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ABSTRACT
In this paper, we propose a generalized block structure-preserving
reduced order interconnect macromodeling method (BSPRIM). Our
approach extends structure-preserving model order reduction (MOR)
method SPRIM [4] into more general block forms. We first show
how SPRIM-like structure-preserving MOR method can be extended
to deal with admittance RLC circuit matrices and show the 2q mo-
ments are still matched and symmetry is preserved. We then show
that 2q moment matching can’t be achieved when the RLC circuits
are driven by both current and voltage sources. The new approach
also improves SPRIM by introducing the re-orthonormalization pro-
cess on the partitioned projection matrix. Then we present our
BSPRIM method to deal with more circuit partitions and show
the resulting general block structure preserving MOR for linear dy-
namic circuits formulated in impedance and admittance forms. The
reduced models by the proposed BSPRIM will still match the 2q
moments and preserve the circuit structure properties like symme-
try as SPRIM does. Experimental results demonstrate effectiveness
of the proposed methods and it outperforms SPRIM in terms of ac-
curacy with more partitions.

1. INTRODUCTION
Compact modeling of passive RLC interconnect networks has been
an research intensive area in the past decade due to increasing sig-
nal integrity effects and increasing design complexity in current
system on a chip (SoC) design [6]. Reducing the many parasitic
RLCK circuits by equivalent compact models in higher level simu-
lation can significantly improve the simulation and verification pro-
cess in nanometer VLSI designs.

The most widely used method is based on subspace projection [8, 3,
9, 5, 7, 4]. Projection-based method was pioneered by Asymptotic
Waveform Evaluation (AWE) algorithm [8] where explicit moment
matching was used to compute dominant poles at low frequency.
Pade via Lanczos (PVL) [3], Arnoldi Transformation method [9]
improved the numerical stability of AWE, congruence transforma-
tion method [5] and PRIMA [7] can further produce passive mod-
els. However, reduced circuit matrices by PRIMA are larger than
direct pole matching (having more poles than necessary) [1] and
PRIMA does not preserve certain important circuit structure prop-
erties like reciprocity.

Recently, a structure-preserving model reduction (SPRIM) is pro-
posed in [4]. This approach partitions the state matrix in the MNA
(modified nodal analysis) form into a natural 2× 2 block matri-
ces, i.e., conductance, capacitance, inductance, and adjacent ma-
trices. Accordingly the projection matrix is partitioned. As a re-
sult, SPRIM matches the twice moments of the models by using
the projection matrix given by PRIMA. The reduced models also
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preserve the structure properties of the original models like sym-
metry (reciprocity). This idea has been extended to deal with the
more partitions by block structure-preserving model order reduc-
tion (BSMOR) [10] to further exploit the regularity of the many
parasitic networks. It was shown that by introducing more parti-
tions, more poles are matched which leads to more accurate order
reduced models [11].

However, BSMOR method simply introduce more partitions/blocksx,
it does not truly preserve the circuit structures for general RLCK
circuits for different input sources (voltages or currents). The re-
duced model does not match the 2q moments of the original models
as SPRIM does.

In this paper, we first show theoretically that structure-preserving
model order reduction can be applied to RLCK admittance net-
works, which are driven by the voltage sources and requires par-
titioning of the original MNA circuit matrix into 2×2 block matri-
ces. We further show that for a hybrid MNA circuit matrix where
both current and voltage sources are present, 2q moment matching
can’t be achieved. Then we proposed a general block structure-
preserving reduced order modeling of interconnects (BSPRIM), which
generalizes SPRIM method [4] by considering more partitions. We
study the matrix partitioning for both impedance matrices and ad-
mittance matrices separately and show that the reduced models will
still match the 2q moments of the original circuits and the circuit
structures like symmetry, sparsity can be preserved. Experiments
show that with more partitions, the reduced models become more
accurate.

