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A General Hierarchical Circuit Modeling
and Simulation Algorithm

Sheldon X.-D. Tan, Member, IEEE

Abstract—This paper proposes a new hierarchical circuit mod-
eling and simulation technique in s-domain for linear analog and
interconnect circuits. The new method is based on a graph-based
symbolic hierarchical circuit decomposition scheme. It can derive
the exact or approximate admittances in the reduced circuit ma-
trix and compute the circuit characteristics in rational function
forms for very large linear analog and interconnect circuits. We
show that the exact symbolic expressions of a circuit can be ob-
tained by finding the cancellation-free expressions from the same
circuit with hierarchical definitions. Some theoretical results are
characterized for the presence and conditions of cancellations in
the symbolic expressions from the subcircuit reduction. A novel
decancellation strategy based on a graph-based hierarchical de-
composition process is proposed and canceling terms are removed
both symbolically and numerically to obtain the order-reduced cir-
cuit models. The proposed method can be used for modeling and
simulation of any passive or active linear circuit, which makes our
method very attractive for modeling both analog circuits and re-
sistance—capacitance—inductance interconnect circuits in both fre-
quency and time domain. An example RC circuit is illustrated and
experimental results with some large analog and interconnects cir-
cuits are presented to validate the proposed method. Our experi-
mental results also show that subcircuit (multiple-node) reduction
scheme in general is better than one-node reduction methods such
as Y-A transformation in terms of CPU time and memory usage.

Index Terms—Behavioral modeling, circuit simulation, determi-
nant decision diagrams, matrix determinant, model order reduc-
tion.

NOMENCLATURE
Composite Circuit matrix element created during subcir-
admittance cuit reduction, which typically takes the form
(aP], ()AL, ()alP () /det(A™T) in (4)
and (6).
Admittance =~ Number of the basic admittances of circuit de-
order vices (like 1/ Ry, sCy, etc.) in any product term
in the denominators of those generated com-
posite admittances [a 7*(s) and bF*(s) in (4)
and (6)] in the reduced matrix.
Term Cancellation between two symbolic terms,
cancellation ~ which contain the exact constituent symbols

but opposite signs.
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Common- Cancellation between the numerator polyno-

factor mial and the denominator polynomial of a

cancellation ~ symbolic rational expression due to a symbolic
common factor between the two polynomials.

DDDs Determinant decision diagrams where each
DDD node represents an element in a circuit
matrix.

YDDDs Y (parameter) expanded determinant decision
diagrams where each DDD node represents a
stamped device parameter or a composite ad-
mittance.

s-expanded  Determinant decision diagrams, where each

DDDs DDD node represents a device parameter and
each DDD tree represents a coefficient of an s
polynomial obtained from a determinant.

Subcircuit/ Reduction of circuit matrix via matrix Schur

node decomposition.

reduction/

suppression

Internal Matrix to be reduced and does not include the

matrix boundary nodes. It is usually represented by

ATl in this paper.

1. INTRODUCTION

ODELING and simulation of linear analog circuits

in both frequency (s-domain) and time domain are
critical for top-down constraint-driven design methodology for
mixed-signal system-on-a-chip (SoC) designs [9] and intercon-
nect-centered physical design and optimizations [3], [12].

Due to the importance of on-chip global interconnects
like power/ground grids, global signal nets, and clock trees,
a number of projection-based model-order reduction-based
techniques have been introduced [5]-[7], [14], [16], [23], [24]
to analyze the transient behavior of interconnects. Asymptotic
waveform evaluation (AWE) algorithm was first proposed
[16], [17], where explicit moment matching was used to com-
pute the dominant poles at low frequencies. However, the AWE
method is numerically unstable for higher-order approximation.
Thereafter, a number of other projection-based model-order
reduction methods based on implicit moment matching (via
Krylov subspace projection) were developed. Examples are:
Padé via Lanczos (PVL) [5], Matrix PVL [6], the Arnoldi
method [24], the Arnoldi transformation method [23], PRIMA
[14], and the SyPVL algorithm [7]. Those projection-based
algorithms mainly work for passive linear networks as the
computation of moments and Krylov space base vectors re-
quires a special partitioning of circuit matrices and solving of
the partitioned circuit matrices iteratively, which may not be
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possible for general active networks with controlled sources
seen in many analog circuits. Also, projection-based methods
are not efficient for circuits with many independent sources as
its time complexity is dependent on the number of independent
sources or external ports.

Another approach to circuit complexity reduction is by
means of local node reduction. The main idea is to reduce the
number of nodes in the circuits and approximate the newly
added elements in the circuit matrix in reduced rational forms.
The major advantage of those methods over projection-based
methods is that the reduction can be done in a local manner and
no overall solutions of the whole circuit are required (with some
circuit realization/synthesis techniques), which makes those
methods very amenable to attacking large linear networks. This
idea has been explored by approximate Gaussian elimination
for RC circuits [4], by the TICER program [20], which is
also based on Gaussian elimination, but it only keeps first two
moments, and by the extension of TICER method into resis-
tance—inductance—capacitance (RLC) circuits [1]. The rational
approximation is also explored by the direct truncation of the
transfer function algorithm (DTT) [11] for tree-structured RLC
circuits and by an extended DTT method for nontree structured
RLC circuits [29].

Recently a more general topology based node-reduction
method was proposed [18], [19], in which nodes are reduced
one at a time (topologically, it is called Y-A transformation)
and the generated admittance in the reduced network is repre-
sented as an order-reduced rational function of s. This method
is equivalent to symbolic Gaussian elimination (s is the only
symbol), but the reduction is done on circuit topologies only,
which is equivalent to the nodal analysis (NA) formulation
of a circuit only. The stability is enforced by Hurwitz poly-
nomial approximation. But this method only works for linear
circuits with limited element types (RCLK-V]) and cannot be
applied to reduce general linear circuits due to NA formulation
requirement.

For both existing projection-based and node reduction-based
algorithms, the major problem is that they mainly work for
interconnect circuits modeled as passive RLC circuits with
limited capacity for mutual inductors. For active linear analog
circuits with controlled sources, those reduction methods cannot
be applied in general. More importantly, as mutual inductive
effects become more and more pronounced, more effective
mutual inductance models, like the vector potential equivalent
circuit (VPEC) model [15], the improved VPEC model [35],
and wire duplication models [37] begin to emerge. Those
new mutual inductor models contain controlled sources, which
makes them difficult for reduction by existing model-order
reduction techniques.

In this paper, we propose a new modeling and simulation
technique via hierarchical symbolic analysis technique. The
new algorithm can reduce the circuit complexities by applying
general symbolic subcircuit reduction and keeping the gener-
ated admittances in the reduced circuit matrices in the exact or
approximate rational function forms. The new method performs
the node reduction directly on the circuit matrices and, hence,
it is general enough to reduce any linear circuits formulated
by more general modified NA (MNA) method. Furthermore,

instead of reducing one node at a time, as done in [18], the new
method allows elimination of multiple nodes simultaneously.
This leads to a general hierarchical s-domain analysis technique
as we can suppress subcircuits, which consist of a number of
nodes, one at a time in a hierarchical and an independent way.

The major differences between the proposed method and the
Y-A transformation are listed below.

D Reduction Methodology: Both methods essentially
are based on the Gaussian elimination process to per-
form the node reduction. The hierarchical method is a
more general version of the Y-A reduction method as
we can reduce multiple nodes at a time, which is shown
to be more efficient than reducing one node at a time.

2) Circuits Can Be Reduced: The hierarchical reduc-
tion method can be applied to any linear circuit with
any controlled and independent source. While Y-A
method can only solve certain circuits with limited in-
dependence sources (like current sources). Circuit el-
ements whose stamps can not be written in the admit-
tance form cannot be used in the Y-A method due to
the nodal formulation (NA) requirement.

3) Circuit Formulation: The hierarchical method is
based on more general MNA formulation and works
directly on circuit matrix. The Y-A method is based
on NA and works on the circuit topology directly,
which limits its applications.

4)  Implementations: The hierarchical method is a gen-
eral version of the Y -A method. It uses a special graph-
based (DDD graphs) technique to compute the rational
function of a determinant. It also allows the symbolic
term decancellation to improve the accuracy of the
reduction process during the computation process. In
contrast, the Y-A method does not have to deal with
determinant and can thus be implemented more easily.
However, all the cancellations have to be done nu-
merically in the Y-A method. The major implemen-
tation overhead of the hierarchical method over the
Y -A method is the DDD graph related data structures
and general subcircuit related data structures and cor-
responding operations.

The new method is thus able to exploit the naturally hi-
erarchical structures inherent in many linear circuits. Such a
hierarchical node reduction is made possible by means of a
new graph-based hierarchical symbolic analysis technique for
computing the new admittances and removing the canceling
terms and common factors (decancellation) in determinants
[21], [22]—the key operations in the new hierarchical modeling
and simulation algorithm. Hurwitz polynomial approximation
can be performed on the order-reduced transfer functions to
enforce stability. The resulting algorithm can perform efficient
s-domain and time-domain analysis on any linear active or
passive network with very high accuracy.

