)L − x, ξ2(x, n) = (2 + 4n)L − x

ξ3(x, n) = (1 + 4n)L − x, ξ4(x, n) = 4nL − x

ξ5(x, n) = (4 + 4n)L + x, ξ6(x, n) = (3 + 4n)L + x

ξ7(x, n) = (2 + 4n)L + x, ξ8(x, n) = (1 + 4n)L + x

η1(x, n) = (4 + 4n)L − x, η2(x, n) = (3 + 4n)L − x

η3(x, n) = (2 + 4n)L − x, η4(x, n) = (1 + 4n)L − x

η5(x, n) = (3 + 4n)L + x, η6(x, n) = (2 + 4n)L + x

η7(x, n) = (1 + 4n)L + x, η8(x, n) = 4nL + x (14)

where n is a non-negative integer. Also we need to introduce
the complementary error function which is defined as

erfc{x} = 2√
π

∫ +∞

x
e−t2 dt. (15)

Based on the above complementary error function, we con-
struct the following basis function:

g(x, t) = 2

√
κt

π
e
− x2

4κt − x × erfc

{
x

2
√

κt

}
. (16)

Using these functions ξi(x, n), ηi(x, n)(i = 1, 2, . . . , 8)
and g(x, t), we can obtain the exact analytical solutions for
the stress evolution in both segments

σ1,I(x, t) = 1

2

+∞∑
n=0

{
2G1g(ξ1, t) + (G2 − G1)g(ξ2, t)

− 2G2g(ξ3, t) + (G2 − G1)g(ξ4, t)
}

+ 1

2

+∞∑
n=0

{
(G2 − G1)g(ξ5, t) − 2G2g(ξ6, t)

+ (G2 − G1)g(ξ7, t) + 2G1g(ξ8, t)
}

(17)

Fig. 4. EM stress development along the lines 1 and 2 in the three-terminal
interconnect tree. (a) j1 = 2 × 1010 A/m2 and j2 = 0 A/m2. (b) j1 = 2 ×
1010 A/m2 and j2 = 6 × 1010 A/m2.

σ2,I(x, t) = 1

2

+∞∑
n=0

{
(G2 − G1)g(η1, t) + 2G1g(η2, t)

+ (G2 − G1)g(η3, t) − 2G2g(η4, t)
}

+ 1

2

+∞∑
n=0

{−2G2g(η5, t) + (G2 − G1)g(η6, t)

+ 2G1g(η7, t) + (G2 − G1)g(η8, t)
}
.

(18)

As it will be shown below, if we keep the first dominant term
(n = 0), the error is just about 4%. The approximate solutions
with only one dominant term for the segments 1 and 2 are

σ1,I(x, t) ≈ 1

2

{
2G1g(ξ1(x, 0), t) + (G2 − G1)g(ξ2(x, 0), t)

− 2G2g(ξ3(x, 0), t) + (G2 − G1)g(ξ4(x, 0), t)
}

+ 1

2

{
(G2 − G1)g(ξ5(x, 0), t) − 2G2g(ξ6(x, 0), t)

+ (G2 − G1)g(ξ7(x, 0), t) + 2G1g(ξ8(x, 0), t)
}

(19)

σ2,I(x, t) ≈ 1

2

{
(G2 − G1)g(η1(x, 0), t) + 2G1g(η2(x, 0), t)

+ (G2 − G1)g(η3(x, 0), t) − 2G2g(η4(x, 0), t)
}

+ 1

2

{−2G2g(η5(x, 0), t) + (G2 − G1)g(η6(x, 0), t)

+ 2G1g(η7(x, 0), t) + (G2 − G1)g(η8(x, 0), t)
}
.

(20)

Fig. 4(a) shows obtained evolution of the stress distribution
along the three-terminal interconnect tree. Analytical solution
obtained with the proposed method fits well to the results of
the numerical simulation at every time instance. In this case,
the segment 1 (left) is called reservoir as it supplies atoms
to the segment 2 (right), which is called sink [21]. Typically
when the current in the sink is zero or small, voids are only
nucleated in the reservoir. This is clarified in Fig. 4(a), since
the tensile stresses are generated in the reservoir only. But,
when the sink becomes active (loaded with nonzero current),
voids can be nucleated in the sink as well. In this case, the
stress in some portions of the sink may exceed the critical
stress that can explain the experimental observation described
in [25].

Similar to the single wire case, if the critical stress σcrit is
known, then the void nucleation time tnuc can be calculated
for each segment

σ1,I(x, tnuc,1) = σcrit

σ2,I(x, tnuc,2) = σcrit. (21)
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Fig. 5. T-shaped four-terminal interconnect tree.

Since σ1,I(x, tnuc,1) and σ2,I(x, tnuc,2) are nonlinear func-
tions, an iterative method can be used to find the tnuc.
In practical computation of the void nucleation time tnuc,
the complementary function can be approximated as
erfc{x} ≈ (e−x2

/
√

πx)(1 − (1/2x2)). Substituting
this approximate form into the basis function (16),
we obtain

g(x, t) ≈ 4κt

x2

√
κt

π
e− x2

4κt . (22)

Thus, a simplified formula for calculating the void nucleation
time can be obtained from (19)–(22). Based on this simpli-
fied form, the void nucleation time can be computed by using
Newton’s iterative method with an initial guess which is close
to the true value. Fig. 4(a) and (b) indicates that the initial
estimate can be set to be about 107 s, which can lead to a
much faster convergence.

