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Abstract—This paper proposes a novel stochastic method for
analyzing the voltage drop variations of on-chip power grid net-
works, considering lognormal leakage current variations. The
new method, called StoEKS, applies Hermite polynomial chaos
to represent the random variables in both power grid networks
and input leakage currents. However, different from the existing
orthogonal polynomial-based stochastic simulation method, ex-
tended Krylov subspace (EKS) method is employed to compute
variational responses from the augmented matrices consisting of
the coefficients of Hermite polynomials. Our contribution lies in
the acceleration of the spectral stochastic method using the EKS
method to fast solve the variational circuit equations for the first
time. By using the reduction technique, the new method par-
tially mitigates increased circuit-size problem associated with the
augmented matrices from the Galerkin-based spectral stochastic
method. Experimental results show that the proposed method
is about two-order magnitude faster than the existing Hermite
PC-based simulation method and many order of magnitudes faster
than Monte Carlo methods with marginal errors. StoEKS is scal-
able for analyzing much larger circuits than the existing Hermit
PC-based methods.

Index Terms— Extended Krylov subspace method, on-chip
power grids, statistic analysis.

I. INTRODUCTION

P ROCESS-INDUCED variability becomes the major de-
sign concern in the current 65-nm and coming 45-nm very

large scale integration (VLSI) technologies [28]. The process-
induced variations manifest themselves from wafer to wafer, die
to die, and device to device within a die [4], [19], [20]. Some
of the variations are systematic, like those caused by lithograph
processes. Some are purely random, like the doping density of
impurities and edge or thickness roughness due to the chemical
etching and chemical mechanical polishing processes. As the
technology moves to 65 nm and even to 45 nm, the variation
will become more and more significant.
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One important variation is the threshold voltage Vth vari-
ation. One reason is that subthreshold leakage current has a
rapid increasing rate (about 5 to 10 times increase per technol-
ogy generation [5]). Moreover, subthreshold leakage current is
highly sensitive to threshold voltage Vth variation, as the leak-
age current has exponential dependence on the threshold volt-
age Vth. If we model Vth as a random variable with Gaussian
distribution from interdie or intradie process variations, the
leakage currents will have a lognormal distribution, as shown
in [23]. As a result, leakage currents should be considered
for variational analysis for important global interconnects like
power grid networks.

A number of research works have been proposed recently to
address the voltage-drop-variation issues in the on-chip power
delivery networks under process variations. The voltage drop
of power grid networks subject to the leakage current variations
was first studied in [6] and [7]. This method assumes that the
lognormal distribution of the node voltage drop is caused by
lognormal leakage current inputs and is based on a localized
Monte Carlo [(MC); sampling] method to compute the variance
of the node voltage drop. However, this localized sampling
method is limited to the static dc solution of power grids mod-
eled as resistor-only networks. Therefore, it can only compute
the responses to the standby leakage currents. However, the
dynamic leakage currents become more significant, particularly
when the sleep transistors are intensively used nowadays for
reducing leakage powers. In [21] and [24], impulse responses
are used to compute the means and variances of node voltage re-
sponses due to general current variations. However, this method
needs to know the impulse responses from all the current
sources to all the nodes, which is expensive to compute for a
large network. This method also cannot consider the variations
of the wires in the power grid networks.

Recently, a number of analysis approaches based on the so-
called spectral stochastic analysis method have been proposed
for analyzing interconnect and power grid networks [9], [10],
[15], [26]. This method is based on the orthogonal polynomial
chaos expansion of random processes and the Galerkin theory
to represent and solve for the stochastic responses of statistical
linear dynamic systems. The orthogonal polynomial method,
also known as the spectral stochastic method, only needs to
solve for some coefficients of the orthogonal polynomials by
using normal transient simulation of the original circuits. The
research work in [26] applied the spectral stochastic method to
compute the variational delay of interconnects. In [9] and [10],
the spectral stochastic method has been applied to compute the
voltage drop variations caused by Gaussian-only variations in
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the power grid wires and input currents (approximating them
as Gaussian variations by using first-order Taylor expansion).
Intradie variations can be considered in [9]. Recently, the
authors extended the spectral stochastic method by specifically
considering the lognormal leakage variations to solve for the
variational voltage drops in on-chip power grid networks [15],
[16]. Spatial correlations were also considered in [17].

In this paper, we propose a new stochastic method for analyz-
ing the voltage drop variations of on-chip power grid networks
with lognormal leakage current variations. The new method,
called StoEKS, still applies the spectral stochastic method to
solve for the variational responses. However, different from
the existing spectral–stochastic-based simulation method, the
extended Krylov subspace (EKS) method [25], [27] is em-
ployed to compute variational responses using the augmented
matrices consisting of the coefficients of Hermite polynomials.
Our work is inspired by recent spectral–stochastic-based model
order reduction method [30]. We apply this work to the varia-
tional analysis of on-chip power grid networks, considering the
variational leakage currents with the lognormal distribution.

