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Abstract—Many biological systems and natural phenomena
exhibit chaotic behaviors that are saved into time series data,
which can be used to predict their future behavior. Unfortunately,
chaotic time series prediction is a challenge and more difficult
when the data do not have a similar pattern. In this manner,
this work shows the prediction of chaotic time series that
have different maximum Lyapunov exponent (MLE) values,
which are generated by a chaotic oscillator, and by applying
three techniques, namely: artificial neural networks (ANNs),
adaptive neuro-fuzzy inference system (ANFIS), and least-square
support vector machines (LS-SVM). The predicted chaotic data
is compared with respect to the root mean squared error. The
three prediction techniques have the same conditions and they are
compared with statistical metrics to predict chaotic time series
with different MLE values.

I. INTRODUCTION

Chaotic time series prediction techniques have the challenge
to forecast long horizons of chaotic data that have different en-
tropy and maximum Lyapunov exponent (MLE) values. Those
prediction techniques have the goal to provide a compact
description of observed data, which must guarantee low error
that can be measured as mean squared error (MSE) and root
MSE (RMSE). Among the kinds of chaotic signals that require
attention to predict their future behavior are for example:
epilepsy, pancreatic beta cell, electroencephalogram, electro-
cardiogram, and so on. In those human diseases pathologies,
the chaotic behavior is quite different among humans and then
this is the challenge to propose a generic time series prediction
technique. In this work, a chaotic oscillator based on saturated
nonlinear functions (SNLF) is the case of study in which the
coefficients of the mathematical model are varied to generate
different chaotic time series data with different unpredictability
characteristics provided by their associated MLE, which is
evaluated by using the time series analysis (TISEAN) tool.

In the state of the art, several techniques have been proposed
in order to solve the problem on chaotic time series prediction
considering short-term and long-term prediction horizons, e.g.,
artificial neural networks (ANNs) [1, 2, 3], fuzzy systems [4,
5, 6], support vector machine (SVM) [7, 8], hybrid systems [9,
10, 11], and so on. Those techniques missed to predict chaotic
time series with different MLE values. In this manner, this
work applies ANN, an adaptive neuro-fuzzy inference system
(ANFIS) and least square (LS)-SVM to predict chaotic time
series with different MLE values.

ANNs are mathematical tools inspired by the human brain’s
ability to process information [12, 13]. In general, an ANN is a

set of elementary processing units, named as neurons or nodes,
and their processing capacity is stored at neural connections
in synaptic weights form [14]. The general structure of an
ANN is composed of an input layer that accepts external in-
formation, m hidden layers and one output layer that provides
the objective value, each of these layers contains one or more
neurons [15], and they can be easily implemented within field-
programmable gate arrays (FPGAs) [16]. Figure 1 shows the
functional structure of an artificial neuron, where xj represents
the input signal, w the synaptic weights, b the bias, and f(.)
the activation function that can be hyperbolic tangent function,
step. sigmoid, etc. [13, 14]. The final state of a neuron is
evaluated by y = f(u) = f

(∑
j=1 xjwj + b
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Fig. 1: Artificial neuron functional structure.

ANFIS is a type of system that incorporates ANNs and
fuzzy logic. In this case, the neurons of the ANN incorporates
TSK (Takagi- Sugeno-Kang) so that the system is adaptive,
fault tolerant, distribute, learns from experience and presents
generalizability. Assuming that the fuzzy control system has
an output f , two inputs (x, y), thus the two fuzzy rules are
represented by (1). Figure 2 shows the general structure of
ANFIS, where the function of nodes in each layer is: Layer 1
contains input nodes regards of passing external signals to the
next layer, Layer 2 performs the parameter adjust of the input
membership function, Layer 3 and 4 perform fuzzy operations,
Layer 5 and 6 weight and provides the output of the system.
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Fig. 2: ANFIS general structure.

R1 : IF x is A1 AND y is B1, THEN f1 = p1x+ q1y + r1

R2 : IF x is A2 AND y is B2, THEN f2 = p2x+ q2y + r2 (1)

The prediction problems can be solved by using classifi-
cation techniques. For that reason, although SVM has been
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used in classification and regression tasks, its principles can
be easily extended to prediction problems [7]. When the
prediction of the time series is developed by SVMs, given
a time series data yt composed by a set of consecutive real
values yt = {yt ∈ R | y1, y2, ..., yn}, the prediction is
represented by dividing yt = {y1, y2, ..., yn} in windows
w = (yt, ..., yt+p−1) of size p, in order to find a function
f(yt, ..., yt+p−1) = yt+p.