B. T-Shaped Four-Terminal Interconnect Tree
The structure of the T-shaped four-terminal interconnect

tree is shown in Fig. 5. In this case, we have three seg-
ments which connect through the middle node “o.” The stress
evolution equations for this interconnect tree consisting of
three lines with the corresponding boundary and ICs can be
solved. The dynamic stress evolution equation with BC for
the T-shaped four-terminal interconnect tree can be found in
the Appendix. To calculate the exact analytical solutions by
using the Laplace transform technique, we need to assume
that every branch in this interconnect tree has the same tem-
perature. The details for deriving the analytical solutions has
been given in the Appendix and here we only show the final
results.

As it was done in the previous case of the two-
terminal stress, the analytical solution is represented in
terms of a set of auxiliary basis functions by using the
complementary error function. Practical calculation formu-
las should be developed for the exact series solutions of
the four-terminal interconnect tree. Below we will demon-
strate that the first dominant term is a good approximate
solution

σ1,T(x1, t)

≈ −1

3

{−3G1g(ξ1(x1, 0), t) + (G1 − G2 + G3)g(ξ2(x1, 0), t)

+ (G1 + 2G2 − 2G3)g(ξ3(x1, 0), t)
+ (G1 − G2 + G3)g(ξ4(x1, 0), t)

}
− 1

3

{
(G1 − G2 + G3)g(ξ5(x1, 0), t)

+ (G1 + 2G2 − 2G3)g(ξ6(x1, 0), t)
+ (G1 − G2 + G3)g(ξ7(x1, 0), t)
− 3G1g(ξ8(x1, 0), t)

}
(23)

Fig. 6. (a) EM stress distribution in the T-shaped four-terminal wires at
the time t = 1 × 108 s. (b) EM stress development along the lines 1 and 2:
j1 = 4 × 1010 A/m2, j2 = 2 × 1010 A/m2 and j3 = 1 × 1010 A/m2.

σ2,T(x2, t)

≈ −1

3

{
(G1 − G2 + G3)g(η1(x2, 0), t)

− (2G1 + G2 + 2G3)g(η2(x2, 0), t)
+ (G1 − G2 + G3) × g(η3(x2, 0), t)
+ 3G2g(η4(x2, 0), t)

− 1

3

{
3G2 × g(η5(x2, 0), t)

+ (G1 − G2 + G3)g(η6(x2, 0), t)
− (2G1 + G2 + 2G3)g(η7(x2, 0), t)
+ (G1 − G2 + G3)g(η8(x2, 0), t)

}
(24)

σ3,T(x3, t)

≈ −1

3

{− 3G3g(ξ1(x3, 0), t) + (G1 − G2 + G3)

× g(ξ2(x3, 0), t)(−2G1 + 2G2 + G3)g(ξ3(x3, 0), t)
+ (G1 − G2 + G3)g(ξ4(x3, 0), t)

}
− 1

3

{
(G1 − G2 + G3) × g(ξ5(x3, 0), t)

+ (−2G1 + 2G2 + G3)g(ξ6(x3, 0), t)
+ (G1 − G2 + G3)g(ξ7(x3, 0), t)
− 3G3g(ξ8(x3, 0), t)

}
. (25)

The void nucleation time tnuc can be obtained by solving the
equations σ1,T(x1, tnuc,1) = σcrit, σ2,T(x2, tnuc,2) = σcrit, and
σ3,T(x3, tnuc,3) = σcrit. Fig. 6(a) demonstrates the stress distri-
butions in the T-shaped tree shown in Fig. 5 that were obtained
with COMSOL. Fig. 6(b) shows an evolution of the stress dis-
tributions along the segments 1 and 2 of the T-shaped tree that
was obtained with COMSOL and the one-term approximation.
Its comparison confirms that the one-term approximation is
pretty accurate.

It should be noted that, in a case when the passive reservoir
is present (dangling limb), then the corresponding continuity
equation will have just stress gradient flux. For the upstream
via (the test line is on a higher metal level compared to the
current supply line) an ideal description should be modeled
as a T-junction represented by a via-body (vertical segment)
with the flux-divergence BC, a passive limb (left metal recess),
and metal line on the right-hand side. The downstream via
(test line is on a lower metal layer compared to the current
supply line) can be represented just as a line edge with the
flux-divergence BC.

C. Cross-Shaped Five-Terminal Interconnect Tree
In the cross-shaped five-terminal interconnect tree shown in

Fig. 7 there are four segments which connect to each other
through the middle node o. The exact analytical solution of
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Fig. 7. Cross-shaped five-terminal interconnect tree.

the stress evolution equation with the corresponding boundary
and ICs can be obtained. The details for the mathematical
derivation of the analytical EM analysis for this five-terminal
interconnect tree can be found in the Appendix. Here we only
show the final results.

Again, the approximate solution using the first slow-
decaying dominant term for every branch in the cross-shaped
tree provides

σ1,+(x1, t)

≈ −1

4

{−4G1g(ξ1(x1, 0), t) + (G1 − G2 + G3 − G4)

× g(ξ2(x1, 0), t) + 2(G1 + G2 − G3 + G4)

× g(ξ3(x1, 0), t) + (G1 − G2 + G3 − G4)

× g(ξ4(x1, 0), t)
}

− 1

4

{
(G1 − G2 + G3 − G4)g(ξ5(x1, 0), t)

+ 2(G1 + G2 − G3 + G4) × g(ξ6(x1, 0), t)
+ (G1 − G2 + G3 − G4)g(ξ7(x1, 0), t)
− 4G1g(ξ8(x1, 0), t)

}
(26)

σ2,+(x2, t)

≈ −1

4

{
(G1 − G2 + G3 − G4)g(η1(x2, 0), t)

− 2(G1 + G2 + G3 − G4)g(η2(x2, 0), t)
+ (G1 − G2 + G3 − G4)g(η3(x2, 0), t)
+ 4G2g(η4(x2, 0), t)

