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Efficient DDD-based Interpretable Symbolic
Characterization of Large Analog Circuits*

SUMMARY A systematic and efficient approach is presented
to generating simple yet accurate symbolic expressions for trans-
fer functions and characteristics of large linear analog circuits.
The approach is based on a compact determinant decision dia-
gram (DDD) representation of exact transfer functions and char-
acteristics. Several key tasks of generating interpretable symbolic
expressions — DDD graph simplification, term de-cancellation,
and dominant-term generation — are shown to be able to perform
linearly by means of DDD graph operations. An efficient algo-
rithm for generating dominant terms is presented based on the
concepts of finding the k-shortest paths in a DDD graph. Exper-
imental results show that our approach outperforms other start-
of-the-art approaches, and is capable of generating interpretable
expressions for typical analog blocks in minutes on modern com-
puter workstations.

key words: Clircuit Simulation, Behavioral Modeling, Symbolic
Analysis, Determinant Decision Diagrams.

1. Introduction

Mixed-signal (analog and digital) systems are be-
coming increasingly important. While automation
tools exist for digital circuits, analog design is still done
manually and depends heavily on designers’ experience.
One of the challenging problems in analog design is that
analog circuits typically have many characteristics, and
they depend in a very complicated way on circuit, lay-
out process and environment parameters. In this paper,
we present a new approach to generating interpretable
analytic expressions for small-signal characteristics of
typical analog building blocks.

Previous attempts to generate interpretable ex-
pressions are based on various symbolic analysis meth-
ods to generate sum-of-product representations for net-
work functions. This area has been studied extensively
in 1960s-1980s [9]. The resulting approaches, however,
are only feasible for very small circuits, since the num-
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ber of expanded product terms grows exponentially
with the size of a circuit, and resulting expressions be-
come not interpretable by analog designers. Recently,
various approximation schemes have been developed.
Approximation after generation is reliable but it re-
quires the expansion of product terms first [7], [15], [21].
Some improvement techniques based on nested expres-
sions have been proposed [4],[16]. But they generally
suffer symbolic term-cancellation and align-term prob-
lems. Approximation during generation extracts only
significant product terms [5],[20],[22]. It is very fast,
but has two major deficiencies: First, if accurate ex-
pressions are needed, then the complexity of the ap-
proach becomes exponential. Second, it works only for
transfer functions. Other small-signal characteristics
such as sensitivities, symbolic poles and zeros, cannot
be extracted in general. At the same time, approxima-
tion before generations [8], [22] were proposed in which
the complexity of a circuit is simplified before symbolic
analysis methods are applied. In [3], a signal flow graph
based approximation before generation method is pro-
posed and demonstrated successfully to symbolic pole
and zero generation.

In this paper, we present an efficient approach
to deriving interpretable symbolic expressions based
on determinant decision diagram (DDD) representa-
tions of circuit transfer functions [12],[14]. We show
that how DDD graphs can be simplified, cancellation-
free s-expanded (multi-root) DDDs can be constructed
and dominant term generation can be performed el-
egantly. Since we start with exact symbolic expres-
sions in DDD representations, our new approximation
method has the reliability in the approximation-after-
generation methods. The actual accuracy of simplified
expressions mainly depends on the how errors are moni-
tored and controlled during the approximation process.
Since we have exact representations of circuit charac-
teristics, our approach is not limited to any specific
errors controlling mechanism and the errors of simpli-
fied expressions can be controlled to reach any required
accuracy. Meanwhile, the new method also shows ca-
pability in approximation-before/after-generation for
analyzing large analog circuits due to powerful DDD
graphs. Experimental results show that our algorithm
compares favorably with other state-of-the-art approx-
imation methods [22].

Some preliminary results of this paper were pre-
sented [17],[18]. This paper is organized as follows.



Section 2 reviews the concepts of DDDs and s-expanded
DDDs. Section 3 presents a general DDD-based frame-
work for deriving interpretable symbolic expressions.
Experimental results are described in Section 4. Sec-
tion 5 concludes the paper.