Our contribution lies in the acceleration of the spectral
stochastic method using the EKS method to fast solve the
variational circuit equations for the first time. By using the
Krylov-subspace-based reduction technique, the new method
partially mitigates the increased circuit-size problem associ-
ated with the augmented matrices from the Galerkin-based
spectral stochastic method. We will show how the coefficients
of Hermite PCs are computed for variational circuit matri-
ces and for the current moments used in EKS with lognor-
mal distribution. Experimental results show that the proposed
StoEKS is about two-order magnitude faster than the existing
Hermite PC-based simulation method, having similar error
compared with MC method. StoEKS can analyze much larger
circuits than the existing Hermite PC method in the same
computation platform.

The rest of this paper is organized as follows. Section II first
presents the variational power grid models and the problem we
plan to solve. Section III reviews the orthogonal polynomial
chaos-based stochastic simulation method and the improved
EKS (IEKS) method. Section IV presents our new statistical
power grid simulation method. Section V presents the experi-
mental results, and Section VI concludes this paper.

II. PROBLEM FORMULATION

In this section, we first present the model of power grids used
in this paper. We then present the modeling issue of leakage
currents under intradie variation. After this, we present the
problem that we try to solve.

A. On-Chip Power Grid Network Models

The power grid networks in this paper are modeled as RC
networks with known time-variant current sources, which are
obtained by the gate-level logic simulations of the VLSI sys-
tems. For a power grid (versus the ground grid), some nodes
have known voltages modeled as constant voltage sources. For
C4 power grids, the known voltage nodes can be nodes inside

the power grid. Given a known deterministic vector of current
sources u(t), the node voltages can be obtained by solving
the following linear differential equation, which is formulated
using modified nodal analysis (MNA) approach

Gv(t) + C
dv(t)
dt

= Bu(t) (1)

where G ∈ Rm×m is the conductance matrix, and C ∈ Rm×m

is the admittance matrix resulting from storage elements. B ∈
Rm×l and u(t) ∈ Rl×1 are vectors of time-varying node cur-
rents. m is the size of the given circuit, and l is the number of
input ports.

B. Variational Power Grid Models

The G, C matrices and input currents u(t) depend on the
circuit parameters, such as metal wire width, length, metal
thickness on power grids, and transistor parameters, such
as channel length, width, gate oxide thickness, etc. Process-
induced random variations can be roughly classified into inter-
die (die to die) and intradie variations. In interdie variations,
all the parameter variations are correlated. The worst case
corner can be easily found by setting the parameters to their
range limits (mean plus 3σ). The difficulty lies in the intradie
variations, where the circuit parameters are not correlated or
spatially correlated. Intradie variations also consist of local
and layout dependent deterministic components and random
components.

In this paper, we focus on the random variations, which
typically are modeled as multivariate Gaussian process with
spatial correlations [2]. In this paper, we focus on the strongly
correlated random variables. The reasons are that weakly or
uncorrelated random variations have smaller impacts on the
leakage and wire variations than that of the highly correlated
random variables, as the variance of the sum of n independent
random variables is ∼nσ2 while the variance of the sum of
n highly correlated random variables is ∼n2σ2. Hence, for
computing efficiency [by using principal component analysis
(PCA)], ignoring those uncorrelated variations in the presence
of strongly correlated variations will not lead to large errors in
the final results.

In this paper, we assume that we have a number of indepen-
dent (uncorrelated) transformed orthonormal Gaussian random
variables ξi(θ), where i = 1, . . . , n, which actually model the
channel length and the device threshold voltage variations. The
spatial correlation in the intradie variation can be processed by
using the Karhunen–Loeve (K–L) transformation PCA method,
which is the discretized version of K–L method [14], to trans-
form the correlated variables into uncorrelated variables before
spectral statistical analysis [10], [15].

Let Θ denote the process sampling space. Let θ ∈ Θ, ξi :
θ → R denote a normalized Gaussian variable, and ξ(θ) =
[ξ1d(θ), . . . , ξrd(θ)] is a vector of r Gaussian variables. After
an orthogonal transformation operation, we obtain independent
random variable vectors ξ = [ξ1, . . . , ξn]. Notice that n ≤ r
in general. The PCA method can be either used to strongly
correlated dependent or weak correlated random variables. The
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difference between the two circumstances is the number of
independent variables, which is denoted as n here. After doing
PCA, strongly correlated random variables and the independent
random variable vector ξ = [ξ1, . . . , ξn] are in small size. In
other words, the number of random variables are reduced a lot,
while for weak correlated, the number of independent random
variables is not reduced a lot. Our method can deal with both
strongly and weak correlated random variables.