}
− 1

4

{
4G2 × g(η5(x2, 0), t) + (G1 − G2 + G3 − G4)

× g(η6(x2, 0), t)
− 2(G1 + G2 + G3 − G4)g(η7(x2, 0), t)
+ (G1 − G2 + G3 − G4)g(η8(x2, 0), t)

}
(27)

σ3,+(x3, t)

≈ −1

4

{−4G3g(ξ1(x3, 0), t) + (G1 − G2 + G3 − G4)

× g(ξ2(x3, 0), t) + 2(−G1 + G2 + G3 + G4)

× g(ξ3(x3, 0), t) + (G1 − G2 + G3 − G4)

× g(ξ4(x3, 0), t)

−1

4

{
(G1 − G2 + G3 − G4)g(ξ5(x3, 0), t)

+ 2(−G1 + G2 + G3 + G4)g(ξ6(x3, 0), t)
+ (G1 − G2 + G3 − G4) × g(ξ7(x3, 0), t)
− 4G3g(ξ8(x3, 0), t)

}
(28)

Fig. 8. (a) EM stress distribution in the cross-shaped four-terminal inter-
connect tree at the time t = 1 × 108 s. (b) EM stress development along the
lines 1 and 2: j1 = 4×1010 A/m2, j2 = 2×1010 A/m2, j3 = −2×1010 A/m2,
and j4 = 1 × 1010 A/m2.

σ4,+(x4, t)

≈ −1

4

{
(G1 − G2 + G3 − G4)g(η1(x4, 0), t)

− 2(G1 − G2 + G3 + G4)g(η2(x4, 0), t)
+ (G1 − G2 + G3 − G4)g(η3(x4, 0), t)
+ 4G4g(η4(x4, 0), t)

− 1

4

{
4G4 × g(η5(x4, 0), t) + (G1 − G2 + G3 − G4)

× g(η6(x4, 0), t) − 2(G1 − G2 + G3 + G4)

× g(η7(x4, 0), t) + (G1 − G2 + G3 − G4)

× g(η8(x4, 0), t). (29)

As before, we can calculate the void nucleation time
tnuc by solving the four equations σ1,+(x1, tnuc,1) =
σcrit, σ2,+(x2, tnuc,2) = σcrit, σ3,+(x3, tnuc,3) = σcrit, and
σ4,+(x4, tnuc,4) = σcrit.

As an illustration, we set the current densities in the four
segments to j1 = 4 × 1010 A/m2, j2 = 2 × 1010 A/m2,
j3 = −2 × 1010A/m2 × 1010 A/m2, and j4 = 1 × 1010 A/m2.
We use COMSOL to simulate the stress distributions in the
cross-shaped tree shown in Fig. 8(a). Stress evolution obtained
with our model using the one-term approximation fits well the
simulation results obtained with COMSOL [Fig. 8(b)].

D. Interconnects With More Complex Structures
We have derived analytical models for EM reliability

analysis in the straight-line three-terminal interconnect tree,
the T-shaped four-terminal interconnect tree and the cross-
shaped five-terminal interconnect tree, which reflect the
practical VLSI interconnect architectures and interconnect
layout-design techniques. The effects of temperature, current
density, and segment length on stress evolution can be easily
observed from the proposed analytical models. The devel-
oped methodology treats all involved current densities as the
effective one. It means that the time-dependent currents are
replaced by the effective DC currents, which are calculated
on the basis of equal void nucleation times caused by these
two currents [26].

In actual integrated circuits there are various types of
interconnect trees as shown in Table II which shows EM-
induced reliability models in various studies. Reliability anal-
ysis approaches for the straight-line three-terminal wires,
the T-shaped four-terminal wires, and the cross-shaped five-
terminal wires have also been presented in [17], [27] and [28].
Experimental characterization for the three-terminal intercon-
nect tree has been investigated in [17]. A hierarchical reliabil-
ity methodology for interconnects has been proposed in [27]
to calculate time-to-failures which are combined using a joint
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TABLE II
EM RELIABILITY MODELS IN VARIOUS STUDIES

Fig. 9. EM-related reliability analysis flow based on the analytic model.

stochastic model of different trees. Experimental characteriza-
tion of the reliability of Cu dual-damascene interconnect trees
with three-terminal, four-terminal, and five-terminal configu-
rations has been investigated in [28]. But they did not give a
unified analytic form to calculate the stress evolution during
the void nucleation phase for these interconnect trees.

It should be noted that while simulation of stress evolution
in complex interconnect trees is possible, less computation-
ally intensive analytical models are needed for calculating
EM-induced stress evolution. As pointed out in [20], it is
impossible to analyze and fabricate all the possible intercon-
nect trees found in an integrated circuit. But we can develop
a set of rules and specifications to make realistic reliability
assessments of interconnects during the VLSI layout design
process. The purpose of this paper is to obtain analytical mod-
els of EM-induced stress evolution in a multibranch tree by
de-coupling the individual segments through the proper BC
accounting the interactions between different branches. The
proposed analytical models can also be applied for detailed
calculation of the time-dependent stress analysis in the hier-
archical reliability methodology for circuit level reliability
analysis of interconnects.

In the practical IC design flow, for EM sign-off analysis,
the accurate analysis of the stress evolution of multibranch
interconnect trees are first performed for quasi steady state
analysis which shows trees with the potential hydrostatic stress
larger than the critical stress. Then the tree-scale prevoiding
stress evolution kinetics (the technique proposed in this paper)
provides an the exact location and the instance time for the first
nucleated void. Then the post-voiding stress evolution kinetics
combined with the adjusted current densities everywhere in the
tree provides the locations and nucleation times for all other
possible voids inside this tree. In the flowchart shown in Fig. 9,
stress evolution kinetics analyses for multibranch interconnect
trees are fed into accurate analytical models, such as the ones
proposed in this paper.