2. DDDs and s-Expanded DDDs

In this section, we provide a brief overview of the
notion of determinant decision diagrams [12]. We re-
view how an s-expanded DDD can be used to represent
the symbolic coefficients of an s polynomial.

Determinant Decision Diagrams [12] are compact
and canonical graph-based representation of determi-
nants. The concept is best illustrated using a simple
RC filter circuit shown in Fig. 1. Its system equa-
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Fig.1 A simple RC circuit.

tions can be written as
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We view each entry in the circuit matrix as one distinct
symbol, and rewrite its system determinant in the left-
hand side of Fig. 2. Then its DDD representation is
shown in the right-hand side. Please refer to [12] for
the formal definition of a DDD graph.
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Fig.2 A matrix determinant and its DDD.

A 1-path in a DDD corresponds a product term
in the original DDD, which is defined as a path from
the root vertex (A in our example) to the 1-terminal
including all symbolic symbols and signs of the vertices
that originate all the 1-edges along the 1-path. In our
example, there exist three 1-paths representing three
product terms: ADG, —AFFE and —CBG. The root
vertex represents the sum of these product terms. Size
of a DDD is the number of DDD vertices, denoted by
|[DDD|. Note that the size of a DDD depends on the
size of circuits in a very complicated way. |DDD| is
a linear function of the circuit size for ladder circuits
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and it may grow super-linearly in general with sizes of
circuits [12].

To exploit the DDD to derive circuit characteris-
tics, we need to directly represent circuit parameters
not matrix entries. To this end, s-expanded DDDs are
introduced [14]. Consider again the circuit in Fig. 1 and
its system determinant. Let us introduce a unique sym-
bol for each circuit parameter in its admittance form.

Specifically, we introduce a = 5=, b= f = -, d=e =

——g—k—R,Z—]—— Cl—ch Csy,l = Cs.
Then the cu‘cmt matrix can be rewritten as
a+b+cs d 0
e f+g+hs i
0 J k+1s

— = ledge
- - == Oedge
4 g + +
S
’ N\ \

Fig.3 An s-expanded DDD.

The original 3 product terms will be expanded to
23 product terms in different powers of s. We can repre-
sent these product terms nicely using a slight extension
of the original DDD, as shown in Fig. 3. This DDD has
exactly the same properties as the original DDD ex-
cept that there are four roots representing coefficients
of s°, 51,52, s3. Each DDD root represents a symbolic
expression of a coefficient in the corresponding s poly-
nomial. Each such DDD is called a coefficient DDD,
and the resulting DDD is a multi-root DDD. The orig-
inal DDD in which s is contained in some vertices is
called complexz DDD.

The s-expanded DDD can be constructed from the
complex DDD in linear time in the size of the original
complex DDD [13],[14]. In Fig. 4, we present a version
of the algorithm called COEFFCONST. COEFFCONST
takes a complex DDD rooted at D and returns its cor-
responding coefficient DDD, where,

e D.child! and D.child0 denote, respectively the ver-
tices pointed to by the 1-edge and 0-edge of vertex
D.

e Let each circuit node be connected by at most m
devices. Then each matrix entry can be a sum of
at most m individual elements, each denoted by
D.x; can be of type s° or s! based on the Modified
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Nodal Analysis (MNA) formulation. For example,
for a matrix entry a + b + c¢s, we have m = 3,
D.xy =a,D.x5 = b, and D.x3 = ¢, and their types
are s°, s°, and s'.

e COEFFUNION(P;, P,) computes the union of two
coefficient DDDs, P; and P.

e CorErrMuLTIPLY(P,v) computes the product of
coefficient DDD P and coefficient DDD vertex v.

e Px s increments the power of s in coefficient DDD

P.
CoEFFCONST(D)
1 if(D=0orD=1)
2 return NULL
3 Lo = CoerrCONST(D.child0)
4 L = CoeErrCONST(D.childl)
5  Presuit = NULL
6 fori=1tomdo
7 if (type(D.x;) = s°)
8 Py = CoerrMurtIPLY(L1,D.2;)
9 Presult = COEFFUNION(P!]7 Presult)
10 if (type(D.x;) = s!)
11 P, = COEFFMULTIPLY(L1 * s,D.x;)
12 Presuit = COEFFUNION(P67 Presult)

13 return COEFFUNION(P,csu1t, Lo)

Fig.4 Coefficient DDD construction.