This paper is organized as follows. Section III reviews the ma-
trix-based node-reduction approach and concepts of DDDs and
DDD-based hierarchical decomposition method for symbolic
analog circuit analysis. Section IV introduces a new symbolic
hierarchical decomposition method. Section V first illustrates
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the cancellation problems by an RC circuit example and then
presents some theoretical results for the conditions of the can-
cellation in subcircuit reduction processes. Section VI presents
the new approach to the circuit complexity reduction on linear
circuits. Experimental results are described in Section VII. Sec-
tion VIII concludes the paper.

II. SUBCIRCUIT REDUCTION AND DDD-BASED
HIERARCHICAL DECOMPOSITION

A. Subcircuit Reduction

In this section, we briefly review how nodes in a subcir-
cuit can be suppressed in matrix form. Consider a subcircuit
with some internal structures and terminals. The circuit
unknowns—the node-voltage variables and branch-current
variables—can be partitioned into three disjoint groups z?, =2,
and %, where the superscripts I, B, and R stand for, respec-
tively, internal variables, boundary variables, and the remaining
variables. Internal variables are those local to the subcircuit,
boundary variables are those related to both the subcircuit and
the rest of the circuit. Note that boundary variables include
those variables required as the circuit inputs and outputs. With
this, the system-equation set Az = b, can be rewritten in the
following form:

AII AIB 0 LEI bI
ABI ABB ABR J?B _ bB . (1)
0 ARB ARR .Z“R bR

The matrix A7 is the internal matrix associated with internal
variable vector z{. In the following discussions, we assume the
submatrix A’ is not singular as det(A’!) is computed. Other-
wise, we have to redefine the internal matrix such that A7 is
not singular.

Subcircuit suppression (also called Schur decomposition) is
used to eliminate all the variables in z”, and to transform (1)
into the following reduced set of equations:

ABB* ABR :L’B bB*
ARB  ARR || R| = | R (2
where
ABB* :ABB _ ABI(AII)—lAIB (3)
:ABB ABI[AII ]TAIB (4)

det(AU)

where [A, |7 is called the adjoint matrix of A, A, is the
first-order cofactor of det(A) with respect to a., .,, and is defined
as A, = (—1)® ) det(A,, ,) and matrix A,, , is the (n —
1) X (n — 1)-matrix obtained from matrix A by deleting row
and column v. ABB* is also called Schur complement [8]. We
also have

bB* :bB _ ABI(AII)flbI (5)

B 1 BITAII 1T I
=b —mA [Ay]7 0 (6)

Subcircuit suppression can be performed for all the subcir-
cuits by visiting the circuit hierarchy in a bottom-up fashion.
Suppose that the number of internal variables is m, and the
number of boundary variables is [. Equations (4) and (6) can
be written in the following expanded forms:

BBx _ BB 1
a’uv (3)_auu( ) det(AH )

m
k1,ko=1

where u,v = 1,...,[ and
1 m
bB*(s)=bB(s) = ——— AL bE
u (3) u(s) det(AII(S))kI%_ ( ) k2, kl( ) kQ(S)
3)
where v = 1,...,l. From (7) and (8), we can observe that

admittance o 5* and input stimuli at boundary nodes

will become rational functions of s once the subcircuit is
suppressed. The (a. k1( )Ak2 k(8 )aif“( s))/det(AT) terms
are called composite admittances as they are the admittances
generated during subcircuit reduction.

In order to obtain the rational functions for aBB*(s) and
bB*(s), we need to compute the rational function for a deter-
minant whose elements may again be rational functions of s.
This task can be achieved via determinant decision diagrams
(DDD'’s), which were proposed originally for symbolic analysis
of large analog circuits [21], [30]. We will show how the DDD
graphs can be modified to compute the rational function for a
determinant in the later sections.

An important issue is that if the symbolic expressions are kept
(s-expressions are special symbolic expressions), the final ex-
pressions of the generated rational admittances are not free from
cancellation as common factors between the numerator and de-
nominator of the resulting rational admittances in aB B*(s) and
bB*(s) will be generated (common-factor cancellatlon) or sum
of two symbolic terms equals to zero (term cancellation). This
has been observed already when nodes are reduced one at a time
in Y — A transformation algorithme [18]. Fundamentally, we
will show in Section V that all the cancellations are caused by
subcircuit reductions. The conditions for common-factor can-
cellations and term cancellations will be explained in more de-
tails in Theorem 2 and Theorem 3.

Such s-expressions do not represent the real order of the
system, which makes the synthesis or realization of the reduced
system very difficult, if possible at all. Also, if we only keep
a limited order of s for each rational function of s during the
subcircuit reduction process, we may end up with nonphysical
coefficients in the resulting rational admittance of s. As a
result, it is important to obtain the cancellation-free rational
admittance expressions. As we can see in the later sections of
this paper, cancellation-free rational admittances are directly
related to the exact admittance expressions computed from the
flattened circuit matrix and are also very important to the new
decancellation method.

Bx
b’ll.
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To be more precise on cancellation-free expressions, we de-
fine admittance order, which is the number of the basic admit-
tances of circuit devices (like 1/ Ry, sCs etc.) in any product
term in the denominators of those newly generated admittance
terms (al5*(s) and bF*(s)) in the reduced matrix. Actually
according to the definition of a determinant, it can be seen that
the number of device admittances equals the dimension of the
determinant det(A!(s)). However, if all the nodes internal to
the submatrix A’ are reduced by different subcircuits at dif-
ferent circuit hierarchical levels, the resulting admittance order
in each new term (a2B2*(s) or b2*(s)) will be larger than the
real admittance order if common-factors are not removed.

Therefore, how to remove those common factors (decancella-
tion) in the rational functions of a7 5*(s) and b7*(s) in general
becomes a key issue for the subcircuit reduction process. Fortu-
nately, such cancellation-free rational functions can be obtained
by efficient DDD graph operations. The DDD concept will be

briefly reviewed in the following subsection.

B. DDD Graph and DDD-Based Hierarchical Decomposition

DDDs [21] are compact and canonical graph-based repre-
sentation of determinants. A DDD is a signed, rooted, directed
acyclic graph with two terminal vertices, namely, the O-ter-
minal vertex and the /-terminal vertex. Each nonterminal DDD
vertex is labeled by a symbol in the determinant denoted by a;,
and a positive or negative sign denoted by s(a;). It originates
two outgoing edges, called /-edge and 0-edge. Each vertex a;
represents a symbolic expression D(a;) defined recursively as
follows: D(a;) = a; s(a;) Da, + Dg,, where D,, and Dg,
represent, respectively, the symbolic expressions of the ver-
tices pointed by the 1-edge and 0-edge of a;. The 1-terminal
vertex represents expression 1, whereas the O-terminal vertex
represents expression 0. Such a DDD is called a complex
DDD as each DDD node is a function of complex frequency
variable s.

The idea of DDD-based hierarchical decomposition [30] is
to represent all the determinants and cofactors in (7) and (8),
as well as those determinants and cofactors in the final transfer
functions of the desired circuit characteristics. Due to the com-
pactness of DDD graphs, DDD-based hierarchical circuit de-
composition was shown to be superior to the previous methods
[10], [25].

For our problem, some elements (in admittance forms) of a
circuit matrix will become a rational function of s during the
hierarchical subcircuit reduction process. As a result, the con-
struction of the rational function for such a determinant will be
different from the method used for s-expanded DDDs [22]. A
new DDD graph, called Y-expanded DDD (YDDD), is intro-
duced for this task, which will be explained in Section VI.

III. NEw DDD-BASED HIERARCHICAL DECOMPOSITION

In this section, we give a new DDD-based hierarchical de-
composition scheme. First, we introduce the following theorem
[27].

Theorem 1: Assuming det(AT) # 0, (7) can be written in
the following form:

JBB* det(A[l,...,m,ull,...,m,v])

wo = det(ATT) ®

AII AII

3
u aBB b5

Al ...,m,ull,...,m] + b

AlL,...,myull, ..., m,v]

Fig. 1. Tllustration of Theorem 1.

where u,v = 1,...,[ and (8) can be written in the following

form:

det(A[L,...,m,ull,...,m] + bT)
det(ATT)

by = (10)
where, A[1,...,m,ull,...,m,v]is the submatrix that consists
of matrix A’Z, which actually is A[1,...,m|1,...,m], plus row
u and column v of matrix A; A[1,...,m,u|l, ..., m]+bT is the
submatrix that consists of matrix A’/ plus row « of matrix A and
the right-hand side column b%. The A[1,...,m,ull,..., m, v,

’ )

and A[1,...,m,u|l,...,m] + bl are illustrated in Fig. 1.
Proof: Let us first take a look at (9). We can first develop
A[l,...,m,ull,...,m,v] along row u to obtain a number of
first-order cofactors of A[1, ..., m,u|l,...,m,v]. We then de-
velop those first-order cofactors along column v and we will
end up with the same expression in (7). The consistent negative
sign in each a2 AT, afB /det(A'T) term in (7) is due to
the fact that signs of first-order factors and the corresponding
second-order cofactors are always opposite in such a develop-
ment order. The same is true for (10).
We notice that (9) can also be derived from a general identity

[2]
det(HBB*[iy, ... ig|j1,. .., ]s])
- det(A[l,m,L1Lg|1,,m,J1,

where HBB* is an s x s submatrix of the Schur complement

ABB* and AT = A[l,...,m]1,...,m]). When HBB* be-
comes a 1 x 1 matrix, we obtain (9).