This methodology, which was demonstrated on three dif-
ferent segment configurations, has a general character. It can
be implemented in the trees where the “steady-state analysis”
shows the locations with the stresses exceeding the critical
stress. It will provide an accurate void nucleation time in each
tree. These instances in time indicate when the resistances

Fig. 10. Example of general realistic interconnect structure.

of individual segments start to evolve resulting the current
density redistribution. These accurate nucleation times will be
used in the EM assessment flow, described in [9], replacing
the employed approximation-based nucleation times. The post-
voiding stress evolution, which is under development now, will
allow to predict generation of additional voids in the same
interconnect tree, i.e., will lead to more accurate assessment
of the evolution of the resistance of interconnect segments,
and finally to accurate assessment of IR-drop degradation. As
demonstrated in the Appendix, the initial problem of solu-
tion of the systems of PDEs reduces to solution of the sparse
systems of linear algebraic equations. It can be done for any
size of the problem. Thus, stress evolution inside interconnect
tree of any size can be resolved with required efficiency and
accuracy.

In order to further illustrate how the analytical model can
be extended to a more complex structure, we show an indi-
vidual interconnect tree of the power delivery grid, as shown
in Fig. 10. It represents a long metal line with a number
of the voltage ports, represented by the vias located at the
intersections between power grids (p-g) of the neighboring
metal levels, and a much larger number of the current ports,
represented by the contacts connecting power grid with the
circuits. The latter should be attributed mostly to the trees of
the p-g located at the lowest metal level (M1). In general case
the VDD M1 power rail is characterized by presence of a large
number of the upstream, regarding electron flow, tungsten con-
tacts. VSS rail is stuffed with the downstream tungsten contacts.
Due to an extremely low atomic diffusivity of tungsten and,
so, a big resistance to EM, the VDD M1 power rail should be
more susceptible to EM. Fig. 10 shows the schematics of the
VDD M1 power rail.

The VDD rail should be divided on the set of segments with
the ends represented the voltage and current ports and the
ends of the rail. It should be mentioned that due to the very
short lengths of the connections between the contact pads and
the rail we do not account them in our set up. Stress evolu-
tion equations (1) written for each segment and coupled to
each other by the BC representing the continuity of stress and
fluxes at all junctions should be solved. The general system
of equation in this case is a simple n-branch extension of the
system (6) written for the case of two connected segments

∂σ1

∂t
= ∂

∂x

[
κ1

(
∂σ1

∂x
+ G1

)]
, 0 ≤ x ≤ l1

∂σ2

∂t
= ∂

∂x

[
κ2

(
∂σ2

∂x
+ G2

)]
, l1 ≤ x ≤ l2

· · · · · ·
∂σn−1

∂t
= ∂

∂x

[
κn−1

(
∂σn−1

∂x
+ Gn−1

)]
, ln−2 ≤ x ≤ ln−1

∂σn

∂t
= ∂

∂x

[
κn

(
∂σn

∂x
+ Gn

)]
, ln−1 ≤ x ≤ L. (30)
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Fig. 11. Straight-line three-terminal interconnect tree with a variable segment
length.

BC for these equations similarly to (7) are the follows:

κ1

(
∂σ1

∂x
+ G1

)
= 0, x = 0

σ1 = σ2, x = l1

κ1

(
∂σ1

∂x
+ G1

)
= κ2

(
∂σ2

∂x
+ G2

)
, x = l1

σ2 = σ3, x = l2

κ2

(
∂σ2

∂x
+ G2

)
= κ3

(
∂σ3

∂x
+ G3

)
, x = l2

· · · · · ·
κn

(
∂σn

∂x
+ Gn

)
= 0, x = L. (31)

ICs are: σi = 0 at t = 0 at all segments. After transforming all
the equations and the corresponding BC into Laplace space we
get a system of n equations similar to (9) and BC represented
by n + 1 equations similar to (11). Solution of each ordinary
differential equation represented by (10) with two unknown
parameters, which will be found from BC, similarly to what
was done in the case of two-segments/three terminals case,
(13). A problem that we are solving is determination of the
moment of time and location on the VDD rail when and where
the first void will be nucleated. To do this we do not need to
make the inverse Laplace transformation. It is enough to com-
pare the stress in the Laplace space σi(x, s) with the Laplace
transform of the critical stress. It should be also taken into
account that not all junctions but just some of them can pro-
vide a condition for void nucleation: σ = σcrit. Basically just
two types of junctions characterized by specific configurations
of the current directions should be considered. First type is the
terminating segments serving as the current outlets (electron
cathodes), and second the junctions separating two segments
with electron flows directed outward this junctions.

IV. EFFECT OF THE SEGMENT LENGTH IN
EM-INDUCED STRESS EVOLUTION

By using the analytical method proposed in Section III, we
can obtain closed-form expressions for the EM-induced stress
evolution in multibranch interconnect trees with a variable seg-
ment length. This is demonstrated by investigating the effect
of segment length on the stress evolution in the straight-line
three-terminal interconnect tree shown in Fig. 11.

Results of the performed analysis are shown in
Fig. 12(a)–(d). The directions of the currents in the segments
are chosen to be opposite to each other, which causes the
tensile stress development at both cathode ends “a” and “b.”
The stress evolution is analyzed with the proposed analyt-
ical method. They demonstrate that the decreasing of the
length of one of the segments taking place under the fixed
electric current load results a progressive development of
the compressive stress in this segment. This is caused by
a continuously increasing back stress gradient in the short

Fig. 12. EM stress development along the segments 1 and 2 in the three-
terminal interconnect tree. (a) L2 = (1/6)L1. (b) L2 = (2/6)L1. (c) L2 =
(3/6)L1. (d) L2 = (4/6)L1. For call cases: j1 = 2 × 1010 A/m2 and j2 =
−2 × 1010 A/m2.