3. A DDD-based Framework for Sym-
bolic Expression Simplification

Using modified nodal analysis (MNA), a lin-
ear(ized) analog circuit can be described by a system of
linear equations in the following general form: Tx = w,
where the circuit unknown vector x may be composed
of node voltages and branch currents, and the circuit
matriz T is a modified symbolic admittance matrix.

We consider linear circuit modeling as finding net-
work transfer functions, sensitivity expressions, sym-
bolic pole and zero expressions. According to Cramer’s
rule, the kth component xj, of the unknown vector x is
obtained as follows:

Z?:l wj (_I)H_k det(th“k)
det(T) '

Ty = (1)
Note that the numerator and the denominator are only
composed of the determinant and cofactors of the cir-
cuit matrix, which can be represented effectively using
DDDs. With this, simplification of symbolic expres-
sions for parametric circuit modeling can be performed
by DDD manipulations:

e A network transfer function is defined as the ratio
of an output unknown from x over an input from
w. This can be represented as the ratio of two
complex DDDs, or two s-expanded DDDs.

e Under the assumption that poles are far away from
each other, the root splitting method can be ap-
plied to find symbolic expressions for poles and
zeros [6]. In this case, a pole or zero can be rep-
resented as the ratio of two consecutive coefficient
DDDs.

e Sensitivity of a DDD with respect to a circuit pa-
rameter amounts to finding a DDD cofactor. Sensi-
tivities of general circuit modeling characteristics
with respect to circuit parameters can be repre-
sented as expressions of DDDs and their cofactors.

After we obtain the exact DDD representations of linear
circuit characteristics, the key task is how to simplify a
DDD or a ratio of two DDDs.

Simplification of symbolic expressions consists of
the following tasks: 1) discarding insignificant terms,
2) constructing cancellation-free expressions and 3)
generation of dominant terms. In this section, we
show that all these tasks can be performed efficiently
by means of DDD graph manipulations. Moreover,
since we begin with the exact and compact DDD
representation of linear circuit characteristics, all the
error-controlling mechanisms [2] such as monitoring re-
sponse magnitudes/phases, poles/zeros, can be effec-
tively implemented. This is only feasible previously
in approximation-after-generation procedures, which
work only for small analog circuits [7], [21].

3.1 Discarding Insignificant Terms

Discarding insignificant terms is to delete those
terms not significant to the characteristics of interest.
It consists of two methods: device elimination and node
contraction.

Consider a transfer function written in the follow-
ing form:

flp) = % = M, (2)

pDy + Dy
where p is a circuit element in the admittance form,
N, (D,) is the sum of all the product terms in N (D)
containing p from which p is removed, and N (Dyp) is
the set of product terms in N (D) not containing p.

There are two scenarios where p can be eliminated
from both N and D. First, if both D and N; are
compa?(red to NV and D, then f can be simplified by
/=3
not significant for the characteristics of interest. It is
called device elimination. Second, if both pN, and pD,
dominate N and D, then f can be simplified by f' =
g—i. This is called node contraction. This is the node
contraction step. During those two steps, we mak?vsure

that the errors of the simplified expression (f' = 5= or
P

This step removes those devices that are

fl= %) are bounded by some error bounds over the
P
frequency range of interests.
With this, the number of elements in each product

term is decreased by one. Different from [22], which



considers each individual device p, we consider a group
of devices connected to a particular circuit node. This
idea has been proved to be more effective, since for
such circuits as Opamps and OTAs, many devices in
the bias circuitry can be eliminated without affecting
small-signal behaviors of circuitry in signal paths.
Both device elimination and node contraction are
performed on complex DDDs and involve mainly two
basic DDD operations: Cofactor and Remainder, which
are to compute the cofactor and remainder of a DDD
representation with respect to a symbolic parameter.
These operations take liner time in the DDD size [12].