With Theorem 1, we only need to compute the rational
function for the numerator, which is a determinant (as det (A7)
shared by all the newly created matrix elements for each
subcircuit) for each boundary-variable related element in the
reduced circuit matrix instead of representing each individual
first-order cofactor of det(A’!) explicitly [30]. This leads
to the new DDD-based hierarchical decomposition method.
Such determinant-only DDD representation for all the involved
matrix elements is more compact than the previous method
[30] as first-order cofactors are not explicitly represented.
Therefore, more sharing of common terms becomes possible
among those cofactors and elements in row u, columns v and
b!. More importantly, such DDD-only representation of new
admittances is more amenable to removing cancellation during
subcircuit reduction process as shown in the next section.
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i j l k
PR X—X _______ PR P X—X _______
T R R CEIUE b St SO
C;sel Cz;sez

Fig. 2. Matrix patterns causing term cancellation.

IV. CANCELLATION ANALYSIS FOR SUBCIRCUIT REDUCTION

In this section, we explain how cancellation happens due to
circuit device and due to subcircuit reduction as well as their
relationship in MNA formulation. Some theoretical results will
be presented.

A. Cancellation due to Circuit Devices

The common factors will be introduced when the same cir-
cuit parameter will appear more than once in a circuit matrix
in MNA formulation for a subcircuit. Two cancellation patterns
are shown in Fig. 2.

Case 1 comes from the rectangular appearance of a floating
resistor/conductor and case 2 reflects the pattern from a voltage
controlled current source (VCCS) in MNA formulation [31]. As
aresult, all the product terms consisting of elements at (%, 7) and
at (j, j) will cancel all the terms consisting of elements at (z,
7) and at (3, ¢) for case 1. The same is true for Case 2. Such
cancellation can lead to numerical errors if they are carried out
numerically in general. However, those errors may only affect
very high-order terms based on our observations. In our algo-
rithm, we have an better approach to this problem as term can-
cellations due to case 1 and case 2 in Fig. 2 and other general
cases due to circuit reduction shown later can be symbolically
removed during YDDD construction for a determinant [28]. A
detailed description of the algorithm for general term decancel-
lation is given in Section VI-CI.

As we can see later that the device-level cancellations coming
from the NA or MNA formulation are essentially caused by sub-
circuit reduction discussed in the next section.

B. Cancellation due to Subcircuit Reduction

Once a subcircuit has been suppressed, new cancellation pat-
terns are created. Let us illustrate this concept through a simple

R2
4R
2 ———wwW—|
R1 2 % R4 ~C3
1 C1 3 R5 _|

Fig. 3. Simple RC circuit.

RC circuit shown in Fig. 3. Assume all the R and C devices have
unit value, then the circuit matrix of the circuit is shown in (11)

1 1+s -1 -5 0 0
Vo -1 2+4s 0 —s -1
V3 -5 0 24+ s 0 -1
Vg 0 -5 0 1+s -1
Vs 0 -1 -1 -1 3+s

Let us suppress node 1 (vq) first, the resulting circuit matrix
becomes

1 s
V2 24— 15 T -s -1
U3 _1—S|-S 2 + S — lis 0 -1 (11)
V4 —s 0 1+s -1
Vs -1 -1 -1 3+s

It can be seen that the product term of —1/(1+ s) and
—s%/(1 + s) will cancel the product term of —s/(1 + s) and
—s/(1+ s). This is called term cancellation during the sub-
circuit reduction process in this paper. If we further reduce the
node 2 (v3), the resulting circuit matrix will become

2

_ 28487 s R

(2%} 2+s 1+3s+s2 14+3s+s2 1 1+3s+s2

v s l4s— —Sofs® g _sts?

4 14+3s+s2 14+3s+s2 14+3s+s2
Vs| _q{___ s _q{_ _sts® _ _14s
1 14+3s5+s2 1 14+3s5+s2 3+s 1435452

(12)

First, we notice that the denominators in the composite admit-
tances actually are det (A1) = (1 + s)(2+ s) — (+1)(+1) =
1 + 3s + s2, which is the determinant of the subcircuit matrix
consisting of node 1 and 2 only [first two rows and columns in
the (11)]. Also, all the numerators in those composite admit-
tances agree with (7). As aresult, we can rewrite (12) as in (13)
at the bottom of the page.

Equation (13) tells us that the resulting admittances in
the reduced circuit are the same regardless of how nodes
are reduced (one-by-one or subcircuit-by-subcircuit). For this
reduced matrix, cancellation becomes more complicated and
both term cancellation and common-factor cancellation exist.

(=5)A31(=5)

94 g (ZDA(=)

L4 _ (E9Al-D

Vs det(ATT) det(ATT) det(ATT)
(=9)A3(=5) (=8)Ag3(=s) (=5)A55(=1)
V4 - det(}f}l) 1+s— det(ATT) -1- det(AZ”) (13)
Us (=DA{I(=5) (=D)AL (=s) (=DAZ(-1)
=1 = —dm -1 =G 3+5 = A
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| subckt |
| I
| k1, ko k1, t2 I Ky, us
| ! |
| | I
| | | r_ subckt j
1 t1,12 | | |
| ti,ke 77 7 7 | ti,ve | /‘f/ulauQ
1 k17k2 1
L _L____ _J . .
U1, U2 | |
f————'Eul,vzl |
u1, k2 | | t1,t2 \
|
| L ______ _J V1, U2
L d
v1, 2 U1, U2 V1, V2

Fig. 4. Cancellation pattern due to subcircuit reduction.

For instance, if we look at the four composite admittances at
rows v3 and v4 and columns vz and vy in (12), we will have

_252—|—s3x_32+33 L 52 . 52
det(AIT) det(ATT) det(ATT) det(ATT)
_ s*(243s 4 s%) —s?
(det(ATT))?
ddet( AT 4
s*det(A™Y) s (14)

~ det(AT)2 T det(ATT)

So det( A7) becomes the common factor of the resulting ra-
tional admittance. This is called common factor cancellation in
the paper.

In general, after a nonsingular subcircuit (whose det( A7) #
0) is reduced both term cancellation and common-factor can-
cellation will be generated. For common-factor cancellation, it
can be more clearly explained graphically in Fig. 4. Nodes at
(k1, ko) and at (tq, t2) are the internal nodes in a subcircuit to
be suppressed. Nodes at (u1, u2) and at (v, vo) are boundary
nodes. Their connections with the two internal nodes are shown
in the right-hand side of Fig. 4. As a result, admittances a,,, i,
Ak, us» Qo ¢, and ag, 4, are not zero. According to (7) we have,

II
’ _ avlati’Akl,tQ Aky usy 15
avl,ug =y uy — det(AII) ( )
II
, . Ay ko Atl,k2 Aty v, (16
a‘ul,vg = Quy vy — det(AII) )
Ir
’ _ auluk2Ak1,k2aklyu2 17
a1“ o —a/u,],'ug - det(AH) ( )
ITI
/ _ . vy ,ty Atl,tg Aty vy (18)
a'Ul-,'U2 = Ooy v, det(A”)

where, a/, ,, is the new admittance at (x, ). det(A'") is the in-
ternal determinant of the subcircuit suppressed and Afy is the
first-order cofactor of det(A’) with respect to element (z, y).
Since the four new composite admittances appear in two rows
and two columns, they will cause new cancellation when node

(u1, ug) and (v1, v2) are suppressed as the internal nodes in the
upper-level subcircuits. Specifically, we will have the following
product terms in the internal determinant of the upper-level sub-
circuit according to the definition of a determinant (if those two
nodes are suppressed at the same time):

/ / o /
uy,uz V1,2 U1,U2 UL,V

IT IT
aul ko avl St Akl ko Atl Jta akl S a/tl JU2

det(ATT)det(ATT)

_ Ay kg Avy to Ai{,tz A{f,kz Ok up Oty vy (19)
det(ATT)det(ATT)

where R, is the rest of other terms when the products of the new
admittances are expanded. We have two scenarios to consider.
First, if nodes (k1, k2) and (¢4, to) are the same node, i.e., k1 =
t1, ko = to, the last two terms in (19) will cancel each other as

II II _ AII T
Akhkz AtlatQ - Ak17t2 Athkz'

This is the term cancellation. Second, if those two nodes are
different internal nodes, we will show that the combined last two
terms in (19) has a common factor between the numerator and
the denominator. Specifically,

II II II II II

Akl,kg Atl,t2 - Akl,tg Atl,k2 = det(A )A]ﬁ ko,tita - (20)

As aresult, we know that det( A7) is a common factor in the
combined last two terms in (19), which will become

II
Auy ko Aoy ity Akl oty te Vhk1,un Oty vg

det(AIT)

after the common factor det (A7) in the numerator and the de-
nominator cancels. This actually is the common-factor cancel-
lation.