A characteristic of SVM is the use of Kernel functions,
which are used to describe a problem in a characteristic space
of higher dimension and applies linear algorithms in nonlinear
problems. In this case, a data mapping from the input space
X to a wide space of characteristic χ is performed through a
function ϕ, ϕ : X → χ, where the function ϕ does not need to
be known, since it has a kernel function k that computes the
dot product in the features space k(x, y) = ϕ(x)·ϕ(y). In time
series prediction problems, the linear Kernel k(x, y) = x · y
has been the most useful, where the decision function takes
the form f(x) = wx+ b [17].

Fig. 3: SVM functional structure [18].

Among the main application that used SVM as prediction
technique are control systems, environmental and meteorolog-
ical prediction, applications that involve non-linear systems,
electric charges, medical fields, etc. [19]. In the case of
chaotic time series prediction, SVM has proved to be useful
in one-step-ahead prediction and multi-step-ahead prediction
problems, due to the use of a sliding window that is used to
enter the input data to SVM and guarantees a global minimum
solution. However, there is no predetermined heuristic for the
choice of SVM parameters and designs.

We show the comparison of these three prediction tech-
niques with respect to the root mean squared error (RMSE).

II. GENERATING CHAOTIC TIME SERIES

Chaos can be generated from mathematical models that can
include piecewise-linear (PWL) functions, as the one one given
in (2), where x1, x2, x3 are the state variables, a, b, c, d1 are
positive real coefficients whose values are in the range [0, 1],
and f(x1) is the SNLF described by (2), this and other chaotic
oscillators have been already implemented within FPGAs [16].

ẋ1 = x2

ẋ2 = x3 (2)
ẋ3 = −ax1 − bx2 − cx3 + d1f(x1;α, k1, h1, p1, q1)

If one varies the values of the coefficients a, b, c, d1 and
f(x1) in (2), the chaotic time series can have different MLE
values, as already shown in [20], where the MLE is optimized
by evolutionary algorithms. For instance, Table I lists the
coefficient values associated to eight different MLE values.

TABLE I: Optimized MLE for generating a 2-scrolls attractor
and their associated (a, b, c, d1) coefficient values.

a b c d1 MLE
0.7000 0.7000 0.7000 0.7000 0.1117
0.5610 0.9470 0.3460 0.6810 0.2225
1.0000 0.7000 0.7000 0.2542 0.3425
1.0000 0.7000 0.6780 0.1069 0.3437
0.7746 0.6588 0.5846 0.4931 0.3460
0.8661 1.0000 0.3934 0.9903 0.3607
1.0000 0.7884 0.6435 0.6665 0.3713
1.0000 1.0000 0.4997 1.0000 0.3761

III. TIME SERIES PREDICTION USING ANNS

A methodology that allows establishing the number of
neurons and layers in an ANN is the geometric pyramid rule,
where the hidden layers have fewer neurons than the input
layer [21]. Three ANNs are used in this work, two of them are
obtained from the geometric pyramid rule with 16×8×4×2×1
neurons and 32×16×8×4×2×1 neurons. The third ANN has
been proposed in [22] with 4×7×4×8×5×1 neurons, and it
has been applied in [23]. These ANNs are feedforward ones,
the input weights have a time delay line (TDL) to provide a
dynamic response to the time series data, a linear activation
function is used in the output layer and in the remaining layers
a hyperbolic tangent activation function is used, the levenberg-
Marquardt learning algorithm is used.

The ANNs training was performed with the time series of
x1 normalized in the range of [1] and with the optimized MLEs
from Table I. In this case, a x1(t+6) prediction is performed
by using x1(t), x1(t− 6), x1(t− 12), x1(t− 18) data as past
values. The RMSE described in (3) is used to measure the
prediction performance of the ANNs. Considering that the
parameters of the ANNs must be adjusted, the ANN training
is initialized many times with with different random assigned
weights and bias.