3.2 Construction of Cancellation-Free s-
Expanded DDDs

Canceling terms arise from the use of the Mod-
ified Nodal Analysis (MNA) formulation and device
matching in analog circuits. For instance, consider the

s-expanded DDD in Fig. 3. Since ¢ = k = R% and

i=j = —%3, term agks® cancels term —ajis® in the
coefficient DDD of s°. To ease our discussion, we refer
it to as symbolic cancellation if terms are canceling each
other symbolically or numerical cancellation if terms
are canceling each other numerically, i.e., only if their
normal numeric values are used.

Removing canceling terms is useful for enhancing
expression interpretability, the efficiency and accuracy
of numerical evaluation. It also facilitates efficient dom-
inant term generation, since most of generated terms
can be canceling terms. Our experimental results show
that up to 70-90 percent product terms can be cancel-
ing terms for a typical analog circuit.

In this subsection, we focus on building symbolic
cancellation-free s-expanded DDDs. This is impor-
tant since the MNA formulation leads naturally to a
lot of canceling terms. In practice, removing cancel-
ing terms has been known to be a difficult problem in
determinant-based symbolic analysis methods [7], [11].
Numerical cancellation can be taken care of during the
dominant term generation step.

We consider several MNA matrix patterns shown
in Fig. 5.

Ik I Ik
i fpopl i lpal i [P
RLe{ RS I

Casel Case?2

Fig.5 Matrix patterns causing term cancellation.

Where matrix element p and ¢ can be 1/R;, sCy
stamped from device resistor Ry and capacitor C re-
spectively in MNA formulation. Notice that case 1 may
come from the rectangular stamps of a floating resistor
in the nodal admittance formulation (in this case, I =i
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and k = j) and case 2 may come from stamps of a volt-
age controlled current source and one RC component.

Let L,,L-,L3,Ls; denote, respectively, unique
DDD symbols at four rectangular positions (i,1), (i, k),
(4,1), (j, k) in the matrix. For case 1 in Fig. 5, L; = p,
L, = —p, Ly = —p and Ly = p. Then it is easy to show
the following lemma:

Lemma 1: For each product term containing L; and
L4, there exist a corresponding canceling product term
containing L, and Ls.

Canceling terms caused by matrix pattern cases 1
and 2 can be removed efficiently from a DD D by using
basic DDD operations: first perform two cofactoring
operations with respect to either L; and L4 or Ly and
L3; then multiply the obtained DDD with both L1, Ly,
and Lo, L3 respectively to obtain the complete cancel-
ing terms; finally subtract all the canceling terms from
the original DDDs.

Canceling terms can be removed more efficiently
during the construction of s-expanded DDDs from orig-
inal complex DDDs [14]. To build cancellation-free
s-expanded DDDs from DDDs, we build a canceling
label list CL(L,) for each label L, such that L, >
L,,VYL,,L, € CL(L,). With this, we first loop through
all the devices and build the C'L for each unique symbol.
Then we call function COEFFCONST to construct the s-
expanded DDDs. The pseudo code for cancellation-free
CoerrMuLTIPLY in COEFFCONST is shown in Fig. 6,
where lines 2 to 3 are used not to generate canceling
terms.

COEFFMULPLTY(P, D.x)

1 fori=0top—1do

2 for each Ly € CL(D.z)

3 P[i] = REMAINDER(PJi], Ly)
4 P[i] = MurTIPLY(P[i], D.x)

5 return P

Fig.6 Cancellation-free COEFFMULTIPLY.