Going back to the example in (14), we have

A11Ag — Ag1 A = (24 5)(14+2) — (+1)(+1)
:det(AII)Aleg

where Aq1,22 = 1, which validates (20).
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C. Theoretical Analysis of Cancellation Conditions

In general, if the composite admittances from the suppression
of one subcircuit populate more than two rows and columns,
their corresponding first-order cofactors Ay, 1, may also appear
in more than two rows and columns in the submatrix A7/, We
then have the following general theorem regarding the common-
factor cancellation [26].

Theorem 2: Given a nonsingular matrix A and its m X m
elements at rows %1, . . ., ,, and columns j1, ..., J,, as shown

in (21)
iy 1 @iy Aiy jm
A= @iy ja @i i Pik,jm - @D
A, 51 Qi i Qi jim
We then have
Aij, AV Aiyj
Auh Azuk Alk]m
A;m]& Azjmjk A’;7n,jva,
:det(A)mflAiljl,...,im,jm (22)
where A;, ;i i is the mth-order cofactor with rows

1,...,%m and columns ji, ..., j,, removed from det(A) and
is defined as

(23)
When all the rows and columns are removed from A, we have
ey — 1
Theorem 2 actually is the classic Jacobi matrix identity [8].!
In the sequel, we show how the Jacobi matrix identity is linked to
the common-factor cancellation issue encountered in the new hi-
erarchical node circuit reduction algorithm. After the subcircuit
reduction, there are many composite elements in the reduced
matrix (2) and each of them contains one first-order cofactor of
the suppressed submatrix A’/ Theorem 2 basically says that if
all those first-order cofactors form a m X m matrix whose associ-
ated matrix elements are coming from m rows and m columns
in the reduced submatrix A’! shown in (21), det(ATT)(m=1)
will become the common factor between the numerator and the
denominator of the sum-of-product term, which consists of all
the product terms with rmn first-order cofactors in each product
term when the determinant of the reduced matrix is computed.
Note that if the common-factor is not removed, the denominator
of each product term is det(AT1)™ as det(A’T) is the denomi-
nator for every composite admittance.
However, does such m x m first-order cofactor matrix always
exist in the reduced matrix? We have the following corollary
answering this question. Let A’ be the nonsingular submatrix

IThe author rediscovered this matrix identity independently during this re-
search.

ti te t3 i J1 J2 J3
JAVSRS |
e
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Fig. 5. Matrix pattern for a m X m full matrix of first-order cofactor.

in (1). Assume there exists a product term in the determinant
of the reduced matrix in (2) and the product term consists of m
first-order cofactors of det(AT).

Corollary 1: 1If all the first-order cofactors have unique row
and column indices, there exists a full m X m first-order co-
factor matrix as shown in (22) embedded in the reduced matrix
where the product term is one of the terms in the determinant of
the matrix. Also det(A’7)(™=1) will be the common factor be-
tween the numerator and the denominator of the sum-of-product
rational expression of those product terms whose first-order co-
factors form the m X m matrix.

Proof: First, we show that if there exists one product term
that has m first-order cofactors of det(A7) and all the first-
order cofactors have unique row and column indices that cover
the m rows and m columns in the AT!, there exist m! — 1 other
product terms that have also m first-order cofactors of det( AZ7).
All the first-order cofactors in any of those product term have
unique row and column indices that cover the same m rows
and m columns in the A’7 due to the symmetric distributions
of boundary elements [a{i{c1 in (7)].

This can be illustrated in Fig. 5, where m = 3 and matrix A7
and portions of matrix ABT, ATB and ABP are shown in (1).
This figure gives a graphic view of the Schur decomposition.
For instance, if a; in ABT and a, in ATB are not zero, then we
will have new composite admittance generated at position (z1,
j1) whose expression will be a; Ay, +, a,./det(ATT). Ay, 4, is
the first-order cofactor with respect to the element at row kq
and column ¢;, which are the row of a,. and the column of a;
respectively. The positions of a;, a., alAkhtlar/det(A”) and
Ay, +, are highlighted (larger solid circles) in the figure.

As a result, we know that there is a full 3 x 3 matrix of com-
posite elements at the intersections of row 1, ¢2, ¢3 and columns
71, J2, J3 due to the existing of boundary elements a;, b;, ¢; and
ar, by, c,.. Therefore, the first-order cofactors in those composite
elements also form a full m x m matrix as shown in the AZ5
section in Fig. 5. Such a symmetric distribution of boundary ele-
ments will exist if there exist one product term in which all those
boundary elements are used and all its first order cofactors have
unique row and column indices.
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Fig. 6. Matrix patterns for first-order cofactors sharing the same row index.

Therefore, those first-order cofactors will form a full m x
m determinant based on the definition of a determinant. Note
that the symmetric property here does not require the circuit
matrix to be symmetric as the rows and columns in the reduced
matrix can be any m rows and m columns. Second, foram x m
first-order cofactor matrix, det( A’T)("™~1) is the common factor
of the rational expression of the sum of those product terms
according to Theorem 2.

The corollary tells us that if there exists a term whose first-
order cofactors come from different rows and columns in the
submatrix AL, there exist m! — 1 similar product terms and
common-factor cancellation will always happen when those !
terms are added together.

On the other hand, if there is a product term from a determi-
nant of the reduced matrix with m first-order cofactor and whose
row or column indices are not unique, this product term will
eventually cancel out due to term cancellation. The following
theorem gives the condition on the term cancellation in the re-
duction process [27].

Theorem 3: For a given product term from a determinant,
which consists of m first-order cofactor A;, 4, ... A; ;. ,m >
2 of a subcircuit, if there are two first-order cofactors that share
the same row index or column index, then there exists another
product term that will cancel with this product term.

Proof: For the first-order cofactors A; ;... A;, ;. k >
2,let us assume that A;, ;, and A;, ;, share the same row index
without loss of generality, i.e., 7; = 7. As aresult, A;, ;, and
A, j, have the matrix pattern shown in Fig. 6.

The composite admittances a,, ,, and a,, ,, that contains
those first-order cofactors can be written as follows:

gy = = Pri By T 24)
s det(AT)

by = — T2 B (25)
Ui det(Al)

Due to the presence of admittances ., j,, i, v,> Tus,jos
Ti, v,» COMposite admittances at positions (u1, v2) and (uy, v1)
must also exist and they are

I ..
W Twi B Th (26)
w02 dot(AD)
I
Ly, g1 Az g1z, va
Quy vy = — ey . (27)

det(AT)

As a result, we know that

Ayy uy Aug vy = ~Guy vy Qug vy - (28)

In other words, a product term containing a., ., Gy, v, Will
cancel a product term containing @y, v, @u, v, - Therefore, those
two terms will cancel out.

As aresult, we can see that any higher admittance-order term
coming from multiplications of composite admittances will
eventually merge (to generate common cofactors) or cancel out
with other same-order terms so that the resulting terms will
have the correct admittance order. This is also consistent with
the observation that no matter how internal nodes are reduced,
the admittances in the reduced circuit should have the same
admittance order given the same set of reduced nodes.

If we look at the example in Fig. 3 again, we notice that
in (12), all the terms containing three first-order cofactors will
cancel out eventually as some first-order cofactors will always
share the same row or column indices for every product term.
This also reflects the fact that the determinant consisting of all
the first-order cofactors of all the composite admittances is a
singular matrix as shown in

vz |Anr Ao Apy
vs  |App Agy Agy| =0. (29)
Vs A1z Agy Ay

As a result, we have the following result regarding the can-
cellation-free denominator of the rational admittance computed
from the determinant of a reduced nonsingular circuit matrix.

Corollary 2: The det(A’") is the denominator of the cancel-
lation-free rational admittances computed from a determinant of
a reduced circuit matrix with A’7 being the internal matrix of
the reduced subcircuit.

Proof: Given a determinant with composite admittances
coming from suppression of the subcircuit A’! (with A!!
being internal matrix of the subcircuit), det(A’”) will be the
denominator of all the composite admittance. For every product
term from the determinant, there are four scenarios we need
to consider. 1) There is no first-order cofactor of det(Af!)
in the product term. This product will have det(A!) as the
denominator when it is added with other terms with det( A7)
as the denominator. 2) There is only one first-order cofactor of
det(ATT) in each product term. As a result, there is only one
composite admittance involved and det(A’!) is the dominator
of the product term. 3) There are more than one first-order co-
factor and all the first-order cofactors in the product terms have
unique row and column indices. In this case, det(AT7)™~1 is
the common factor for all the product terms whose first-order
cofactors form a m X m full matrix based on Corollary 1.
So, the denominator of the resulting rational admittances from
the addition of those product terms is det(A!), the cancel-
lation-free denominator will be det(A’") again. 4) There are
more than one first-order cofactors and at least two first-order
cofactors share the same row or column indices in this product
term. So the product term will cancel out based on Theorem 3.
Combining the four scenarios, the corollary is proven.
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Fig. 7. Impedance stamp and the stamp in the reduced matrix.