Fig. 13. EM stress development along the segments 1 and 2 in the three-
terminal interconnect tree. (a) j1 = 1 × 1010 A/m2, j2 = 5 × 109A/m2,
L1 = 10 μm, and L2 = 20 μm. (b) j1 = 1×1010 A/m2, j2 = −5×109A/m2,
L1 = 6 μm, and L2 = 20 μm.

segment due to a continuous supply of atoms from the long
segment to the segment boarder. On the other hand, as seen
in Fig. 12(c) and (d), a tensile stress can also build up in the
right segment if the length of this segment is long enough.
By varying the values of the applied current and the segment
length one can reach the situation when a void is nucleated
first in the short segment.

The stress profiles for different times shown in Fig. 13 are
obtained from the proposed analytical method and COMSOL
simulation. It can be seen from Fig. 13 that the proposed
analytical method fits well to the results of the numerical simu-
lations at every time instance. Experimental results show that
the proposed analytical method generates very small errors,
which is sufficient for practical EM analysis.

V. EXPERIMENTAL RESULTS AND DISCUSSION

The proposed dynamic EM model and the method of analy-
sis of multibranch interconnect trees have been implemented in
MATLAB and compared with COMSOL, which is considered
as a “golden” tool in this paper. The material parameters used
in our numerical simulations are shown in Table I. Different
trees used in our experiment are shown in Figs. 3, 5, and 7.
The length of each segment was set to 20 μm.
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Fig. 14. EM stress development along the lines 1 and 2 in the cross-shaped
five-terminal interconnect tree. (a) j1 = 5 × 1010 A/m2, j2 = 1 × 1010 A/m2,
j3 = 2.5 × 1010 A/m2, and j4 = 4 × 1010 A/m2. (b) j1 = 5 × 1010 A/m2,
j2 = −1 × 1010 A/m2, j3 = −2.5 × 1010 A/m2, and j4 = 4 × 1010 A/m2.
(c) j1 = 5 × 1010 A/m2, j2 = 4 × 1010 A/m2, j3 = 3 × 1010 A/m2, and
j4 = −5 × 1010 A/m2. (d) j1 = 5 × 1010 A/m2, j2 = 4 × 1010 A/m2,
j3 = −3 × 1010 A/m2, and j4 = −5 × 1010 A/m2.

A. EM Model Predictions With Different Current Densities
First, we analyze the EM model predictions against the

results of COMSOL simulations using the one term approx-
imation for the cross-shaped five-terminal interconnect tree.
The numerical results for the T-shaped four-terminal intercon-
nect tree have been discussed in [29]. The EM induced stress
distributions of the cross-shaped wire structure (here the only
segments 1 and 2 are shown) under different current density
sets are shown in Fig. 14(a)–(d). The stress profiles for dif-
ferent times are obtained from the one term approximation of
the exact series solution. In the case (a), the stress distribu-
tion is similar to the three-terminal single-wire case where the
segment 1 (left) is the reservoir and the segment 2 (right) is
the active sink with small current. Since j1 	 j2, the hydro-
static stress in the segment 2 are all compressive (negative).
For the case (b), the currents in these segments have differ-
ent directions. As a result, both of the segments demonstrate
tensile stresses, which matches well the results obtained with
COMSOL.

B. Accuracy Study for the Compact EM Models
Next, we study the accuracy of the EM models employing

different number of terms in the exact solution against the
COMSOL. Due to limited space, we only show the results for
the straight-line three-terminal interconnect case. We plot the
relative errors against COMSOL results for the cases using one
term (n = 0), two terms (n = 1), five terms (n = 4), and ten
terms (n = 9), which are shown in Fig. 15(a)–(d), respectively.
As we can see, by using just one term (n = 0), we can obtain
relative errors less than 4%. By using two terms (n = 1), the
error is reduced to 0.5%. By using more terms (n = 4 and
n = 9), the errors will still stay around 0.5%, which means
that two terms can achieve sufficient accuracy and adding more
terms does not increase the accuracy significantly. This is also
valid for all other considered interconnect trees.

Fig. 15. Relative errors between the proposed analytical model and the
COMSOL model for the straight-line three-terminal interconnect tree: j1 =
5 × 1010 A/m2 and j2 = 3 × 1010 A/m2. Relative errors using (a) one item,
(b) two items, (c) five items, and (d) ten items.

Fig. 16. Relative errors between the one-term and two-term approxima-
tions for the cross-shaped five-terminal wires. (a) j1 = 5 × 1010 A/m2,
j2 = 1010 A/m2, j3 = 5 × 1010 A/m2, and j4 = 1010 A/m2.
(b) j1 = 5 × 1010 A/m2, j2 = −1010 A/m2, j3 = −5 × 1010 A/m2,
and j4 = 1010 A/m2. (c) j1 = 5 × 1010 A/m2, j2 = 3 × 1010 A/m2,
j3 = 2 × 1010 A/m2, and j4 = −1010 A/m2. (d) j1 = 5 × 1010 A/m2,
j2 = −3 × 1010 A/m2, j3 = −2 × 1010 A/m2, and j4 = −1010 A/m2.