For this example the resulting cancellation-free
DDD shown in Fig. 7 is smaller than the original s-
expanded DDD in Fig. 3. Our experimental results,
however, show that the cancellation-free s-expanded
DDDs can be larger than the normal s-expanded
DDDs [17].

3.3 Generation of Dominant Terms

Many small-signal characteristics are dominated
by a small number of product terms called significant
or dominant terms. In our framework, the extraction
of significant product terms can be transformed to the
problem of finding k shortest paths in a DDD graph.

Basing on the DDD graphs, we develop an efficient
algorithms find to & dominant terms in a decreasing
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Fig.7 Cancellation-free multi-root DDD.

order. The algorithm is based on the observation that
the k dominant product terms can be transformed to
find the k shortest paths in a DDD graph.

We first need to introduce the notion of path
weight in DDDs.

Definition 1: The cost of a path in a DDD is defined
to be the total cost of the edges along the path where
each 0-edge costs 0 and each I-edge costs —log|a;|, and
|a;| denotes the numerical value of the DDD vertex a;
that originates the corresponding 1-edge.

We can show the following result:

Lemma 2: The most significant product term in a
symbolic determinant D corresponds to the minimum
cost (shortest) path in the corresponding DDD between
the root and the 1-terminal.

The shortest path in a coefficient DDD, which is
a DAG, can be found by depth-first search in time
O(V + E), where V is the number of DDD vertices
|[DDD| and E is number of edges [1]. For DDDs,
E = 2|DDD|, thus the shortest path based algorithm
takes time O(|DDD]).

A nice property of DDD is that after we find the
shortest path from a DDD, we can subtract it from the
DDD using a basic DDD operation [12], and then we
can find the next shortest path in the resulting DDD.
Then we have the following result:

Lemma 3: The time complexity of finding k& shortest
paths is

k(k—1))
T)’ (3)

where n is the depth of the DDD graph.

Proof: Tt was shown in [18] the number of new DDD
vertices created in subtraction operation is bounded by
n and the time complexity of the function is O(n),
where n is the depth of the DDD graph. As a result,
we can find the k shortest paths in time O(k|DDD| +
n(Zi.:ll 1)), which actually is Eq.(3).

This procedure can be performed on any s-
expanded DDD structures. Error controlling is car-
ried out by enumerating the dominant terms from all

O(k|DDD| +n

the coefficient DDDs simultaneously according to cer-
tain criteria, until the generated terms, coming from
different coefficient DDDs, well approximate the exact
expressions in terms of magnitudes and phases.

Following the same strategy in [20], our approach
also handles numerical cancellation. Since numerical
canceling terms are extracted one after another, they
can be eliminated by examining two consecutive terms.

We notice that Verhaegen and Gielen [19] proposed
a dynamic programming based dominant term genera-
tion algorithm on the basis of one variant of DDD struc-
tures. But unfortunately, their DDD structure does not
satisfy the canonicity [18] — a crucial property that en-
ables many linear time DDD graph operations [10]. As
a result, their DDD graph can’t be used with the k-
shortest path algorithm as subtraction operations can-
not be performed. On the other hand, if we maintain
the canonicity in the dynamic programming algorithm,
the method is not applicable to all the DDD graphs
(most important one is the cancellation-free s-expanded
DDD graphs) [18].

4. Experimental Results

The proposed approach has been implemented and
tested on a number of practical analog circuits. For
each circuit, DC analysis is first carried out using
SPICE and our program reads in small-signal element
values from the SPICE output. For the completeness,
the small signal models used for bipolar and MOS tran-
sistors are described in Figs. 8 and 9, respectively. The
algorithms described in [12],[14] are used to construct
complex DDDs and s-expanded DDDs.

| |
[cgd |

GmvVgs Go
‘ Gmblvbs

|Cos
\

| Cbg
I

Fig.8 MOSFET small signal model.

Fig.9 BJT (Bipolar Junction Transistor) small signal model.