Therefore, given the process variations, the MNA equation
for (1) becomes

G(ξ)v(t, ξ) + C(ξ)
dv(t, ξ)

dt
= Bu(t, ξ). (2)

In this paper, we assume that the variational current source in
(2) u(t, ξ) consists of two components

u(t, ξ) = ud(t) + uv(t, ξ) (3)

where ud(t) is the dynamic current vector from circuit switch-
ing, which is still modeled as deterministic currents as we
only consider the leakage variations. uv(ξ, t) is the variational
leakage current vector, which is dominated by subthreshold
leakage currents, and it may also change over time. uv(t, ξ)
follows the lognormal distribution.

The problem we need to solve is to efficiently find the mean
and variance of voltage u(t, ξ) at any node at any time instance
without using the time-consuming sampling-based method,
such as MC.

III. REVIEW OF SPECTRAL STOCHASTIC

AND EKS METHODS

In the following, we briefly reviewed the spectral–stochastic-
based simulation with Hermite polynomial chaos (HPC) used in
[9], [10], and [15].

A. Concept of HPC

Hermite PC utilizes a series of orthogonal polynomials (with
respect to the Gaussian distribution) to facilitate stochastic
analysis [29]. These polynomials are used as the orthogonal
basis to decompose a random process in the similar way as sine
and cosine functions are used to decompose a periodic signal in
Fourier series expansion.

For a random variable v(t, ξ) with limited variance, where
ξ = [ξ1, ξ2, . . . , ξn] is a vector of n independent orthonormal
Gaussian random variables with zero mean. Then, the random
part can be approximated by truncated Hermite PC expansion
as follows [8]:

v(t, ξ) =
P∑

k=0

ak(t)Hn
k (ξ) (4)

where Hn
k (ξ) is the n-dimensional Hermite polynomials, and

ak(t) is the deterministic coefficient. Since the random vari-

ables ξ are independent with time, the coefficients ak(t) are
changed with time. The number of terms P is given by

P =
p∑

k=0

(n − 1 + k)!
k!(n − 1)!

(5)

where p is the order of the Hermite PC. In general, the pth order
Hermite polynomial is defined as

Hp(α1, α2, . . . , αp) = (−1)peξ2/2 ∂p

∂α1, ∂α2, . . . , ∂αp
e−ξ2/2

(6)

where αi is any set of p variables chosen from the set
[ξ1, ξ2, . . . , ξn], allowing repetitions. When one random vari-
able is considered, the first, second, and third Hermite polyno-
mials are defined as

H1
0 (ξ)=1, H1

1 (ξ)=ξ, H1
2 (ξ)=ξ2 − 1, H1

3 (ξ)=ξ3 − 3ξ, . . .
(7)

Hermite polynomials are orthogonal with respect to Gaussian
weighted expectation (the superscript n is dropped for simple
notation)

〈Hi(ξ),Hj(ξ)〉 =
〈
H2

i (ξ)
〉
δij (8)

where δij is the Kronecker delta, and 〈∗,∗ 〉 denotes an inner
product defined as follows:

〈f(ξ), g(ξ)〉 =
1√

(2π)n

∫
f(ξ)g(ξ)e−

1
2 ξTξ dξ. (9)

Like Fourier series, the coefficient ak can be found by a
projection operation onto the Hermite PC basis

ak(t) =
〈v(t, ξ),Hk(ξ)〉

〈H2
k(ξ)〉 ∀k ∈ {0, . . . , P}. (10)

B. Simulation Approach Based on Hermite PCs

Suppose that v(t, ξ) is an unknown random variable vector
(with unknown distributions) like node voltages in (2), the
coefficients can be computed by using the Galerkin method,
which states that the best approximation of v(t, ξ) is obtained
when the error Δ(t, ξ), which is defined as

Δ(t, ξ) = G(ξ)v(t) + C(ξ)
dv(t)
dt

− Bu(t, ξ) (11)

is orthogonal to the approximation. That is

〈Δ(t, ξ),Hk(ξ)〉 = 0, i = 0, 1, . . . , P. (12)

In this way, we transform the stochastic analysis process to a
deterministic process, where we only need to compute the co-
efficients of the Hermite PCs for responses we are interested in.
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Fig. 1. EKS algorithm.

C. EKS Methods

In this section, we briefly review the EKS method in [12] and
[27] for the fast computation of responses from linear dynamic
systems.

The EKS method uses the Krylov-like reduction method to
speed up the simulation process. Different from the Krylov-
based model order reduction method, EKS performs the re-
duction, considering both system matrices and input signals
before the simulation (so that the subspace is no longer Krylov
subspace). Thus, it essentially is a simulation approach using
the Krylov subspace reduction method. It assumes that input
signals can be represented by piecewise linear (PWL) sources.