C. Convergence Analysis of the Infinite-Series Solution
To analyze the convergence behavior of the infinite-

series solution obtained by the aforementioned method, we
need to compare the (m + l)-term approximation with the
m-term approximation for arbitrary fixed non-negative inte-
gers m and l. Fig. 15(a) illustrates that there are only a
few locations in the metal wire where the relative errors
stay around 4%. We obtain similar results, when the one-
term approximation is applied, for the T-shaped four-terminal
and cross-shaped five-terminal interconnect trees. It can been
observed from Fig. 15(b) that the relative errors using the
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⎡
⎢⎢⎢⎢⎢⎣

a1
d1

−a1d1 0 0 0 0
0 0 a2d2 − a2

d2
0 0

0 0 0 0 a3
d3

−a3d3

κ1a1 −κ1a1 −κ2a2 κ2a2 κ3a3 −κ3a3
1 1 −1 −1 0 0
0 0 1 1 −1 −1

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

A1,T
B1,T
A2,T
B2,T
A3,T
B3,T

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

−c1−c2−c3−κ1c1 + κ2c2 − κ3c3
0
0

⎤
⎥⎥⎥⎥⎦ (33)

A1,T =
{

3c1d−3 − (c1 − c2 + c3)d
−2 − (c1 + 2c2 − 2c3)d

−1 − (c1 − c2 + c3)
}/{

3a
(

1 − d−4
)}

B1,T =
{
−(c1 − c2 + c3)d

−4 − (c1 + 2c2 − 2c3)d
−3 − (c1 − c2 + c3)d

−2 + 3c1d−1
}/{

3a
(

1 − d−4
)}

A2,T =
{
−(c1 − c2 + c3)d

−4 + (2c1 + c2 + 2c3)d
−3 − (c1 − c2 + c3)d

−2 − 3c2d−1
}/{

3a
(

1 − d−4
)}

B2,T =
{
−3c2d−3 − (c1 − c2 + c3)d

−2 + (2c1 + c2 + 2c3)d
−1 − (c1 − c2 + c3)

}/{
3a
(

1 − d−4
)}

A3,T =
{

3c3d−3 − (c1 − c2 + c3)d
−2 − (−2c1 + 2c2 + c3)d

−1 − (c1 − c2 + c3)
}/{

3a
(

1 − d−4
)}

B3,T =
{
−(c1 − c2 + c3)d

−4 − (−2c1 + 2c2 + c3)d
−3 − (c1 − c2 + c3)d

−2 + 3c3d−1
}/{

3a
(

1 − d−4
)}

(34)

two-term approximation are just about 0.5%. Therefore, for
discussing the convergence behavior of the infinite-series solu-
tion to the stress evolution in EM reliability analysis, we turn
out to compare the one-term approximation with the two-term
approximation. This comparison can be seen easily from the
numerical simulation results. Fig. 16 shows the comparison
results between the one-term and two-term approximations for
the cross-shaped five-terminal interconnect tree. We can see
from Fig. 16 that the relative errors between the one-term and
two-term approximations are less than 1%, which shows that
the dominant one-term approximation is sufficient for practical
EM analysis.

VI. CONCLUSION

In this paper, we have proposed a new modeling and
analysis technique for EM reliability analysis in multibranch
interconnect trees, which are common for practical VLSI inter-
connect architectures and wiring techniques. We have derived
the exact analytical solutions to the stress evolution equations
for the straight-line three-terminal wires, the T-shaped four-
terminal wires, and the cross-shaped five-terminal wires. The
new physics-based EM models for multibranch interconnect
trees show an excellent agreement with the detailed numeri-
cal analysis. Experimental results showed that using the first
dominant basis function can lead to less than 4% errors.
Furthermore, by using the first two basis functions, one can
have less than 0.5% errors, which is sufficient for practical
EM analysis.

APPENDIX

In this section, we list details for the mathematical deriva-
tion of our analytical EM analysis for the T-shaped four-
terminal interconnect tree and the cross-shaped five-terminal
interconnect tree.

A. Complete Solutions for the T-Shaped Four-Terminal
Interconnect Tree

The stress evolution equations for an interconnect tree
consisting of three segments

∂σ1

∂t
= ∂

∂x1

[
κ1

(
∂σ1

∂x1
+ G1

)]
,−L < x1 < 0, t > 0

∂σ2

∂t
= ∂

∂x2

[
κ2

(
∂σ2

∂x2
+ G2

)]
, 0 < x2 < L, t > 0

∂σ3

∂t
= ∂

∂x3

[
κ3

(
∂σ3

∂x3
+ G3

)]
,−L < x3 < 0, t > 0

subject to the BCs

κ1

(
∂σ1

∂x1
+ G1

)
= 0, x1 = −L, t > 0

σ1 = σ2 = σ3, x1 = x2 = x3 = 0, t > 0

κ1

(
∂σ1

∂x1
+ G1

)
− κ2

(
∂σ2

∂x2
+ G2

)

+ κ3

(
∂σ3

∂x3
+ G3

)
= 0, x1 = x2 = x3 = 0, t > 0

κ2

(
∂σ2

∂x2
+ G2

)
= 0, x2 = L, t > 0

κ3

(
∂σ3

∂x3
+ G3

)
= 0, x3 = −L, t > 0

and the ICs

σ1(x1, t) = 0, −L < x1 < 0, t = 0
σ2(x2, t) = 0, 0 < x2 < L, t = 0
σ3(x3, t) = 0, −L < x3 < 0, t = 0.