The rest of the paper is organized as follows. We review the structure-
preserving model order reduction in Section 2. Then we present the
new method to extend SPRIM to deal with admittance matrix with
voltage sources in Section 3. After this we present our BSPRIM
method in Section 4 where how structure preserving can be ex-
tended to n×n cases for both impedance and admittance matrices
and show the 2q moments still are matched and symmetric property
is preserved. We present the experimental results in Section 5, and
concludes the paper in Section 6. Proofs of some key theorems will
be included in the appendix section.

2. BLOCK STRUCTURE PRESERVING MODEL
REDUCTION

In this section, we review the structure-preserving projection based
MOR method SPRIM and the important results of SPRIM method.

2.1 Preliminary
Consider a modified nodal formulation (MNA) of the RLCK circuit
equation in the frequency domain:

Gx(s)+ sC x(s) = Bip(s)

vp(s) = BT x(s) (1)



where x(s) is the state variable vector, G and C (∈ RN×N) are state
matrices. B (∈ RN×np) is

B = [BT
1 0]T , (2)

a port incident matrix. We assume that we have only current sources
indicated by ip(s) now.

Eliminating x(s) in equation(1) gives

vp(s) = H(s)ip(s)

H(s) = BT (G + sC )−1B, (3)

where H(s) is a multiple-input multiple-output (MIMO) impedance
transfer function. PRIMA finds a projection matrix V (∈ RN×qnp)
such that its columns span the q-th block Krylov subspace K (A,R ,q),
i.e.,

spanV = K (A,R ,q), (4)

where A = (G + s0C )−1C , R = (G + s0C )−1B , and s0 is the ex-
pansion point that ensures G + s0C is nonsingular. The resulting
reduced transfer function is

H̄(s) = B̄T (Ḡ + sC̄ )−1B̄ , (5)

where

Ḡ = V T GV, C̄ = V T CV, B̄ = V T B, (6)

has the identical expanded first q-th moments of the original trans-
fer function H(s). It is called as the Grimme’s projection theorem
[2]. Note that Ḡ , C̄ are ∈ Rqnp×qnp , and B̄ is ∈ Rqnp×np .

The PRIMA-like MOR method can’t preserve structure of the origi-
nal models. This reflects in the fact that if impedance transfer func-
tion H(s) is symmetric, the reduced transfer function H̄(s) is no
longer symmetric. Also the reduced matrices Ḡ , C̄ become dense
or full matrices.

2.2 The SPRIM Method
In [4], a structure-preserving reduced model order reduction tech-
nique, SPRIM, was proposed. The primary observation is that
impedance transfer function of RLCK circuit H(s) is symmetric.
By using a split projection matrix, the structure information rele-
vant to the passive and symmetric properties of the original circuit
matrices are still preserved. As a result, the reduced transfer func-
tion H̃(s) is still symmetric.

This structure preserving MOR was made possibly by the observa-
tion that instead of using the Krylov subspace K (A,R ,q) for the
projection matrix Ṽ , one can use any projection matrix such that the
space spanned by the column in Ṽ contains the q-th block Krylov
subspace. i.e.

K (A,R ,q) ⊆ Ṽ (7)

SPRIM starts with the 2×2 structured MNA circuit matrices in the
following form:

G =

[
G AT

−A 0

]
, C =

[
C 0
0 L

]
, B =

[
B1
0

]
, (8)

where G (∈ Rn1×n1 ), C (∈ Rn1×n1 ), L (∈ Rn2×n2 ) are conductance,
capacitance and inductance matrix, and A (∈Rn2×n1 ) is the adjacent
matrix indicating the branch current flow at the inductor. Note that
n1 +n2 = N.

Therefore, a structured projection vector Ṽ is constructed by par-
titioning the projection vector V obtained from the q-th PRIMA
iteration

V =

[
V1
V2

]
→ Ṽ =

[
V1 0
0 V2

]
. (9)

where V1 is ∈ Rn1×qnp , V2 is ∈ Rn2×qnp , and hence Ṽ is ∈ RN×2qnp .
As a result, the number of columns in Ṽ is twice as that in V . Ac-
cordingly the new reduced state matrices are

G̃ =

[
G̃ ÃT

−Ã 0

]
, C̃ =

[
C̃ 0
0 L̃

]
, (10)

where G̃ = V1
T GV1, Ã = V2

T AV1, C̃ = V1
TCV1 and L̃ = V2

T LV2.
Similarly, the size of G̃ , C̃ (∈ R2qnp×2qnp ), and B̃ (∈ R2qnp×np ) is
twice as that of Ĝ , Ĉ , and B̂ reduced by using V .