Let V = [v̂1, v̂2, . . . , v̂k] be an orthogonal basis for moment
subspace (m0,m1, . . . ,mk) of input u(t). Fig. 1 shows the
high-level description of the EKS algorithm [27].

Then, the original circuit described by (1) can be reduced to
a smaller system

Ĝz + Ĉ
dz(t)
dt

= B̂u (13)

where

Ĝ =V TGV Ĉ = V TCV

B̂ =V TB v(t) = V z(t).

After the reduced system in (13) has been solved for the given
input u(t), the solution z(t) can then be mapped back into the
original space by v(t) = V z(t).

As the EKS models a PWL source as a sum of delayed
ramps in Laplace domain, the terms, however, contain 1/s and
1/s2 moments [27], while the traditional Krylov space starts
from zeroth moment. Therefore, moment shifting must be made
in EKS, which would cause complex computation and more
errors. This problem is resolved in [12] in the IEKS algorithm,
which shows that the moments of 1/s and 1/s2 are zeros for
PWL input sources.

Assume that we want to obtain a single input source uj(s) in
the following moment form:

uj(s) = u1 + u2s + u3s
2 + · · · + uLsL−1.

A PWL source uj(t) is represented by a series of value–time
pairs such as (a1, τ1), (a2, τ2), . . . , (aK+2, τK+2) and L mo-
ments needed to be calculated. As proposed in [12], the mth
moment for current source uj(t) in a current source vector u(s)
can be calculated as

uj,m =
(

a1 − α1
τ1

m + 1

)
β

(m)
1 −

k∑
i=1

(αi − αi+1)β
(m+1)
i+1

−
(

aK+2 − αK+1
τk+2

m + 1

)
β

(m)
K+2, m = 1, . . . , L. (14)

Here

β
(m)
i =

(−τi)m

m!
αi =

ai+1 − ai

τi+1 − τi
.

The EKS/IEKS method, however, has its limitations. One
major drawback is that current sources have to be represented
in the explicit moment form, which may not be accurate and
not numerically stable when high order moments are employed
for high-frequency rich current waveforms owning to the well-
known problem in the explicit moment matching method [22].

Recently, a more stable and accurate algorithm, called the
extended truncated balanced realization, has been proposed
[13], which is based on more accurate fast truncated balanced
reduction method. It uses a frequency spectrum to represent the
current sources and thus is more flexible and accurate. Since
our contribution in this paper is not about improving the EKS
method, we just use EKS as a baseline algorithm for StoEKS.

IV. NEW STOCHASTIC EKS METHOD—STOEKS

In this section, we present the new stochastic simulation
algorithm StoEKS, which is based on both the spectral stochas-
tic method and the EKS method [27]. The main idea is that
we use the spectral stochastic method to convert the statistical
simulation into a deterministic simulation problem. Then, we
apply EKS to solve the converted problem.

A. StoEKS Algorithm Flowchart

First, we present StoEKS algorithm flowchart, which is
shown in Fig. 2. The algorithm starts with variational G(ξ),
C(ξ), and input source u(t, ξ). Then, it applies spectral stochas-
tic method to convert the variational system (2) into a determin-
istic system, which consists of augmented matrices of G(ξ) and
C(ξ) and position matrix B in (2) with new unknowns. Then,
we generate the first L moments of coefficients of the Hermite
polynomial of current sources UL with lognormal distribution.
Finally, we apply EKS/IEKS to solve the obtained deterministic
system for response Z using the computed projection matrix V .
After this, we get back to the transient response of the original
augmented system by v(t) = V z(t). Finally, we compute the
mean and variance of any voltage nodes from v(t).
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Fig. 2. Flowchart of the StoEKS algorithm.

In the following sections, we present the detailed descriptions
for some critical steps of the StoEKS algorithm.

B. Generation of the Augmented Circuit Matrices

We first show how we convert the variational circuit equation
into a deterministic one, which is suitable for EKS. This paper
follows the recent proposed stochastic model order reduction
(SMOR) method [30]. SMOR is based on HPC and the Krylov-
based projection method.

We first assume that G(ξ), C(ξ), and u(t, ξ) in (2) are
represented in Hermite PC forms with a proper order P

G(ξ)= G0 + G1H1(ξ) + G2H2(ξ) + · · · + GP HP (ξ)

C(ξ)= C0 + C1H1(ξ) + C2H2(ξ) + · · · + CP HP (ξ)

u(t, ξ)= (u0(t) + ud(t)) + u1(t)H1(ξ) +· · ·+ uP (t)HP (ξ).