We use the Laplace transform technique to solve the stress
evolution equation with given BC and IC for the T-shaped
four-terminal interconnect tree. By applying the Laplace trans-
form, the analytical solutions in s-domain for each branch can
be given as

σ̂1(x, s) = A1,Te

√ s
κ1

x + B1,Te
−
√ s

κ1
x

σ̂2(x, s) = A2,Te

√ s
κ2

x + B2,Te
−
√ s

κ2
x

σ̂3(x, s) = A3,Te

√ s
κ3

x + B3,Te
−
√ s

κ3
x

(32)

where the coefficients Ai,T and Bi,T(i = 1, 2, 3) satisfy the
linear system (33) (shown at the top of this page). Assuming
that κ1 = κ2 = κ3 = κ , then we have a1 = a2 = a3 = a,
b1 = b2 = b3 = b, and d1 = d2 = d3 = d. With this
assumption, the coefficients Ai,T and Bi,T can be calculated
by (34) (shown at the top of this page). By applying the inverse
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Laplace transformation to σ̂i(x, s) in (32), we can obtain an
exact time domain solution

σ1,T(x1, t)

= −1

3

+∞∑
n=0

{
−3G1g(ξ1(x1, n), t) + (G1 − G2 + G3)

× g(ξ2(x1, n), t) + (G1 + 2G2 − 2G3)

× g(ξ3(x1, n), t) + (G1 − G2 + G3)

× g(ξ4(x1, n), t)
}

− 1

3

+∞∑
n=0

{
(G1 − G2 + G3)g(ξ5(x1, n), t)

+ (G1 + 2G2 − 2G3)g(ξ6(x1, n), t)
+ (G1 − G2 + G3)g(ξ7(x1, n), t)

− 3G1g(ξ8(x1, n), t)
}

σ2,T(x2, t)

= −1

3

+∞∑
n=0

{
(G1 − G2 + G3)g(η1(x2, n), t)

− (2G1 + G2 + 2G3)g(η2(x2, n), t)
+ (G1 − G2 + G3) × g(η3(x2, n), t)
+ 3G2g(η4(x2, n), t)

− 1

3

+∞∑
n=0

{
3G2 × g(η5(x2, n), t) + (G1 − G2 + G3)

× g(η6(x2, n), t) − (2G1 + G2 + 2G3)

× g(η7(x2, n), t) + (G1 − G2 + G3)

× g(η8(x2, n), t)
}

σ3,T(x3, t)

= −1

3

+∞∑
n=0

{
−3G3g(ξ1(x3, n), t) + (G1 − G2 + G3)

× g(ξ2(x3, n), t)(−2G1 + 2G2 + G3)

× g(ξ3(x3, n), t) + (G1 − G2 + G3)

× g(ξ4(x3, n), t)
}

− 1

3

+∞∑
n=0

{
(G1 − G2 + G3) × g(ξ5(x3, n), t)

+ (−2G1 + 2G2 + G3)g(ξ6(x3, n), t)
+ (G1 − G2 + G3)g(ξ7(x3, n), t)

− 3G3g(ξ8(x3, n), t)
}
.

B. Complete Solutions for the Cross-Shaped Five-Terminal
Interconnect Tree

The stress evolution equations for an interconnect tree
consisting of four segments

∂σ1

∂t
= ∂

∂x1

[
κ1

(
∂σ1

∂x1
+ G1

)]
, −L < x1 < 0, t > 0

∂σ2

∂t
= ∂

∂x2

[
κ2

(
∂σ2

∂x2
+ G2

)]
, 0 < x2 < L, t > 0

∂σ3

∂t
= ∂

∂x3

[
κ3

(
∂σ3

∂x3
+ G3

)]
, −L < x3 < 0, t > 0

∂σ4

∂t
= ∂

∂x4

[
κ4

(
∂σ4

∂x4
+ G4

)]
, 0 < x4 < L, t > 0

subject to the BCs

κ1

(
∂σ1

∂x1
+ G1

)
= 0, x1 = −L, t > 0

σ1 = σ2 = σ3 = σ4, x1 = x2 = x3 = x4 = 0, t > 0

κ1

(
∂σ1

∂x1
+ G1

)
− κ2

(
∂σ2

∂x
+ G2

)

+ κ3

(
∂σ3

∂x3
+ G3

)
− κ4

(
∂σ4

∂x4
+ G4

)
= 0,

x1 = x2 = x3 = x4 = 0, t > 0

κ2

(
∂σ2

∂x2
+ G2

)
= 0, x2 = L, t > 0

κ3

(
∂σ3

∂x3
+ G3

)
= 0, x3 = −L, t > 0

κ4

(
∂σ4

∂x4
+ G4

)
= 0, x2 = L, t > 0

and the ICs

σ1(x1, t) = 0, −L < x1 < 0, t = 0

σ2(x2, t) = 0, 0 < x2 < L, t = 0

σ3(x3, t) = 0, −L < x3 < 0, t = 0

σ4(x4, t) = 0, 0 < x4 < L, t = 0.

By using the Laplace transform technique, we obtain an exact
analytical solution in s-domain

σ̂1(x, s) = A1,+e

√ s
κ1

x + B1,+e
−
√ s

κ1
x

σ̂2(x, s) = A2,+e

√ s
κ2

x + B2,+e
−
√ s

κ2
x

σ̂3(x, s) = A3,+e

√ s
κ3

x + B3,+e
−
√ s

κ3
x

σ̂4(x, s) = A4,+e

√ s
κ4

x + B4,+e
−
√ s

κ4
x

(37)

where the coefficients Ai,+ and Bi,+(i = 1, 2, 3, 4) can be
calculated by solving the linear system (35) (shown at the top
of the next page). Assuming that κ1 = κ2 = κ3 = κ4 = κ ,
we have a1 = a2 = a3 = a, b1 = b2 = b3 = b, and d1 =
d2 = d3 = d. Thus, the coefficients Ai,+ and Bi,+ can be
given by (36) (shown at the top of the next page). By using
the inverse Laplace transform technique, we obtain

σ1,+(x1, t)