Note that if the circuit has more than one immediate subcir-
cuit (say k subcircuits), it can be easily shown that

k
I det(al”) (30)
=1

will be the denominator of the resulting rational admittance,
where A7 is the internal matrix of subcircuit 4.

D. Device-Level Cancellation From Subcircuit
Reduction’s Perspective

Device-level cancellation is actually caused by the subcir-
cuit reduction. Circuit matrices formulated by MNA and NA
methods can be obtained by reducing the branch current vari-
ables and branch voltage variables from circuit matrices formu-
lated by using sparse tableau analysis (STA) method, which is
cancellation-free as each device parameter appears only once
in STA matrices. To see this, Fig. 7 shows the stamps for an
impedance z (like a self-inductor) and the reduced matrix, where
the current variable I is reduced.

So, the cancellation for an admittance device can be viewed
as the cancellation due to the reduction of the current variable
for an impedance element.

It turns out that both term cancellation and common-factor
cancellation can happen at device-level for NA formulation. Ba-
sically, NA formulation by reducing current variables works fine
for RLC circuits, but it does not work well for mutual inductance
as shown in our recent work [36]. There are two reasons. The
first reason is that the susceptance matrix L =1 /s due to NA for-
mulation can introduce incorrect dc paths, which are not exist
in the original circuit. This is obvious: as s approaches zero,
Lt /s becomes an infinite admittance matrix. So, the low fre-
quency response of NA formulated RLCM circuit will not be
correct.

The second reason is that current variables in mutual induc-
tors affect each other. From matrix reduction’s perspective, this
means that we have to reduce both current variables at the same
time to get NA formulation. However, the submatrix, which
corresponds to the mutually coupled two current variables, has
more than one boundary nodes. As a result, common factors will
be present in the resulting NA formulated circuit matrices for a
mutual inductance. In other words, NA formulation for RLCM
circuits are not common-factor free, but MNA formulation is
common-factor free. If there are many mutually coupled induc-
tors, we have an L matrix with nonzero off-diagonal elements.

The L~! is no longer a diagonal matrix. As a result the NA for-
mulation, which contains L~! (with mutual inductances), is no
longer common-factor cancellation free. The reduced expres-
sions will contain common factors even the reduction process
does not introduce any new common factor as is the case for the
new reduction algorithm.

Therefore, we use MNA formulation, which is common-
factor cancellation free, to stamp both self and mutual induc-
tances in the proposed hierarchical method, which is superior
to Y — A transformation based on NA formulation.

E. Cancellation at Different Hierarchical Circuit Levels

If the nodes (u1, us) and (v1, v2) in Fig. 4 are reduced in
different subcircuits at different circuit hierarchical levels, can-
cellation will happen when those composite admittances from
different subcircuits are merged. To see this, suppose that only
node (u1, ug) is selected to be suppressed in subcircuit 711. As
a result, the new element value at node (v, v2), which is not
suppressed, becomes

a AI II a

" / V1,U2

U, u2 U,V
a =a — : : 31D
V1,02 V1,02 det(AIII)
‘We also notice that
IIIN _ 7 III IIT
det(A ) = Guyuy Aul;u2 + Rul;“z .
As a result, we have
/ IIr s
a// _ a/ _ a'UlaUQ 'Ulyu2au17'u2
v1,v2 T UL,U2 / IIT IIT
au] ,u Tug ,us + Ru] RI%)
/ / / / IIT / IIT
(a’ul,ug a'nl,wQ - a’l)l,’ll.z a'll,l,?fQ)A'Ul,'ll,Z + a’wlng
- / 111 IIT :
a’uhuz A’uh“z + R
(32)
H / ! / / b
Notice that (ay,, ., @y, v, = Gy, uy Gy, v,) 18 Just (19). There-

fore, we know that det(A’!) is the common factor in the nu-
merator and the denominator of the resulting rational function.
After the common factor det(A’T) is removed, ], ,,, will be-
come cancellation-free.

The cancellation at different circuit hierarchical levels es-
sentially can be viewed as the cancellation inside a determinant
in one circuit level as discussed in Section V-B. Based on
Theorem 1, we know that the numerator expression in (32)
eventually forms a determinant if all the composite and noncom-
posite admittance terms are added together. So, the cancellation
problems in the numerator are the cancellation problems in
a determinant. More precisely, (32) only presents a specific
common-factor cancellation when the numerator (which is a de-
terminant det(A[1,...,m,u|l,...,m,v])) is expanded along
the row u and column v sequentially. If all the cancellations
are carried out numerically, no special consideration for can-
cellation at different circuit hierarchical levels is required in
the new hierarchical decomposition scheme. If we remove the
term cancellations symbolically, we have to represent each
composite admittance explicitly instead implicitly. The com-
posite admittances from the reduction of different subcircuits
will be added together in a cancellation-free manner.
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V. NEW s-DOMAIN HIERARCHICAL NETWORK MODELING
AND SIMULATION ALGORITHM

In this section, we detail the new network modeling and sim-
ulation algorithm based on cancellation rules discussed in the
previous section.

A. Cancellation-Free Rational Admittance

First, we show that if we can manage to obtain symbolic
cancellation-free rational admittances of the determinant of a
reduced circuit matrix during the hierarchical decomposition,
those cancellation-free rational admittances can lead to the exact
symbolic expressions obtained from the determinant of original
(flattened) circuit matrices. Such cancellation-free expressions
can significantly simplify the reduction process.

To simplify the discussion, we first assume that for every cir-
cuit or subcircuit at a particular circuit hierarchical level, it has
only one subcircuit. We can easily extend the result to multiple
subcircuit case. Let A1 be the internal matrix of subcircuit 4 at
level 7, when all its subcircuit matrices are reduced, with subcir-
cuit 7 — 1 being its immediate children circuit and subcircuit :+ 1
being its immediate parent circuit. Also, let A; be the internal
matrix of the flattened subcircuit that includes all the internal
nodes in subcircuit 2 as well as in its direct or indirect subcir-
cuits in all the downstream hierarchical levels in one level. In
other words, A; represents the flattened subcircuit that includes
all the suppressed internal nodes at subcircuit ¢ level. Also we
assume that all the subcircuits are not singular. Otherwise, the
subcircuits need to be redefined.

Theorem 4: Let Ai,l be the matrix of the subcircuit at level
k and Ay and Aj_; are the matrices of the flattened circuits at
circuit level k£ and £ — 1. Then

det(AlT) = -detAx)

o det(Ak_l) ’ (33)

Proof: First, we show (33) holds for circuit with two hier-
archical levels.
1)  Foralinear system Az = b with the partitioning of the
variables z in (1), after the reduction, we have

A{I AIB 0
det(A)=| 0 ABB* ABE| —det(AlT)det(AL) (34)
0 ARB  ARR

where det(AZ7) is the matrix of the reduced circuit (at
circuit level 2) in (2). As a result, we have det(A27) =
det(A)/det(AlT) = det(A)/det(A1). So, (34) holds
for the circuit with two hierarchical levels. Note that
since AI7 is a bottom-level circuit, ATl = A;.

2) Assuming (34) holds for all circuits with less
than % hierarchical levels, that is det(Al!)
det(A;)/det(A;_1),i < k. Now, we want to show
that this is also true for circuits with % hierarchical
levels. For a circuit with k hierarchical levels, its
system determinant det(A) can be expressed as fol-
lows based on (34):

det(A) = det(AIT)det(ALT) x --- x det(AFT).  (35)

Use the hypothesison k — 1,k — 2, ..., we have
det(As)  det(Ar—_1)
det(Al) o det(Ak_z)
=det(Ag_y)det(ALD)

det(A) =det(A4;) det(ALT) (36)

(37

Notice that A = Ay, as circuit & is the top level circuit. There-
fore, (33) holds for £,k > 1. Combining the two hierarchical
levels, the theorem is proven.

Note that if current circuit has more than one immediate sub-
circuit, (33) can be modified as

det(Ak)
[T/, det(Ag_1,;)

where IV is the number of subcircuits of the current circuit.

The significance of Theorem 4 is twofold. First, by combining
with Corollary 2, we can immediately have the following corol-
lary.

Corollary 3: The numerator of a cancellation-free symbolic
rational expression of a determinant of a reduced circuit matrix
is the exact symbolic expression obtained from the determinant
of the flattened circuit matrix.

As a result, we can obtain the exact symbolic expressions of
the flattened matrix by obtaining the cancellation-free symbolic
expressions during the hierarchical decomposition.