Here, Hi(ξ) denotes the Hermite PC basis functions for
G(ξ), C(ξ), and u(t, ξ). P is also the number of these basis
functions, which depends on the number of random variables
n and the expansion order p in (5). Gi, Ci, and ui are the
Hermite polynomial coefficients of conductance, capacitors,
and current source, respectively. G0 and C0 are the mean values
of conductance and capacitors, respectively. Gi and Ci are
variational parts for conductance and capacitors, respectively.

Ideally, to obtain the G and C in the HPC format, i.e., to
compute Gi and Ci from the width and length variables, one can
use stochastic spectral analysis method [11], which is a fast MC
method or other extraction methods. For this paper, we simply
assume that we obtain such information, The detail of how Gi

and Ci are obtained is as follows:

Gi = ai ∗ G0

Ci = ai ∗ C0, i = 1, . . . , P (15)

ai is the variational percentage for Hi.
Substitute (15) into (2), the system equations become

P−1∑
i=0

P−1∑
j=0

GivjHiHj + s

P−1∑
i=0

P−1∑
j=0

CivjHiHj

= ud(t) +
P−1∑
i=0

ui(t)Hi. (16)

Here, vi denotes the coefficient of Hermite polynomial of node
voltages v(t, ξ) as

v(t, ξ) = v0(t) + v1(t)H1 + v2(t)H2 + · · · + vP−1(t)HP−1

(17)

After performing the inner product of Hk on both sides of (16),
it will become

P−1∑
i=0

P−1∑
j=0

Givj〈HiHj ,Hk〉+s

P−1∑
i=0

P−1∑
j=0

Civj〈HiHj ,Hk〉

=
P−1∑
i=0

ui〈Hi,Hk〉+〈Hk, 1〉vd(t), k=0, 1,. . ., P−1 (18)

where 〈HiHj ,Hk〉 is the inner product of HiHj and Hk. On
the right-hand side of (18), the inner product is calculated based
on Hi and Hk.

Notice that 〈Hk, 1〉 = 1, when k = 0; 〈Hk, 1〉 = 0, when
k 
= 0. In general, the coefficients of HiHj are calculated in
(16), and the inner product is defined as

〈HiHj ,Hk〉 =

+∞∫
−∞

HiHjHk dξ (19)

considering the independent of Hermite polynomial Hi, Hj ,
and Hk. Moreover, the inner product is similar for

〈Hi,Hj〉 =

+∞∫
−∞

HiHj dξ. (20)

The inner product is a constant and can be computed a priori
and stored in a table for fast computation. Based on the
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P equations and the orthogonal nature of the Hermite polyno-
mials, these equations can be written in matrix form as

(Gsts+sCsts)V =Bstsusts (21)

Gsts =

⎡
⎢⎣

G00 · · · G0P−1
...

. . .
...

GP0 · · · GP−1P−1

⎤
⎥⎦

Csts =

⎡
⎢⎣

C00 · · · C0P−1
...

. . .
...

CP−10 · · · CP−1P−1

⎤
⎥⎦

usts =

⎡
⎢⎢⎣

u0(t)+ud(t)
u1(t)

...
uP−1(t)

⎤
⎥⎥⎦ V =

⎡
⎢⎢⎣

V0(t)
V1(t)

...
VP−1(t)

⎤
⎥⎥⎦

(22)

Bsts =

⎡
⎣B0 · · · 0

...
. . .

...
0 · · · BP−1

⎤
⎦ (23)

Bi =B

Gkj =
P−1∑
i=0

Gi〈HiHj ,Hk〉

Ckj =
P−1∑
i=0

Ci〈HiHj ,Hk〉

where Gsts ∈ RmP×mP , Csts ∈ RmP×mP , Bsts ∈ RmP×l, m
is the size of the original circuit, and P is the number of Hermite
polynomials. In [30], PRIMA-like reduction is performed on
(21) to obtain the reduced variational system.

C. Computation of the Hermite PCs of Current Moments
With Lognormal Distribution

In this section, we show how to compute the Hermite coeffi-
cients for the variational leakage currents and their correspond-
ing moments used in the augmented equation (21).

Let ui
v(t, ξ) be the ith current in the current vector uv(t, ξ)

in (3), which is a function of the normalized Gaussian random
variables ξ = [ξ1, ξ2, . . . , ξn] and time t

ui
v(t, ξ) ∼ eg(t,ξ) = e

∑n

j=0
gj(t)ξj . (24)

The leakage current sources are therefore following the lognor-
mal distribution. We can then present ui

v(t, ξ) by using Hermite
PC expansion form

ui
v(t, ξ) =

P∑
k=0

ui
vk(t)Hn

k (ξ)

=ui
v0(t)

(
1 +

n∑
i=1

ξigi(t)

+
n∑

i=1

n∑
j=1

(ξiξj − δij)
〈(ξiξj − δij)2〉gi(t)gj(t)+· · ·

)

(25)

where

ui
v0(t) = eg0(t)+

1
2

∑n

i=1
gi(t)

2
P =

p∑
k=0

(n − 1 + k)!
k!(n − 1)!