Table 1 summarizes the experimental results for
three integrated circuit examples TwoStage, Cascode,
and pA741 with schematics shown, respectively, in
Fig. 10, Fig. 11, and Fig. 12. Row 3 to row 9 describe
the statistics of each circuit, the size of the complex
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Fig.11 CMOS cascode opamp.
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Bipolar ;fA741 opamp.

DDD, and the size of multi-root DDDs used to repre-
sent s-expanded circuit transfer functions. We can ob-
serve that DDD is highly compact, and the number of
vertices is many orders of magnitude less than the num-
ber of product terms. For example, the denominator of
the s-expanded DDD for u741 has 6.40 * 10'® product
terms, but the entire DDD to represent both the de-
nominator and numerator contains only 297117 vertices
(this is for the complete and exact transfer function)!

Now we apply the proposed simplification algo-
rithms to derive interpretable symbolic expressions for
transfer functions and poles. In each simplification
step, we monitor both magnitude and phase of the
simplified expressions to control the accumulated er-
ror within a given frequency range. We perform device
removal and node contraction based on the complex
DDD representation. The results are summarized in
row 10 to row 12 of Table 1. We observe that this
step removes devices that do not affect the small-signal
characteristics of the circuits (mainly the bias circuitry
not in signal paths) and reduces significantly the size
of a complex DDD.

Next, we construct multi-root DDDs from the sim-
plified complex DDDs and remove canceling terms at
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the same time. Note that even after device elimination
and node constriction, the number of product terms by
the matrix determinant method is still in the range of
millions. For comparison, we also present the multi-
root DDDs with all the canceling terms in row 13. The
results for multi-root DDDs with canceling terms re-
moved are shown in row 14 and row 15. We see that
over 70-90 percent terms are canceling terms. We also
notice, however, that elimination of canceling terms
may not necessarily reduce the size of DDDs, since some
sharing in the original DDD may be destroyed.

After this, we suppress those insignificant high or-
der coefficients. The results are shown in row 16 to row
17. This reduces the size of each DDD by about 10
percent.

Finally, we extract significant terms from the re-
sulting s-expanded DDDs. During this step, we mon-
itor both magnitude and phase of the simplified ex-
pressions to ascertain that the accumulated error are
bounded. Note that we use different errors bounds at
different simplification stages to guide the overall ap-
proximation. But in the end, we will make sure that
total accumulated errors are within the user specified
error bounds. For TwoStage, Cascode and pA741, the
number of product terms in the final simplified transfer
functions (including both the numerator and denomi-
nator) are respectively 5, 81, and 73. The whole sim-
plification process takes 12.1 seconds in a Sun Ultra-I
workstation for Cascode, and 58.1 seconds for puA741
when we sample two points per frequency decade.

In Fig. 13, Fig. 14, Fig. 15 and Fig. 16, we plot
the voltage gain and phase responses using both the
exact and simplified expressions. The results from
Rainier [22] for Cascode and pA741 are also plotted
for comparison, where Rainier’s expressions for Cascode
and pA741 contain, respectively, 784 and 89 product
terms. Those figures show that the new algorithm is
able to obtain more accurate results with smaller num-
ber of product terms (shown in Table 1) compared with
Rainer.

Voltage Gain
V(DB)

Rainier

1et01  1et03  1et05  1etO7 Hz

Fig.13 Accuracy comparison for Cascode in magnitude.

Fig. 17 and Fig. 18 show the distributions of num-
ber of product terms with respect to different powers
of s in the exact symbolic expression, the expression
after elimination of insignificant terms (with canceling