Second the reduction process is independent of reduction se-
quences if the symbolic rational expressions are kept cancella-
tion-free all the time. In other words, we will arrive at the same
cancellation-free symbolic expressions for each newly created
rational admittance regardless of how internal nodes are sup-
pressed (node-by-node or subcircuit by subcircuit). The reason
is obvious. The cancellation-free rational expressions at a par-
ticular circuit level are identical to those obtained by reducing
all the internal nodes all together in one subcircuit. As a result,
we only need to worry about the cancellation between current
circuit and its immediate subcircuits at any circuit hierarchical
level. This will significantly simplify the decancellation process
during the hierarchical decomposition process.

det(AFT) = (38)

B. Y-Expanded DDDs

In order to efficiently compute the rational function for a de-
terminant and handle cancellations, an new DDD graph called
Y -parameter expanded DDDs (YDDD) is first introduced.
Y-expanded DDDs are also DDD graphs, where each DDD
node represents a device admittance or a composite admittance
as shown in Fig. 8.

Note that some circuit parameter admittances are functions
of the complex frequency variable s. This is different from
the s-expanded DDD graphs, where s is explicitly extracted
and represented [22]. The main purpose of the introduction of
YDDDs is that we can easily handle both term cancellation
and common-factor cancellation, as cancellation patterns can
be easily detected by examining those device admittances or
composite admittances. Similar to s-expanded DDDs [22], the
YDDDs can be constructed from a complex DDD in linear time
in the size of the original complex DDDs. The time complexity
for constructing complex DDD depends on the circuit topology.
Given the best vertex ordering, if the underlying circuit is a
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Fig. 8. Determinant and its YDDD.

YDDDCONST(D)
if(D=0orD=1)
return NULL
Lo = YDDDCONST(D.0)
L1 = YDDDCONST(D.1)
Presuit = NULL
for i =1 to m do
Pirmp = YDDDMULTIPLY(L1,D.x;)
Presuit = YDDDUNION(Ptmpa Presult)
return YDDDUNION(Pyesuit, Lo)

O 00NN h WK =

Fig. 9. Y-expanded DDD construction.

ladder or tree circuit, |[DDD] is a linear function of the size of
the circuit. For general circuits, the size of a DDD graph may
grow exponentially in the worse case. However, like BDDs,
with proper vertex ordering, the DDD representations are very
compact for many real circuits [21], [22]. In Fig. 9, we present
a version of the algorithm called YDDDCONST().

Function YDDDCONST() takes a complex DDD rooted at D
and returns the resulting YDDD tree. D.1 and D.0 denote, re-
spectively, the vertices pointed to by the 1-edge and 0-edge of
vertex D. m is the number of devices admittance or composite
admittances connected to a node and each is denoted by D.z;.
YDDDUNION(P;, P>) computes the union of two YDDDs, P;
and P,. YDDDMULTIPLY (P, v) computes the product of YDDD
P and YDDD vertex v.

C. Computation of Cancellation-Free Rational Admittances

To construct a cancellation-free rational admittance (rational
function of s) from a determinant represented by a DDD graph,
whose elements are rational admittances too, we need to take
care of both term cancellation and common-factor cancellation.
The computation can be done in a bottom up fashion.

Specifically, at each YDDD node P, we compute the rational
function from the YDDD tree rooted at P recursively. Let P,. =
Np, /Dp, denote the rational admittance that the YDDD node
P itselfrepresents. P = Np, /Dp, and Py = Np,/Dp, repre-
sent the rational admittances for the YDDD subtrees rooted at
nodes pointed by the 1-edge and 0-edge of P respectively. The
rational admittance of the DDD tree rooted at P will become
[21]

YDDDMULTIPLY(P, D.x)
fori=0top—1do
for each Ly € Cr(D.x)
P[i] = REMAINDER(P[i],L,)
P[i] = MULTIPLY(P[3], D.x)
return P

W\ AW -

Fig. 10. Term-cancellation free YDDDMULTIPLY.

With (39), the rational function (admittance) at the root of the
whole YDDD can be computed recursively. Since both multipli-
cation and addition are involved, decancellation measures have
to been taken for both operations as shown below.

1) Decancellation for Term Cancellation: Term cancella-
tion happens when two identical symbolic product terms with
opposite signs are added together. The cancellation can come
from device admittances or from subcircuit reduction as shown
in Sections V-A and V-B.

For canceling terms, generated by subcircuit reduction, we
may have det(A?/)* k > 1 as their denominators, the new
constant-admittance-order decancellation strategy (will be
discussed below) will lead to unnecessary polynomial divi-
sions, which add unnecessary computational costs at best and
adversely introduce some numerical noises at worst. In our
method, term cancellation can be removed during the construc-
tion of YDDD’s for a determinant.

The idea is to remove all those canceling terms via DDD
operations. We first introduce concept of a canceling pair for
two admittances (represented by two DDD nodes). For instance,
composite terms —1/(1 + s) and —s?/(1 + s) in (11) is a can-
celing pair. If those two terms are in a product term, this term
will cancel out with another term eventually. Since each DDD
node has an index, we say the DDD index is a canceling index
of the other for a canceling pair.

Before the construction of a YDDD for a determinant, we
build a canceling list (Cp(P)) for each YDDD index, whose
corresponding admittance is a composite admittance or device
admittance. The use of a list is due to the fact that one DDD
index can have more than one canceling DDD index. The criteria
for two indices to be a canceling pair are based on Theorem 3
for composite admittances and the cancellation patterns in Fig. 2
for device admittances. To avoid duplication we require that z €
Cr(P.index) and z < P.index. Once we have the canceling
list for each DDD index, it will be used in YDDDMULTIPLY()
shown in Fig. 9. The pseudo code for the term-cancellation-
free YDDDMULTIPLY() in YDDDCONST() is shown in Fig. 10,
where lines 2 to 3 are used to remove canceling terms for each
canceling pair.

DDD operations REMAINDER(P, x) and MULTIPLY (P, x) are
operations to find all terms which do not contain symbol z in
P and to add symbol z to every term in P respectively. p is the
number of the devices or composite admittances in the complex
DDD vertex.

We notice that the Y — A algorithm cannot remove the term
cancellation symbolically. This is another significant advantage
of the new reduction algorithm over the Y — A algorithm.

2) Decancellation  for ~ Common-Factor  Cancella-
tion: Common-factors are more difficult to remove
symbolically. Instead, we remove them numerically. We
need to look at two situations where the common factors
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are introduced into the numerators and denominators of the
resulting rational functions. The first one comes from the
multiplication of P,(s) and Pj(s) according to Corollary 2.
The second one is due to the addition of two rational functions
in (39), with common factors in their denominators. For
instance, let us consider the addition of two rational functions
al/bl + a2/b2 = (a1 * by + a9 * b1>/(b1 * b2) If there is a
common term c¢ in both b; = x*xcand by = y*c, ¢ will become
a common factor in both the numerator and the denominator
of the resulting rational function. Those two situations are
handled separately in the new method.

1) Cancellation due to multiplication. According to
Corollary 2, only det(Al) will be present in the
denominator of the final rational admittances for each
subcircuit from a circuit hierarchy. This leads to a
very simple cancellation strategy: whenever we see
admittance order is increased due to multiplication of
two terms that both have det(A'Y) in their denomina-
tors, we divide the resulting numerator by det(A*!).
This way, the resulting admittance terms always have
the correct admittance order and the cancellation-free
numerators in the resulting expressions will be formed
implicitly and numerically when all the resulting terms
are added together.

2) Cancellation due to addition. Since common-factor
cancellations are only caused by subcircuit reduction
based on MNA formulation, we only need to consider
the common factor det( A7) for each subcircuit. The
idea is that when addition of two rational admittances
takes place, we explicitly watch for the admittances
such that det(A?T) will not appear twice in the re-
sulting new admittance. Specifically, this rule requires
that only one det(A’’) for each subcircuit from a
circuit hierarchy exists in the denominator of the
resulting rational admittance.

Now, we are ready to present the whole rational admit-
tance computation method for a determinant represented by
its YDDD tree based on the decancellation aforementioned
strategy. For each YDDD node P, we keep two things: the
numerator polynomial of the computed rational admittance for
the subtree rooted at P, which are denoted by N(P) and a
set of YDDD indexes whose denominators are not trivial and
unique, denoted by Sp(P). In this way we do not need to keep
the denominator polynomial for each YDDD node explicitly
and it is also easy to watch the cancellation situations. P(D)
denotes the rational admittance for the DDD subtree rooted
at D. D.index is the index of the DDD node D. Following
the convention of DDD operations, we use D.1 and D.0 to
represent the DDD subtrees pointed by 1-edge and 0-edge of
DDD vertex D, respectively. The resulting algorithm is shown
Fig. 11.

The algorithm basically visits every YDDD node once in a
bottom-up fashion and computes the new rational admittance for
each subtree rooted at the YDDD node visited and performs the
decancellation for both multiplication and addition operations.
So, the time complexity of the algorithm is O(|DDD|k), where
|DDD| is the number of YDDD nodes and £ is the highest order
of all the rational admittances.