In addition to the preservation of the structure of MNA matrix, an
important benefit of SPRIM is that the reduced models will match
2q block moments given q-th block Krylov subspace K (A,R ,q).
The 2q matching property of SPRIM is mainly due to the fact that
both the original impedance and reduced impedance transfer func-
tions are symmetric when structure is preserved. When symmetric
transfer functions are reduced, 2q moments are matched due to the
use of two Krylov.

However, the SPRIM method [4] only gives the structure-preserving
MOR on the impedance matrices with current input sources. We
show in the following section that admittance circuit matrices, which
is driven only by voltage sources can also be reduced in a structure-
preserving way.

3. STRUCTURE PRESERVING FOR ADMIT-
TANCE TRANSFER FUNCTION MATRI-
CES

In this section, we show that for admittance transfer functions, by
properly partitioning the circuit matrices and splitting the projec-
tion matrix, we can still preserve the structure of the admittance
circuit matrices and achieve the 2q moment matching result.

3.1 Circuit Structure Partitioning
For RCL circuit with voltage sources, the resulting MNA equation
is written as

Gx +C
dx
dt

= But (t) (11)

where

G =




ET

g GEg ET
l ET

v
−El 0 0
−Ev 0 0



 , (12)

C =

[
ET

c CEc 0 0
0 L 0
0 0 0

]
, B =

[ 0
0

ET
v

]
.

where Ex is the incident (adjacency) submatrix for corresponding
type of branches in the circuit and ut(t) is the vector of input voltage
sources. The transfer admittance function becomes

Y (s) = BT (G + sC )−1B (13)

As a result, we can still partition the circuit matrices into a 2× 2
form as follows:

G =

[
G1 GT

2
−G2 0

]
,

C =

[
C1 0
0 C2

]
, B =

[
0

B2

]
(14)



where G1 and C1, G2 and C2 are defined as

G1 = ET
g GEg, G2 =

[
−El
−Ev

]
,

C1 = ET
c CEc, C2 =

[
L 0
0 0

]
,

B2 =

[
0

ET
v

]
.

(15)

Meanwhile, subblock matrices G1,C1,C2 are positive semidefinite.
i.e. they satisfy

G1 � 0, C1 � 0, C2 � 0 (16)

Note that by comparing (8) and (14), one finds that the major differ-
ence between impedance and admittance is that the position matrix
B are different. It turns out that this difference will not alter the 2q
moment matching property by using structure-preserving reduction
as shown in the proof of Theorem 1 in the appendix.

After getting V from q-th PRIMA, we obtain Ṽ by partitioning V
conformly according to the size of G , C and B ,

V =

[
V1
V2

]
→ Ṽ =

[
V1 0
0 V2

]
. (17)

Here the rows of V1,V2 equals to the rows of G1,G2, respectively.
The new reduced matrix can be obtained by

G̃ = Ṽ T GṼ=

[
G̃1 G̃T

2
−G̃2 0

]
,

C̃ = Ṽ T CṼ =

[
C̃1 0
0 C̃2

]
, B̃ = Ṽ T B =

[
0

B̃2

]
(18)

The corresponding transfer function is

Ỹ (s) = B̃T (G̃ + sC̃ )−1B̃ . (19)

It can proved that the reduced admittance matrix Ỹ (s) is still sym-
metric. So reciprocity property is still preserved.

3.2 Re-orthonormalization of Split Projection
Matrix

For the projection matrix V ∈ RN×q in (17), its rank should be q
(assuming N > q). After the 2-way splitting operation in (17), the
rank of Ṽ however may not be 2q and it typically is less than 2q.
The reason is that after splitting operations, some columns become
linear dependent. This is also reflected in the fact that the columns
in Ṽ is no longer orthogonal to each other. i.e.