.

(26)

n is the number of random variables, and p is the order of
Hermite PC expansion.

As a result, the variational variable u(t, �ξ) leads to the usts

in (21)

usts =
[
u0(t)T + ud(t)T, u1(t)T, . . . , uP−1(t)T

]T
. (27)

Note that ud(t) is the deterministic current source vector.
In the EKS method, we need to compute the moments of

input sources in frequency domain. Suppose that (ai1, τi1),
(ai2, τi2), . . . , (aiK+2, τiK+2) denotes the PWL series of
value–time pairs for ui(t) or u0(t) + ud(t) in (27). Using (14),
we can get the first L moments for each ui, i = 1, 2, . . . , P in
(27), respectively, and we have

ui(s) = mui1 + mui2s+, . . . ,muiL
sL−1 (28)

where muik
is the kth order moment vector of Hermite PC

coefficient for ui. In this way, we can compute the moments
of Hermite PC coefficients for every current sources.

D. StoEKS Algorithm

Given the Gsts, Csts, and usts in moment forms, we can
obtain the orthogonal V using the EKS algorithm. The reduced
systems can then be obtained by these orthogonal basis V from
(14). The reduced system will become

Ĝstsz(t) + Ĉsts
dz(t)
dt

= B̂stsusts. (29)

Here

Ĝsts = V TGstsV Ĉsts = V TCstsV B̂sts = V TBsts.
(30)

The reduced system can be solved in the time domain by any
standard integration algorithm. The solution of the reduced
system z(t) can then be projected back to original space by
ṽ(t) = V z(t).

By solving the augmented equation in (21), we can obtain the
mean and variance of any node voltage v(t) by

E (v(t)) = E

(
v0(t) +

P−1∑
i=1

vi(t)Hi

)
= v0

var (v(t))= var

(
v0(t)+

P−1∑
i=1

vi(t)Hi

)
=

P−1∑
i=1

vi(t)2var(Hi).
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Fig. 3. Proposed StoEKS algorithm.

Furthermore, the distribution of v(t) can also be easily cal-
culated by the characteristic of Hermite PC and the distribution
of ξ1, ξ2, . . . , ξN . Fig. 3 is the StoEKS algorithm for the given
Gsts, Csts, Bsts, and usts.

E. Walk-Through Example

In the following, we consider a simple case where we only
have three independent variables to illustrate the method. We
assume that there are three independent variables ξg , ξc, and ξI

associated with matrices G and C and input sources, respec-
tively, in the circuit.

We assume that the variational component in (3) uv(t, ξI)
follows the lognormal distribution as

uv(t, ξI) = eg(t,ξI) g(t, ξ) = μI(t) + σI(t)ξI .
(31)

Then, (2) becomes

G(ξg)v(t) + C(ξc)
dv(t)
dt

= Bu(t, ξI). (32)

The variation in width W and thickness T will cause variation
in conductance matrix G and storage matrix C, while variation
in threshold voltage will cause variation in leakage currents
u(t, ξI). Thus, the resulting system can be written as [10]

G(ξg) = G0 + G1ξg C(ξc) = C0 + C1ξc. (33)

G0 and C0 represent the deterministic components of con-
ductance and capacitance of the wires, respectively. G1 and
C1 represent the sensitivity matrices of the conductance and
capacitance, respectively. ξg and ξc are the random variables
with normalized Gaussian distribution, representing process
variations in wires of conductance and capacitor, respectively.

ξI is a normalized Gaussian distribution random variable
representing variation in threshold voltage.

Using Galerkin method as in [16] with second-order Hermite
PCs, we end up solving the following:

Gstsv(t) + Csts
dv(t)
dt

= Bstsusts(t) (34)

where

Gsts =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

G0 G1 0 0 0 0 0 0 0 0
G1 G0 0 0 2G1 0 0 0 0 0
0 0 G0 0 0 0 0 G1 0 0
0 0 0 G0 0 0 0 0 G1 0
0 G1 0 0 G0 0 0 0 0 0
0 0 0 0 0 G0 0 0 0 0
0 0 0 0 0 0 G0 0 0 0
0 0 G1 0 0 0 0 G0 0 0
0 0 0 G1 0 0 0 0 G0 0
0 0 0 0 0 0 0 0 0 G0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Csts =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C0 0 C1 0 0 0 0 0 0 0
0 C0 0 0 0 0 0 C1 0 0
C1 0 C0 0 0 2C1 0 0 0 0
0 0 0 C0 0 0 0 0 0 C1

0 0 0 0 C0 0 0 0 0 0
0 0 C1 0 0 C0 0 0 0 0
0 0 0 0 0 0 C0 0 0 0
0 C1 0 0 0 0 0 C0 0 0
0 0 0 0 0 0 0 0 C0 0
0 0 0 C1 0 0 0 0 0 C0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

usts(t) = [u0(t) + ud(t), 0, 0, u3(t), 0, 0, u6(t), 0, 0, 0]T .