COMPRAFUNC(P)

01 if ( P = zero or P = one or computed already)

02 return

03  COMPRAFUNC(P.0)

04 COMPRAFUNC(P.1)

05 N =N(P.1)

06 No = N(P.0)

07 if (P(P)’s denominator is not trivial and not exist in Sp(P.1))

08 S1 = Sp(P.1) U P.index

09 else

10 S1=Sp(P1)

11 So=Sp(P.0)

12 N =sign(P) x N(P;) * Ny

13 if (both P, and P(P.1) contain det(A!))

14 N1 = Ny /det(Al)

15 Ny = N1/Dgys

16  Compute N(P) from N1, No, and Sp(P) from S1 and So
such that det(AT) and each device appear once in Sp(P).

Fig. 11. Computation of the cancellation-free rational function from a YDDD.

D. Clustering Algorithm

To construct the circuit hierarchy and minimize the computa-
tion costs, efficient clustering algorithm is required. Since the hi-
erarchical reduction process is equivalent to the block Gaussian
elimination process, the reduction order should follow the min-
imum fill-in or minimum degree ordering. Our clustering algo-
rithm consists of two steps: 1) finding a good node-reduction
ordering and 2) performing the connectivity-based clustering
based on the given node-ordering subject to node-size constraint
and other user-specified constraints.

For the node ordering algorithm, the multiple minimum
degree algorithm (MMD) [13] is employed to find the node
reduction ordering. The basic idea of the MMD is to delay
the updates of changing connectivity information (represented
by the so-called elimination graphs to find the nodes with
minimum degree) during the simulated Gaussian reduction
process to speed up the ordering process.

Once the node order is found, clustering is performed based
on the connectivity information and the given node ordering
subject to a given node count limit, which specifies the max-
imum internal node count, to control the size of the internal ma-
trix AT for each subcircuit. Also nodes as inputs and outputs
will be put into the top level circuit during the clustering process.

E. Overview of the Simulation and Reduction Algorithm

In this section, we give the overview of the new circuit mod-
eling and simulation algorithm based on the new hierarchical
decomposition framework and the decancellation algorithm
given in early sections.

The basic idea is to reduce subcircuits and the right-hand
side vector in a hierarchical and cancellation-free way. The
new admittances coming from subcircuit suppressions shown
in (9) and (10) are kept as rational functions of s in the exact
or order-reduced form (with fixed order of s). Such a reduction
can be repeated until we reach the top level circuit, which is
typically small enough to be solved exactly and symbolically
(s is still the only symbol). The resulting circuit unknown
variables are rational functions of s, which can be converted to
time domain for waveform evaluation [16]. From a simulation
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perspective, once the parent circuit variables 2.Z are known, we
can obtain the internal variables of subcircuit A’/ by solving

ATl = T — ATB B, (40)
In this way, we can obtain all the unknown variables in the
rational form.

From a modeling perspective, we can easily obtain the net-
work functions of the given circuits to compute other small-
signal characteristics of analog circuits and second or higher
order effects as nonlinearity (especial weakly nonlinear char-
acteristics like distortions) can be estimated based on network
functions of linearized circuits [33].

We assume that the circuit hierarchy has been constructed
using the MMD algorithm. The modeling algorithm is shown
below:

The General Hierarchical Network Modeling

Algorithm

1. Build the complex DDD’s for each subcircuit
matrix and all the required cofactors/
determinants for each newly created
admittances in a bottom up way.

2. If the present circuit has subcircuits,
perform the reduction on each
subcircuit first.

3. In the present circuit, identify all the

admittances, which are either from circuit
parameters or are composite admittances due
to subcircuit reduction.

4. Derive the YDDDs from complex DDDs for
each new admittances shown in (9) and (10)
and construct the cancellation-free
rational admittances for each YDDD
using COMPRAFUNC () .

5. If truncation is carried out and stability
is required, perform Hurwitz approximation
on the reduced transfer functions.

It was shown that YDDD representation is more compact
than sequence of expressions [10], [30], whose complexity es-
sentially represents the complexity of symbolic node-by-node
Gaussian elimination process. Hence, time complexity of the
new reduction algorithm is better than Y — A reduction algo-
rithm [18], which is based on Gaussian elimination. Another
advantage of the new algorithm over the existing Y — A trans-
formation algorithm is that we need to remember fewer number
of common-factors, which are the determinants of the reduced
subcircuit matrices. If we reduce one node at a time, each node
becomes a subcircuit, we end up with more common-factors to
deal with. Also, there are more independent subcircuit hierar-
chies as each subcircuit is the smallest (consists of one node).
As a result, we have to remember all the common-factors of the
reduced circuits (nodes) that are connected to nodes yet to be
reduced, which in turn leads to more memory usage compared
to the new method. Our experimental results confirm those
observations.

1

2 (&)
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Fig. 12. Second-order active filter.
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Fig. 13. Linear model of an Opamp circuit.

For large RLC interconnect circuits, truncations have to be
carried out to keep limited orders of s in each rational admit-
tance. The resulting admittances or transfer functions may not
be stable. Hurwitz approximation can be carried out to enforce
stability [18], [26], [34].

VI. EXPERIMENTAL RESULTS

The proposed algorithm is implemented in C++. We perform
the reduction on a number of linear(ized) analog circuits. All
the experimental results are obtained on a Linux workstation
with dual 1.6-GH AMD Athlon MP 2000+ CPUs with 2 GB of
memory.

Here, we present the exact transfer function for a second-
order linear filter shown in Fig. 12 obtained from the new reduc-
tion program. In this circuit, we have R; = 1 k2, Ry = 2 k{2,
R3 =5 kQ, Cl = 10 HF, 02 = 20 IIF, g1 = 25, and
ge = 1.3335. Ay is an Opamp circuit and is represented by
a linear model of 741 Opamp circuit shown in Fig. 13 which
contains two voltage controlled current sources g; and g2. The
transfer function obtained by the new program is shown in the
following:

H(S) o ‘/out(s)
Lfin(s)
—5.33x107742.68x10 1%s4+3.72x 10192
o 1.02x10-3+42.66x10-0s
T 2.66X10-7+9.07x10-11545.46x10-165247.47x10—233 *
1.02X10—34+2.66x10-0s

Note that both the numerator and the denominator become
rational functions of s due to suppression of subcircuit Ag. But
they share a common denominator which is actually the deter-
minant of the internal matrix of the subcircuit Ao, det(ALl).
After the common denominator is removed, the transfer func-
tion is exactly the same one as we obtain from the flattened filter
circuit. We also notice that the highest order of the transfer func-
tion of the second order filter becomes 3. However, if Opamp 4
is an ideal voltage controlled current source with infinite gain,
the highest order will be 2.
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Fig. 15. FDNR subcircuit.

Next, we derive the exact transfer function for a more com-
plicated active low pass filter shown in Fig. 14, which also con-
tain controlled current sources. It has four identical subcircuits,
named X1 to X4. Fig. 15 shows the detailed structure of the sub-
circuit. Each subcircuit contains two Opamp subcircuits, which
are also represented by the Opamp circuit shown in Fig. 13.

The exact transfer function, computed by the new method, is
shown as the follows:

Ve (s)
V1(8>

2.8x107 8

1
1.3 % 107°7 424 x 107615 4+ 2.8 x 1076241
23%x107%9s2 +1.4 x 107733 + 7.6 x 10~ "3s*
2.9 x 107325 + 1.0 x 1078646 1 2.0 x 1079157
4.3 x 1079658 4 4.5 x 10710259 1 2.4 x 107108510
8.3 x 1071551 4 1.9 x 107121512 4 3.0 x 10~ 128413
3.3 x 107135514 1 2.2 % 107142515 4 7.5 x 10~ 1%0516
46X 100 +5.0x 10755 +2.2 x 10~ BT
2.4 x 107452 +3.9 x 10757s% + 4.2 x 107%35*
2.7x 107665 + 2.9 x 1077255 4+ 6.1 x 10~ 7647
6.7 x 10782s% + 3.6 x 1078852 4 1.2 x 10794510
2.8 x 107101611 4 4.6 x 107108412 4 5,0 x 10115413
3.4 x 10712251 4 1.1 x 107129415

It takes 1.8 s to obtain the transfer function from a SPICE netlist.
The flattened circuit of this low pass filter has 41 nodes, which
can not be analyzed by DDD symbolic analysis directly due
to circuit-limitation problem. If we set the maximum order to
eight, we will obtain the exact coefficients up to 8th order of the
exact transfer function. The exact, 8th-, 10th-, and 16th-order
approximate responses of the active filter are shown in Fig. 16.
We also notice that the numerator and the denominator do not
share the same denominator in this case. However, it should
agree with the exact transfer function after the transfer function
is transformed into a rational form.