Ṽ T Ṽ 6= I

To mitigate this problem, we re-orthonormalize each subblock in Ṽ
and obtain the new split projection matrix T̃

T̃ =

[
orth(V1) 0

0 orth(V2)

]
(20)

where, orth(X) means making the orthonormal basis for matrix X .
As a result, we may end up with less columns in T̃ than in Ṽ , which
leads to smaller sizes of the reduced models. Also T̃ become or-
thogonal again

T̃ T T̃ = I (21)

Note also that the re-orthonormalization process does not change
the subspace of Ṽ and the moment matching property applied to

Ṽ is also valid for T̃ . But experimental results show that the re-
orthonormalization can always leads to the same or more accurate
reduced models.

3.3 Structure Preserving Properties
The proposed 2× 2 structure preserving MOR method for admit-
tance transfer function matrices has the similar properties as the
SPRIM for RCL circuits containing current sources. As a result,
the reduced transfer function Ỹ (s) is still symmetric and reciprocal
property is preserved.

The moment-matching property can be stated as follows:

THEOREM 1. Choosing s0 ∈ℜ. Let n = m1 +m2 + ...+mq and
let Ṽ be the matrix used in the proposed algorithm. Therefore, the
first 2q moments in the expansions of Y (s) in (13) and the projected
model Ỹn(s) in (19) about s0 are identical:

Y (s) = Ỹn(s)+o((s− s0)2q). (22)

The proof sketch of the theorem is given in the appendix. The
2q moment matching property, however, does not exist for all the
RLCK circuits. For a RLCK circuit in MNA formulation, if it is
driven by both current and voltage sources, the input position ma-
trix B becomes

B = [BT
1 BT

2 ]T , (23)

The resulting transfer function is a hybrid function matrix, which
is no longer symmetric. So neither the reduced models. Therefore
we have the following result,

COROLLARY 1. For a RLCK circuit, which is driven by both
current and voltage sources, the reduced transfer function by using
split projection matrix in (17), only matches first q moments of the
original transfer function.

Regarding the passivity, it can be easily proved that the reduced ad-
mittance transfer function in (19) is positive real and thus passive.

4. GENERAL BLOCK STRUCTURE PRE-
SERVING MODEL ORDER REDUCTION
METHOD

Structure-preserving MOR methods like SPRIM essentially is based
on a 2×2 partitioning of the state matrices. To be more general than
structure preserving algorithm for both impedance form and admit-
tance form, we can make more partitions based on the algorithm
mentioned before in order to get relatively lower order model than
the original order. In this section, we will introduce this general
block structure preserving model order reduction method, called
BSPRIM, for both impedance and admittance transfer functions.

We show that by increasing the partition number or block number,
we can match more poles using the same Krylov subspace, which
leads to more accurate reduced model as confirmed by our exper-
imental results. BSPRIM can still match the 2q moments of the
original transfer impedance or admittance transfer functions, which
is in contrast to recent work [10]. The BSPRIM leads to localized
model order reduction for subcircuits and can preserve the sparsity
of the original circuit matrices.

4.1 Block Structure Preserving MOR for Impedance
Function Matrices



For impedance transfer function matrices, to partition the original
circuits into m blocks (node disjoint partitions), we need to parti-
tion the MNA circuit into m + 1 blocks for G , C and B respec-
tively to preserve the structure relevant to the symmetric and mo-
ment matching properties as shown below:

G =

[
G1 GT

2
−G2 0

]

where G1,G2 are given as

G1 =




G1,1(n1×n) . . . G1,m−1(n1×n) G1,m(n1×n)

G2,1(n2×n) . . . G2,m−1(n2×n) G2,m(n2×n)

.

.

.
. . .

.

.

.
.
.
.

Gm,1(nm×n) . . . Gm,m(nm×n) Gm,m(nm×n)




G2 = [Gm+1,1(nm+1×n),Gm+1,2(nm+1×n), ...,Gm+1,m (nm+1×n) ]

(24)

and each block has the size nk (∑m+1
k=1 nk = N). Then, C matrix

becomes

C =

[
C1 0
0 C2

]

C1 =




C1,1(n1×n) 0 . . . 0
0 C2,2(n2×n) . . . 0

.