One observation we have is that, although the augmented
circuit matrices are much bigger than before, they are very
sparse and also consist of repeated coefficient matrices from
the HPC. As a result, the reduction techniques can significantly
improve the simulation efficiency.

F. Computational Complexity Analysis

In this section, we analyze the computing costs for both
StoEKS and HPC methods and show the theoretical advantage
of StoEKS over the nonreduction-based HPC method.

First, if the PCA operation is performed, which essentially
uses singular value decomposition on the covariance matrix, its
computation cost is O(ln2). Here, l is the number of original
correlated random variables, and n is the first n dominant sin-
gular values, which is also the number of independent random
variables after PCA. Since the random variable l is typically
much smaller than the circuit size, the running time of PCA is
not significant for the total cost.

After we transform the original circuit matrices into the
augmented circuit matrices in (21), which are still very sparse,
the matrix sizes grow from m × m to Pm × Pm, where P
is the number of Hermite polynomials used. The number is
dependent on the Hermite polynomial order and the number of
variable used, as shown in (5).

Typically, solving an n × n linear matrix takes O(nα) (typ-
ically, 1 ≤ α ≤ 1.2 for sparse circuits), and matrix factoriza-
tions take O(nβ) (typically, 1.1 ≤ β ≤ 1.5 for sparse circuits).
For HPC, assuming that we need to compute w time steps in
transient analysis (taking w forward and backward substitutions
after one LU decomposition), the computing cost is then

O
(
w(mP )α + (mP )β

)
. (35)
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while for StoEKS, we only need to approximately take q, which
is the order of the reduced model, steps (after the one LU
decomposition) to compute the projection matrix V . Thus, the
total computational cost is

O
(
q(mP )α + (mP )β + mPq2 + q3 + wq2

)
(36)

without considering the cost of the PCA operations (ln2) as
we did not perform the PCA in our experiments. The last three
items are the costs of performing the reductions (QR operation)
and transient simulation of the reduced circuit (which have very
dense matrices) in time domain. Since q � w, the computing
cost of StoEKS can be significantly lower than HPC. Moreover,
the proposed method can be further improved by using the
hierarchical EKS method [3].

V. EXPERIMENTAL RESULTS

This section describes the simulation results of circuits with
both the capacitance and conductance variation and the leakage
current variation. The leakage current variation follows log-
normal distribution. The capacitance and conductance variation
follows Gaussian distribution.

All the proposed methods have been implemented in
Matlab 7.0. All the experimental results are carried out on a Dell
PowerEdge 1900 workstation (using a Linux system) with Intel
Quadcore Xeon CPUs with 2.99 GHz and 16-GB memory. To
solve large circuits in Matlab, an external linear solver package
UMFPACK [1] has been used, which is linked with Matlab
using Matlab mexFunction.

As mentioned in Section II-B, we assume that the random
variables used in this paper for G and C and current sources are
independent after the PCA transformation.

First, we assume a time-variant leakage model, in which
we assume that ui

v(t, ξ) in (24) is a function of time t and
further assume that gj(t), which is the standard deviation (s.d.),
is a fixed percentage, for example, 10%, of vd(t) in (3), i.e.,
gi(t) = 0.1udi(t), where udi(t) is the ith component of the
PWL current vd(t).

Figs. 4–6 show the results at one particular node under this
configuration.

Fig. 4 shows the node voltage distribution at one node of a
ground network with 280 nodes, considering variation in con-
ductance, capacitance, and leakage current (with three random
variables). The s.d. of the lognormal current sources with one
Gaussian variable is 0.1udi(t). The s.d. values in conductance
and capacitance are also 0.1 of the mean. The mean and s.d.
are computed by the Hermite PC method; Hermite PC with
EKS are also marked in the figure, which fit very well with
the MC results. In Fig. 4, the dotted lines are the mean and
s.d. calculated by MC. The solid lines are the mean and s.d.
by the algorithm [15], which is named as HPC. The dashed
line is the results from the new StoEKS. The MC results are
obtained by 3000 samples. The reduced order for EKS is five,
q = 5.

Fig. 5 shows the distribution at one node of a ground network
with 2640 nodes. The parameter gi(t) value is set to the same

Fig. 4. Distribution of the voltage variations in a given node by StoEKS,
HPC, and MC of a circuit with 280 nodes with three random variables. gi(t) =
0.1 udi(t).