We also notice that when subcircuits are very small, (M < 5)
with controlled sources. The internal matrix of some subcircuits
may be singular (det(Af) = 0). To resolve this problem, we

The active filter frequency responses
10 T T T T

0
10' e e e e i) E

— Exact
8th
20 10th
> 10 (= 16th

£

g i e e o e s e

Frequency

Fig. 16. Frequency response of the active filters (exact versus 8th-, 10th-, and
16th-order approximations).

move the whole subcircuit into its parent circuits (actually to re-
move this subcircuit from the circuit netlist). But for the Y -Delta
method, it does not work any more as it has to reduce one node
at a time and require the subcircuit to be nonsingular for valid
division operations.

Finally, we test the proposed algorithm on a number of
RC/RLC interconnect circuits. Group one has tree or ladder
structured RC/RLC circuits. Group two has mesh-structured
circuits. In our experiments, 8th order is the highest order kept
for the generated admittances. For each circuit, M is the user
specified maximum internal node count limit. We report both
the CPU times and memory usages for different M for each
circuitt When M = 1, the reduction algorithm essentially
becomes the Y — A algorithm [18] as we reduce one node at a
time. The initial maximum node degree is three for tree/ladder
circuits and four for all the mesh-structured circuits. We will
compare the CPU time and memory usage for computing an
order-reduced transfer function for different M’s. The statistics
for tree and ladder structured RC circuits are summarized in
the Table 1.

Columns #N and #B(R + C + L) are numbers of nodes
and branches (resistors+capacitors+inductors) in each circuit re-
spectively. Column M gives the maximum internal node count
limit used for each circuit. Column # Level shows the deepest
hierarchical level for each circuit.

From Table I, we can observe that when M = 1, which cor-
responds to the Y — A transformation, the reduction takes the
longest CPU times and the largest memory usage for all the test
cases. The memory usage of M = 1 can be more than two times
larger than M > 1 cases for circuits 10 x 100_*. The memory
saving can be significant as shown in circuits 10 x 2000_*. For
even larger circuits (like 20 x 2000_1), when M = 1 the hier-
archical reduction method runs out of memory. The difference
can be mainly explained by the very compact DDD representa-
tion and the reduced number of common-factors to be remem-
bered. The compact DDD representations also lead to smaller
CPU times as shown in the table.
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TABLE 1
STATISTICS FOR TREE OR LADDER/TREE STRUCTURED RLC CIRCUITS
Ckt [ #N #B (R+C+L) [ M T #Level | CPU (sec.) | Mem (peak) | SPICE(sec.)

3x30_1 90 95+87+0 1 31 0.30 10.21MB 0.28

3x30.5 90 95+87+0 5 8 0.22 3.71MB 0.29

3x30.10 90 95+87+0 10 5 0.21 3.13MB 0.27

5x50_1 250 259+245+0 1 52 0.71 28.31MB 0.76

5x50_5 250 259+245+0 5 12 0.53 9.96MB 0.77

5x50-10 250 259+245+0 10 7 0.61 8.35MB 0.75

5x50-20 250 259+245+0 20 S 0.82 8.68MB 0.76

10x100-1 1000 1019+990+0 1 105 3.42 112.84MB 3.66

10x100_5 1000 1019+990+0 5 25 2.10 38.36MB 3.76

10x100_.10 | 1000 1019+990+0 10 15 2.34 30.27MB 3.69

10x100_.20 | 1000 1019+990+0 20 10 3.10 27.26MB 3.68

10x2000_1 | 40001 | 20028+20000+20000 1 4016 115.5 916.6MB 289.95

10x2000_5 | 40001 | 20038+20000+20000 | 5 809 99.03 58.56MB 290.49

20x2000_1 | 80001 | 40058+40000+40000 1 4125 - - 782.17

20x2000_5 | 80001 | 40058+40000+40000 [ 5 811 143.42 340MB 798.05

TABLE 1I
STATISTICS FOR MESH STRUCTURED RLC CIRCUITS
Ckt [ #N ] #B (R+C+L) [ M [ #Level | Row x Col [ CPU (sec.) | Mem (peak) | Spice (sec.)

3x30x3_1 90 99+87+0 1 18 3x3 0.42 10.53MB 0.31
3x30x3.5 90 99+87+0 5 8 3x3 0.22 4.60MB 0.32
3x30x3_.10 90 99+87+0 10 6 3x3 0.32 3.73MB 0.34
5x50x5_1 250 275+245+0 | 23 5x5 1.12 30.62MB 0.79
5x50x5_5 250 275+245+0 5 10 5x5 0.90 15.20MB 0.82
5x50x5_10 250 275+245+0 10 8 5x5 1.5 16.32MB 0.80
5x50x5.20 250 275+245+0 20 6 5x5 2.74 19.32MB 0.77
10x100x10_1 1000 1100+990+0 | 40 10x10 5.61 142.91MB 391
10x100x10_5 1000 1100+990+0 5 17 10x10 5.32 71.67TMB 3.90
10x100x10_10 1000 1100+990+0 10 13 10x10 20.12 127.04MB 3.84
10x100x10-15 1000 1100+990+0 15 10 10x10 22.40 136.19MB 341
rlcmesh80_1 16001 8397+8000+8000 1 913 80x3 69.1 741.2MB 138.40
rlcmesh80_5 16001 8397+8000+8000 5 78 80x3 52.2 371.1MB 139.40
rlemesh160_1 | 32001 | 16796+16000+16000 1 313 160x3 91.64 916.42MB 322.35
rlemesh160_5 | 32001 | 16796+16000+16000 [ 5 138 160x3 58.35 741.42MB 320.25
rlemesh300 1 | 60001 | 31496+30000+30000 1 674 300x3 - - 772.48
rlemesh300_5 | 60001 | 31496+30000+30000 | 5 243 300x3 316.14 916.41MB 769.48

We also notice that the smallest CPU time for all the circuits
happens when M = 5 for most of the circuits. The reason is
that if subcircuit sizes are too large (more than 20), DDD con-
struction time will become significant for general unstructured
circuits, the saving due to the reduced number of subcircuits will
be offset by the increasing DDD construction time. On the other
hand, if the subcircuit size is too small, the number of subcircuits
will increase, so do reduction time and memory. The worst case
in this direction is the Y — A reduction, where each node be-
come a subcircuit.

We also compare the new algorithm with Spice3f4 for ac anal-
ysis by sampling 600 frequency points for each circuit. We no-
tice that if more frequency points are sampled, Spice3f4 will
take longer time, while the CPU time for the new algorithm will
almost be the same as the new algorithm performs the reduction
in s-domain and is independent of the number of sampling fre-
quency points.

Table II gives the statistics for some mesh-structured circuits.
Here the circuit 3 X 30 x 3 means that there are three rows and
each row has 30 RC/RLC ladder sections, and the circuit con-
tains three resistive columns which connect all the rows. The
column Row x Col gives the numbers of rows and columns in
the meshed RC circuits. There are also many RC ladder sections
between the vertical columns at each row. It can be seen that
when M = 1, the reduction still has the largest peak memory

usage for all the cases. However, the CPU times for M > 1
may become worse than M = 1 for some circuits. The reason
is that when internal matrix A’7 gets larger, it will take longer
to construct the DDD graphs. For mesh-structured circuits, the
internal matrix may become very dense, such a matrix is com-
putationally expensive for DDD constructions when the size of
the matrix is larger than 15. For circuit 10 x 100 x 10_15, we
only try M = 15 instead of M = 20 as M = 20 will result in
a very long DDD construction time.

As with tree and ladder structured circuits, when M = 5, we
still have best results in terms of both CPU time and memory
usage for larger circuits. We also notice that our current imple-
mentation of the new reduction algorithm is not very memory
efficient for large mesh-structured circuits. More efficient
implementation using techniques like garbage collections, dy-
namic vertex ordering [32], are required to significantly reduce
memory usage.

Fig. 17 gives the responses for different orders of Hurwitz ap-
proximations for a RLC circuit. We compare the approximated
results with exact response from SPICE. As the approximation
order increases, the approximation gets better.

VII. CONCLUSION

In this paper, we have proposed a general hierarchical linear
network simulation and modeling technique in s-domain. The
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Fig. 17. Transient step responses given by the new reduction algorithm for

different order Hurwitz approximation for a couple RLC circuit.

simulation and modeling are done by subcircuit suppression in a
hierarchical way and by rational function approximation, which
generates exact or order-reduced cancellation-free admittances
in the reduced network matrices. The new method works on cir-
cuit matrices formulated by MNA formulation and can be ap-
plied to any linear circuit. On the theoretical side, we studied
how common factors are generated in the general subcircuit
reduction process and presented some theoretical results. On
the practical side, we proposed a novel decancellation strategy
based on determinant decision diagrams to derive the cancel-
lation-free rational functions for determinants generated from
subcircuit reduction. The resulting method can be used for mod-
eling of both linear(ized) analog circuits, which typically are
active circuits with controlled sources, and passive interconnect
circuits. Experimental results validate the proposed method on
some linear analog circuits and large RLC interconnect circuits.
Our results also show that subcircuit (multiple-node) reduction
scheme in general is better than one-node reduction method
such as Y — A transformation in terms of CPU time and memory
usage.
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