.

.
.
.
.

. . .
.
.
.

0 0 . . . Cm,m(nm×n)




C2 = Cm,m(nm×n)

(25)

The position matrix B now are partitioned conformly

B = [B1,0]

B1 = [B1(n1×n),B2(n2×n), . . .Bm(nm×n)]
T (26)

Therefore, the reduced state matrices can be obtained as mentioned
in Section 2.

Ĝn = V̂ T GV̂ , Ĉn = V̂ T CV̂ , B̂n = V̂ T B. (27)

To be in more detail, every block in Ĝ ,Ĉ and B̂ can be expressed as

Ĝi, j = Vi
T Gi, jV j, Ĉi, j = Vi

T Ci, jV j, B̂i = Vi
T Bi. (28)

Notice that for m-way partitioning of the original circuit, we have
(m+1)-way partitioning of the circuit matrices.

The projection matrix V̂ , according to the partition of G and C ,
can be obtained by (m + 1)-way splitting of the projection matrix
V obtained from the PRIMA.

V =




V1(n1×n)

V2(n2×n)

.

.

.
Vm+1(nm+1×n)




→ V̂ =




V1(n1×n) 0 . . . 0
0 V2(n2×n) . . . 0
.
.
.

.

.

.
. . . 0

0 0 . . . Vm+1(nm+1×n)


 (29)

With the reduced circuit matrix, we have the reduced-order model
with the transfer function:

Ẑn(s) = B̂T (Ĝ + sĈ )−1B̂ (30)

As a result, we have the following theorem regarding BSPRIM
method:

THEOREM 2. Choosing s0 ∈ ℜ. Let n = m1 + m2 + ... + mq

and let V̂n be the matrix used in the BSPRIM algorithm from (29).
Therefore, the first 2q moments in the expansions of the original
impedance transfer function Z and the reduced impedance transfer
function Ẑn (30) about s0 are identical:

Z(s) = Ẑn(s)+o((s− s0)2q). (31)

The proof sketch of this theorem is in the appendix. Similar to
SPRIM, BSPRIM also preserve the passivity of the reduced mod-
els. This is reflected by the fact that both Ĝ and Ĉ are still positive
definite after structure-preserving MOR. We then have the follow-
ing result regarding the passivity:

THEOREM 3. BSPRIM order reduced impedence model Z(s) in
(31) is passive.

4.2 Localized Moment Matching
Although by increasing the partition number, the reduced model
still matches 2q block moments, the reduced models actually match
more poles with more partition numbers, which lead to more ac-
curate models as confirmed by our experimental results and some
earlier work [10].

The more poles matched can be explained by the concept of local-
ized moment matching. We observes that the partitioned projection
matrix V̂ leads to localized projection as shown by (28). In other
words, the block projection matrix V̂i is used only for matrix blocks
Gi,x and Gx,i, (x = 1, ...m+1). Each structured block projection ma-
trix V̂i will lead to the localized model order reduction for block i,
which is represented by Gx,i and Gi,x matrix blocks (x = 1, ...m).
For each block, the maximum order is much smaller than the to-
tal order of the whole circuit. As we reduce the block size, (thus
by increasing the partition number), the matched moments (order)
will get close to the maximum order of each block. Conceivably, if
the V̂ reaches to the same size of G and C with sufficient partition
number, all the poles of original systems will be capatured since
the corresponding congruence transformation becomes similarity
transformation (as V̂ T V̂ = I), which preserve all the system poles.

4.3 Block Structure Preserving MOR for Ad-
mittance Function Matrices

In this case, we have m + 1 partitioning of the circuit matrices for
m-way circuit node partitioning based on the result in Section 3:

G =

[
G1 GT

2
−G2 0

]
,C =

[
C1 0
0 C2

]
,B =

[
0

B2

]
, (32)

where G1 and C1 have the m-way partitioned block structure as
shown in (24) and (25) respectively.