X.-D. TAN and SHI: DDD-BASED INTERPRETABLE SYMBOLIC CHARACTERIZATION OF LARGE ANALOG CIRCUITS

7
Table 1  Statistics of simplified symbolic expressions.
#row| Circuit T'wostage Cascode pAT4L
2 Num[Den| Num [ Den Num | Den
3 #lumped devices 14 84 111
4 #nodes in the circuit 5 14 24
5 #terms in exact complex DDDs 1 ]3] 9437 ] 28218 | 381526 [3.82x 10°
6 #vertices in exact complex DDDs 12 1406 9572
7 #terms in exact multi-root DDDs 16 | 74 2.57  1079]3.60  107718.98 « 1076 [6.40 + 10™°
8 #vertices in exact multi-root DDDs 52 18109 297117
9 Highest power of s in exact expressions 3[3 12 ] 12 22 | 22
10 #devices eliminated 4 34 66
11 ##nodes contracted in complex DDDs 1 3 9
12 #terms after contraction in complex DDDs 1 2 85 107 75 576
13 #terms after expansion in multi-root DDDs 14 [4.28 + 105[8.04 * 105] 103360 [2.05 % 107
14 | #tterms after expansion(decan) in multi-root DDDs | 2 | 12 [2.00 * 10°[2.44 x 10°| 20730 1.08 * 106
15 Htvertices after expansion(decan) in multi-root DDDy 17 2705 3886
16 Highest power of s after expansion 1|2 7 9 9 10
17 Highest power of s after suppression 1] 2 7 8 6 8
18 ##terms in final expression 2 |3 19 62 12 59
19 Highest power of s in final expression 1|2 4 5 3 4
Phase
Degree . ; 10 #term dlslrlbuauorlvs power: of s for Cascode
-20.00 %10g o ‘
-40.00 \ £10 + wio cancelling terms
5000 } £
-60.00 | %10
-70.00 \ E1¢ L t -
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130.00 .
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1e+07

6
powers of s

Fig.14 Accuracy comparison for Cascode in phase.
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Accuracy comparison for 4 A741 in magnitude.
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Fig. 16

terms) and the expression after removing all the can-
celing terms in the denominator of transfer functions

Fig.17 #terms distribution vs powers of s for Cascode.

210

Fig. 18

#term distribuation vs powers of s for ua741
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#terms distribution vs powers of s for pA741.

The simplified voltage gain for TwoStage given by

our program is:

Im29m6 + 5 (gm2CC)

1
(ro2+704)(ro06

+ro7)

— sl (gm6Cc) + s2(capa + capa + cgs6 + CL)CC

For TwoStage, Table 2 shows the exact values of three

zeros and three

poles.

e+00 1e+Ol 1e+02 1e+03 1e+04 1e+05 le+Of

Accuracy comparison for ;A741 in phase.

for Cascode and pA741.

Table 2 Poles and zeros for opamp TwoStage.
poles | —1.68 % 107 | —8.80 % 10° —373.74
zeros | 3.18 % 107 —1.68 %107 | 1.11 % 107

Since three poles are far away from each other, the
pole splitting method can be used to find their symbolic



expressions. The resulting expression of the third pole
based on DDD manipulations is as follows:

- gm3 = —1.68%10".

Cgd1 + Cdb1 + Cgs3 + Cdb3 + Cgsa

This agrees with the exact third pole described in
Table 2. We note that, however, if we apply the pole
splitting method directly on the simplified expression
of the transfer function as done in many previous ap-
proaches, we cannot obtain the third pole. This is be-
cause the third pole and second zero cancel each other,
and the third pole information is lost during expression
simplification.

5. Conclusions

An efficient approach is proposed for automatic
generation of interpretable expressions for ac char-
acteristics of large linear analog circuits.  Unlike
simplification-during-generation approaches, the pro-
posed approach works on a complete and exact repre-
sentation of transfer functions. It can monitor the er-
rors in the magnitude, phase, poles and zeros of simpli-
fied expressions, and thus provides a reliable and robust
simplification scheme. The proposed approach is based
on a compact but canonical representation of symbolic
expressions, and has the time and space complexity
many-orders-of-magnitude less than the simplification-
after-generation approaches. It provides a powerful
framework for deriving not only interpretable network
functions, but also interpretable expressions for other
small-signal characteristics such as poles, zeros and sen-
sitivities. Experimental results indicate that the pro-
posed algorithm outperforms Rainier [22] in driving in-
terpretable expressions.
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