Fig. 5. Distribution of the voltage variations in a given node by StoEKS, HPC,
and MC of a circuit with 2640 nodes with seven random variables. gi(t) =
0.1 udi(t).

as the ones in the circuit with 280 nodes. The s.d. values in
conductance are 0.02, 0.05, and 0.1 of the mean for three
variables. The s.d. values in capacitance are 0.02, 0.02, and 0.1
of the mean for three variables. There are totally seven random
variables. The dotted lines represent the MC results. Moreover,
the dashed lines represent the results given by StoEKS. From
these two figures, we can only see marginal difference between
the three different methods. The reduced order for EKS is also
five, q = 5.

Fig. 6 shows the distribution at one node of a ground network
with 280 nodes. However, the variation setting of parameters
is different. The standard divisions in conductance are set to
0.02, 0.02, 0.03, 0.05, and 0.05 of the mean for five variables,
respectively, i.e., their a1’s in (15) are set to those values. The
standard divisions in capacitances are set to 0.02, 0.03, 0.04,
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Fig. 6. Distribution of the voltage variations in a given node by StoEKS and
MC of a circuit with 2640 nodes with 11 random variables. gi(t) = 0.1 udi(t).

TABLE I
CPU TIME COMPARISON OF STOEKS AND HPC WITH THE

MC METHOD. gi(t) = 0.1 udi(t)

0.05, and 0.05 of the mean for five variables, respectively, also.
The standard deviation of the lognormal current sources is 0.1
of the mean. There are 11 random variables in all. It is even
harder for HPC to compute the mean and s.d. of the circuit.
The dotted lines represent the MC results. Moreover, the dashed
lines represent the results given by StoEKS. The reduced order
for EKS is ten.

Table I shows the speedup of the StoEKS and HPC methods
over MC method under different numbers of random variables.
In the table, #RV is the number of random variables used. In
the table, there are 3, 7, and 11 random variables. The variation
value setup of three random variables is the same as the circuit
used in Fig. 4. The variation value setup of seven random
variables is the same as the circuit used in Fig. 5. The variation
value setup of 11 random variables is the same as the circuit
used in Fig. 6. The first speedup is the speedup of StoEKS
over MC, and the second speedup is the speedup of StoEKS
over HPC.

From the table, we observe that we cannot obtain the results
from HPC or MC when the circuit becomes large enough in
reasonable time. Meanwhile, StoEKS can deliver all the results.

We remark that the intradie variations are typically very
spatially correlated [4]. After the transformation like PCA, the

TABLE II
ACCURACY COMPARISON OF DIFFERENT METHODS—STOEKS,

HPC, AND MC. gi(t) = 0.1 udi(t)

TABLE III
ERROR COMPARISON OF STOEKS AND HPC OVER

MC METHODS. gi(t) = 0.1 udi(t)

number of variables can be significantly reduced. As a result, in
our examples, we do not assume large number of variables.

Tables II and III show the mean and s.d. comparison of
different methods over the MC method for several circuits.
Again, #RV is the number of random variables used. Table II
contains the values we obtain from different methods, and
Table III presents the error comparison of StoEKS and HPC
over MC, respectively. We can see that StoEKS only has mar-
ginal difference from MC while it is able to perform simulation
on much larger circuit than the existing HPC method on the
same platform.

Finally, we use a time-invariant leakage model, in which
we assume that ui

v(ξ) in (24) is not a function of time t and
further assume that gj , which is the standard deviation, is a fixed
percentage, of a constant current value in (3). In our test cases,
we use the peak current Ip ≈ 41 mA, as shown in Fig. 7, as the
constant value. Fig. 8 shows the results in this configuration.

VI. CONCLUSION

In this paper, we have proposed a fast stochastic method for
analyzing the voltage drop variations of on-chip power grid
networks. The new method, called StoEKS, applies HPC to
represent the random variables in both power grid networks
and input leakage currents with lognormal distribution. This
HPC method transforms a statistical analysis problem into
a deterministic analysis problem where increased augmented
circuit matrices are created. The augmented circuit matrices
consist of the coefficients of Hermite polynomials represent-
ing both variational parameters in circuit matrices and in-
put sources. We then applied the EKS method to compute
variational responses from the augmented circuit equations.
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Fig. 7. PWL current source at certain node.

Fig. 8. Distribution of the voltage variations in a given node by StoEKS, HPC,
and MC of a circuit with 280 nodes with three random variables using the time-
invariant leakage model. gi = 0.1 Ip.

The proposed method does not require any sampling opera-
tions, as used by collocation-based spectral stochastic analysis
method. Experimental results have shown that the proposed
method is about two-order magnitude faster than the existing
Hermite PC-based simulation method and more order of magni-
tudes faster than MC method with marginal errors. StoEKS also
increases the analysis capacity of previous statistical simulation
methods based on the spectral stochastic method.
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