Accordingly, we split the projection matrix V obtained from PRIMA
into m+1 partitions to preserve the structure of G ,C and B . When
splitting V obtained from PRIMA, the number of rows of Vm+1
should equal to the row number of G2. i.e.

V =




V1
...

Vm
Vm+1


 → V̂ =




V1 0 . . . 0

0
. . . . . . 0

... 0 Vm 0
0 0 0 Vm+1




. (33)

The corresponding Ĝ, Ĉ and B̂ are obtained as follows and the struc-
ture is preserved.

Ĝn = V̂ T GV̂ , Ĉn = V̂ T CV̂ , B̂n = V̂ T B. (34)



Ĝi, j = Vi
T Gi, jV j, Ĉi, j = Vi

T Ci, jV j, B̂i = Vi
T Bi. (35)

It also has the following moment matching properties:

THEOREM 4. Choosing s0 ∈ ℜ. Let n = m1 + m2 + ... + mq

and let V̂ be the matrix used in our proposed algorithm. Therefore,
the first 2q moments in the expansions of Y (13) and the projected
model Ŷn (19) about s0 are identical:

Y (s) = Ŷn(s)+o((s− s0)2q). (36)

The proof is similar to Theory 2. Similarly, BSPRIM reduced ad-
mittance transfer function models Y (s) is also passive.

5. EXPERIMENT RESULT
The proposed BSPRIM has been implemented in Matlab and a
number of RLC circuits are used to illustrate effectiveness of the
proposed BSPRIM method to reduce circuit matrices formulated in
both impedance and admittance forms. We compare the proposed
method with PRIMA and SPRIM for different circuits and show
the higher accuracy of the BSPRIM over the two methods.

5.1 Comparison Results for Circuits in Impedance
Forms

We choose a RCL interconnect circuit with current sources. Fig. 1
shows the higher accuracy of BSPRIM over SPRIM and PRIMA.
The reduced order of PRIMA is n = 15 and the number of blocks
used in BSPRIM is 4(m = 3). From Fig. 1, we can see that the

0 1 2 3 4 5 6 7

x 10
10

−100

−50

0

50

100

150

Frequency

Im
pe

de
nc

e

Output comparison between different reduced−order method

PRIMA
SPRIM
BSPRIM(4x4)
Original

Figure 1: Comparison between SPRIM, PRIMA and BSPRIM
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SPRIM is better than PRIMA. While 4 × 4 block BSPRIM has
higher accuracy than SPRIM.

Fig. 2 shows the preservation of sparsity of G̃ and C̃ after reduction.
While after PRIMA, the matrix G,C are almost fully dense.

5.2 Comparison Results for Circuits in Admit-
tance Forms

In the following, we will show the experiment results of BSPRIM
algorithm for admittance form. The circuit we use consists of resis-
tors, capacitor, inductances and voltage sources. Fig. 3 shows the
accuracy comparison of the proposed algorithm with PRIMA. The
reduced order of PRIMA is n = 15. As a result, the reduced matrix
for the proposed algorithm is 2×n = 30. From Fig. 3, the property
of higher accurency of BSPRIM for admittance form can be seen
obviously.
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To study the effects of re-orthonormalization process, we choose a
third RLC interconnect circuit which is driven by voltage sources.
So the transfer function is admittance. Fig. 4 shows the higher accu-
racy of BSPRIM over algorithm mentioned in Sec. 3 and PRIMA.
For this circuit, we have 15× 15 partitioning of the original cir-
cuit. The reduced order of PRIMA is n = 15 and the number
of blocks equals to 15(m = 14). Form Fig. 4, we can see that
the BSPRIM with re-orthonormalization is much more accurate
than BSPRIM without re-orthonormalization. Also, after the re-
orthonormalization, the dimension of the reduced-order model is
reduced from 225 to 221. We have a smaller reduced models while
archieving better accuracy at the same time.
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6. CONCLUSION
In this paper, we have proposed a generalized block structure-preserving
reduced order interconnect macromodeling method (BSPRIM). The-
oretically we show how SPRIM-like structure-preserving MOR method
can be extended to deal with admittance RLC circuit matrices with
2q moment matching and preservation of symmetry. We also show
that 2q moment matching can’t be achieved in general when the
RLC circuits are driven by both current and voltage sources. We
also improve SPRIM by introducing the re-orthonormalization pro-
cess on the partitioned projection matrix. The proposed BSPRIM
method can deal with more circuit partitions, which can still match
the 2q moments and preserve the circuit structure properties like
symmetry as SPRIM does. Experimental results showed that the
BSPRIM outperforms SPRIM in terms of accuracy with more par-
titions.