= −1

4

+∞∑
n=0

{
−4G1g(ξ1(x1, n), t) + (G1 − G2 + G3 − G4)

× g(ξ2(x1, n), t) + 2(G1 + G2 − G3 + G4)

× g(ξ3(x1, n), t) + (G1 − G2 + G3 − G4)

× g(ξ4(x1, n), t)
}

− 1

4

+∞∑
n=0

{
(G1 − G2 + G3 − G4)g(ξ5(x1, n), t)

+ 2(G1 + G2 − G3 + G4) × g(ξ6(x1, n), t)
+ (G1 − G2 + G3 − G4)g(ξ7(x1, n), t)

− 4G1g(ξ8(x1, n), t)
}
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a1
d1

−a1d1 0 0 0 0 0 0
0 0 a2d2 − a2

d2
0 0 0 0

0 0 0 0 a3
d3

−a3d3 0 0
0 0 0 0 0 0 a4d4 − a4

d4
κ1a1 −κ1a1 −κ2a2 κ2a2 κ3a3 −κ3a3 −κ4a4 κ4a4

1 1 −1 −1 0 0 0 0
0 0 1 1 −1 −1 0 0
0 0 0 0 1 1 −1 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

A1,+
B1,+
A2,+
B2,+
A3,+
B3,+
A4,+
B4,+

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−c1−c2−c3−c4−κ1c1 + κ2c2 − κ3c3 + κ4c4
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(35)

A1,+ =
{

4c1d−3 − (c1 − c2 + c3 − c4)d
−2 − (2c1 + 2c2 − 2c3 + 2c4)d

−1 − (c1 − c2 + c3 − c4)
}/{

4a
(

1 − d−4
)}

B1,+ =
{
−(c1 − c2 + c3 − c4)d

−4 − (2c1 + 2c2 − 2c3 + 2c4)d
−3 − (c1 − c2 + c3 − c4)d

−2 + 4c1d−1
}/{

4a
(

1 − d−4
)}

A2,+ =
{
−(c1 − c2 + c3 − c4)d

−4 + (2c1 + 2c2 + 2c3 − 2c4)d
−3 − (c1 − c2 + c3 − c4)d

−2 − 4c2d−1
}/{

4a
(

1 − d−4
)}

B2,+ =
{
−4c2d−3 − (c1 − c2 + c3 − c4)d

−2 + (2c1 + 2c2 + 2c3 − 2c4)d
−1 − (c1 − c2 + c3 − c4)

}/
4a
(

1 − d−4
)

A3,+ =
{

4c3d−3 − (c1 − c2 + c3 − c4)d
−2 − (−2c1 + 2c2 + 2c3 + 2c4)d

−1 − (c1 − c2 + c3 − c4)
}/{

4a
(

1 − d−4
)}

B3,+ =
{
−(c1 − c2 + c3 − c4)d

−4 − (−2c1 + 2c2 + 2c3 + 2c4)d
−3 − (c1 − c2 + c3 − c4)d

−2 + 4c3d−1
}/{

4a
(

1 − d−4
)}

A4,+ =
{
−(c1 − c2 + c3 − c4)d

−4 + (2c1 − 2c2 + 2c3 + 2c4)d
−3 − (c1 − c2 + c3 − c4)d

−2 − 4c4d−1
}/{

4a
(

1 − d−4
)}

B4,+ =
{
−4c4d−3 − (c1 − c2 + c3 − c4)d

−2 + (2c1 − 2c2 + 2c3 + 2c4)d
−1 − (c1 − c2 + c3 − c4)

}/{
4a
(

1 − d−4
)}

(36)

σ2,+(x2, t)

= −1

4

+∞∑
n=0

{
(G1 − G2 + G3 − G4)g(η1(x2, n), t)

− 2(G1 + G2 + G3 − G4)g(η2(x2, n), t)
+ (G1 − G2 + G3 − G4)g(η3(x2, n), t)

+ 4G2g(η4(x2, n), t)
}

− 1

4

+∞∑
n=0

{
4G2 × g(η5(x2, n), t) + (G1 − G2 + G3 − G4)

× g(η6(x2, n), t) − 2(G1 + G2 + G3 − G4)

× g(η7(x2, n), t) + (G1 − G2 + G3 − G4)

× g(η8(x2, n), t)
}

σ3,+(x3, t)

= −1

4

+∞∑
n=0

{
− 4G3g(ξ1(x3, n), t) + (G1 − G2 + G3 − G4)

× g(ξ2(x3, n), t) + 2(−G1 + G2 + G3 + G4)

× g(ξ3(x3, n), t) + (G1 − G2 + G3 − G4)

× g(ξ4(x3, n), t)

− 1

4

+∞∑
n=0

{
(G1 − G2 + G3 − G4)g(ξ5(x3, n), t)

+ 2(−G1 + G2 + G3 + G4)g(ξ6(x3, n), t)
+ (G1 − G2 + G3 − G4) × g(ξ7(x3, n), t)

− 4G3g(ξ8(x3, n), t)
}

σ4,+(x4, t)

= −1

4

+∞∑
n=0

{
(G1 − G2 + G3 − G4)g(η1(x4, n), t)

− 2(G1 − G2 + G3 + G4)g(η2(x4, n), t)
+ (G1 − G2 + G3 − G4)g(η3(x4, n), t)
+ 4G4g(η4(x4, n), t)

−1

4

+∞∑
n=0

{
4G4 × g(η5(x4, n), t) + (G1 − G2 + G3 − G4)

× g(η6(x4, n), t) − 2(G1 − G2 + G3 + G4)

× g(η7(x4, n), t) + (G1 − G2 + G3 − G4)

× g(η8(x4, n), t).
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