RMSE =

√√√√ 1

n

n∑
i=1

[yi − ŷi]2 (3)

Figure 4 shows the box plots that represent the RMSE
value obtained from the validation process. These plots allow
to know the prediction error distribution during the ANN
parameters adjustment, to detect the outliers due to an over-
adjustment or sub-adjustment occurred during the training
stage of the network, and to observe the difference between the
weights and bias values, which provide different predictions
behaviors. From Fig. 4, one can appreciated that by using an
ANN with 6-layers, the RMSE distributions are the least. Once
the ANNs has been trained and the parameters have adjusted,
the weights and bias with lower prediction error are selected.
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Fig. 4: RMSE box-plots for the validation process by using
8-chaotic time series with different MLE values.

IV. TIME SERIES PREDICTION USING ANFIS

The architecture shown in Fig. 2 is used to perform a
prediction with x1(t + 6) pass values of the time series
generated by the chaotic oscillator with different MLE values.
The format of the training data is:

x1(t+ 6) = x1(t), x1(t− 6), x1(t− 12), x1(t− 18) (4)

where 4 inputs and 24 = 16 rules are used. 2000 samples
for training and 1000 samples for validation are used. Also,
genfis1 is used to generate an initial membership function
matrix (generalized bell function) from the training data.
Figure 5 shows the obtained prediction after training.

(a) (b) (c)

Fig. 5: ANFIS time series prediction with: (a) MLE=0.2225,
(b) MLE=0.3425, (c) MLE=0.3761.

V. TIME SERIES PREDICTION USING LS-SVM

The chaotic time series prediction using least squares sup-
port vector machine (LS-SVM) is done through the historical
value set of the time series as input and one output as
objective value. The LS-SVM characteristic space has the
form f(x) = wTφ(x) + b, where x is a weight matrix.
The LS-SVM technique is used to predict x1(t + 6). It uses
2000 training samples and 1000 validation samples. The radial
base function is used as a kernel function since it provides a
favorable performance under general softness assumptions.

Figure 6 shows the time series prediction results and the
error. The LS-SVMlab toolbox has been used [24, 25, 26].

(a) (b) (c)

Fig. 6: LS-SVM time series prediction with: (a) MLE=0.1117,
(b) MLE=0.3437, (c) MLE=0.3460.

VI. DISCUSSION

The previous section showed the prediction behavior of
the three techniques ANNs, ANFIS, LS-SVM, for the same
chaotic time series and with three different MLE values. A
more suitable comparison is given in Table II, which lists the
statistical metrics considering the errors prediction and Fig.
7 shows a comparison of the RMSE value obtained by using
different MLE values. As one can see, ANNs produce the
lower prediction error. Comparing the three ANNs architec-
tures, it is observed that the 6-layers ANNs and 5-layers ANNs
topologies, both designed from the geometric pyramid rule,
provide the least prediction error. However, considering that
ANNs must be initialized several times with different weights
and bias, it represents a limitation in terms of computer time
to adjust the ANNs parameters, so it is more useful an ANN
with fewer neurons like the architecture proposed in [22].

On the other hand, LS-SVM provides an adequate chaotic
time series prediction and guarantees a global minimum solu-
tion. Nonetheless, the error prediction is larger than that for the
ANNs, also there is not an heuristic that can help to determine
the selection and construction of the kernel function.

Finally, ANFIS combines the advantages of fuzzy logic
and ANNs, and the time required to perform the membership
functions adjustment is lower. However, the prediction error
is greater than the other techniques, and in some cases, there
are useless rules that limit this prediction techniques.

VII. CONCLUSIONS

The chaotic time series are highly sensitive to the initial
conditions, and a small perturbation of them modify the
dynamical system behavior. Despite this, ANNs, ANFIS, and
LS-SVM have proven to be effective techniques when used
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Fig. 7: Comparing the prediction techniques for the 8 different
MLE values of the chaotic time series listed in Table I.

individually in chaotic time series prediction. However, choos-
ing a prediction technique is still a challenge, and it basically
depends on the prediction problem.

In this work, the simulation results, and the statistical
RMSE, demonstrates the suitability of the ANNs, ANFIS, and
LS-SVM to predict chaotic time series with different MLE val-
ues. In relation to the results, ANNs are the excellent choice,
but the computation time must be considered to determine the
appropriate topology. However, if the goal is accuracy and
computing time, ANFIS and LS-SVM are the good choice.
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