7. APPENDIX
Proof of Theory 1: Our proof basically follows the proof in [4],
if we expand in the s0, we need to show that the moment from the
exact admittance function Y (s) and the reduced one Ỹ (s) match to
the 2q moment. That is

BT A jR (s− s0)
j = B̃T Ã jR̃ (s− s0)

j
, j = 0, ...,2q−1. (37)

where A = (G + s0C )−1C and R = (G + s0C )−1B and Ã = (G̃ +

s0C̃)−1C̃ and R̃ = (G̃ + s0C̃ )−1B̃

As a result, one needs to prove:

BT A j1Ṽ = B̃T Ã j1 , j1 = 0,1, ...,q. (38)

and the following equation, which is is the basic moment theo-
rem [2]:

A j2 R = Ṽ Ã j2 R̃ , j2 = 0,1, ...,q−1. (39)

By combining (38) and (39), we can have (37). So we mainly need
to prove (38). To this line, we set

J = J −1 =

[
I1 0
0 −I2

]
(40)

and I1, I2 are identity matrices of the size of the diagonal blocks of
C . So, we have following relations:

GT = J −1GJ , C = J −1C J , B = −J B. (41)

From these relations, we obtain:

(AT ) j1 = J −1(C (G + s0C )−1) j1 J (42)

Since the matrix G̃ ,C̃ and B̃ have the same structure as G ,C and B ,
the reduced-order matrices still have

G̃T = J̃ −1G̃ J̃ , C̃ = J̃ −1C̃ J̃ , B̃ = −J̃ B̃.

(ÃT ) j1 = J̃ −1(C̃ (G̃ + s0C̃ )−1) j1 J̃ (43)

Combining (41), (42), and (39), we have

(AT ) j1 B = −J −1C A j1−1R

= −J −1CṼ Ã j1−1(G̃ + s0C̃ )−1B̃ (44)

Doing transpose of equation(44) and multiplying at right by Ṽ , we
can get equation(38).

BT A j1Ṽ = B̃T Ã j1−1J̃ (C̃ (G̃ + s0C̃ )−1)T J̃

= B̃T Ã j1 (45)

Proof of Theory 2: The difference here from the proof of Theory 1
is that

Jg = J −1
g =




I1 0 . . . 0

0
. . . . . . 0

...
... Im 0

0 . . . 0 −Im+1




(46)

Here, I1,I2,...,Im are identity matrices with the same size of V1,V2,...,Vm.
While Im+1 is also identity matrix with the same row as Vm+1.
Then, we have

GT = J −1
g GJg, C = J −1

g C Jg, B = JgB,

(AT ) j1 = J −1
g (C (G + s0C )−1) j1 Jg (47)

Because of the structure preserving property of BSPRIM, we can
also get the same property of Ĝ , Ĉ and B̂ as in (47).

ĜT = Ĵ −1
g Ĝ Ĵg, Ĉ = Ĵ −1

g Ĉ Ĵg, B̂ = −ĴgB̂.

(ÂT ) j1 = Ĵ −1
g (Ĉ (Ĝ + s0Ĉ )−1) j1 Ĵg (48)

The following step is similar as the the proof of Theory 1. After we
get

(AT ) j1 B = J −1
g CṼ Ã j1−1(G̃ + s0C̃ )−1B̃ (49)

doing transpose and multiply the result from the right by V̂ , we will
get

BT A j1V̂ = B̂T Â j1−1Ĵg(Ĉ (Ĝ + s0Ĉ )−1)T Ĵg

= B̂T Â j1 (50)

The proof is complete.
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