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Abstract—Given a loop-filter topology, a switched-capacitor
sigma-delta modulator (SC-SDM) can be optimized with re-
spect to its loop transfer function (LTF) coefficients. However,
if the goal is to co-optimize signal-to-noise ratio (SNR) and
SNR-variation, fast computation of both measures becomes a
critical issue. In this paper a simulated-annealing (SA) based
algorithm is proposed which makes use of a recently proposed
fast computation method for SNR and its variance. The SNR
computation method is symbolic and the computation of variation
is by sensitivity. Hence, every change of the LTF coefficients
can be evaluated quickly to come up with new SNR and its
variation. This paper has attempted different combinations of the
optimization objectives by assigning different weights to the SNR
and the SNR variation. The optimization results are compared.

Index Terms—Coefficient optimization, simulated annealing
(SA), switched-capacitor sigma-delta modulator (SC-SDM), sym-
bolic SNR computation.

I. INTRODUCTION

Switched-capacitor (SC) Sigma-Delta modulator (SDM) is
an important class of analog-to-digital data converters stil-
l widely used in practice today [1]. Currently, the design
methodology for SC-SDM has reached maturity. However,
research on the design automation issues of SC-SDMs is
still in progress [2]–[6]. A complete SC-SDM design process
involves many steps from the system-level specification to
the circuit-level implementation, full design automation of a
general-purpose SC-SDM circuit has not been realized yet.

An integral part of SDM design is to find a good modulator
topology and the associated coefficients of the modulator loop
filter in order to achieve the specific design goals (such as
SNR, resolution, and power, etc.). In addition to meeting the
performance goals, the stability of the modulator loop must
be guaranteed as well. Typically, a lot of trade-offs exist for
the selection of a good topology. Almost all of the proposed
SDM design automation techniques apply certain heuristic
techniques [3], [5]–[9].

For SNR oriented design goals, a quick SNR assessment
method is needed in heuristic search. Among the proposed
approaches a common and most critical bottleneck is with
the SNR computation. The most straightforward method is by
behavioral simulation. However, in a synthesis loop running
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repeated behavioral simulations is extremely costly. Therefore,
some papers proposed empirical SNR formulas to speed up the
evaluation. But such formulas have the accuracy problem and
in many cases would not produce satisfactory optimization
results. This bottleneck has recently been resolved by the pro-
posal of a fast symbolic SNR computation method [10], [11].
Following this research, in this work we propose to combine
the SNR computation method with a simulated annealing (SA)
search engine [12] to optimize the coefficients of a given
modulator topology with the optimization goal set to the co-
optimization of SNR and its variation, which has hardly been
attempted in the literature.

The symbolic SNR computation method is reviewed in
Section II and the SA optimization algorithm is formulated in
Section III. In Section IV experimental results are presented.
Conclusion is made in Section V.

II. REVIEW ON SYMBOLIC SNR CALCULATION

The symbolic SNR computation method was proposed in
[10] and applied to variational SNR analysis in [11]. This
method is a symbolic and approximate method, fast with
excellent accuracy. Hence, it is highly suitable for the repeated
computation need in a synthesis loop. The basic principle is
reviewed below.

For a single loop SC-SDM, let A and fin be the amplitude
and frequency of the sinusoidal input signal. Let fs be the
sampling frequency. The oversampling ratio (OSR) is denoted
by R = OSR = fs/2BW . (BW stands for bandwidth.) Let
ω0 = 2πfin/fs. Then the theoretical SNR can be defined by
the following equation:

SNR(θ) := 10 log
PS | STF(ejω0 ; θ)|2

PN,in(θ)
(dB) (1)

where PS := A2

2 denotes the signal power, STF stands for the
Signal Transfer Function [11], and θ denotes the dependence
on the design parameters. Let PN,in(θ) denote the noise power
in the signal band defined by

PN,in(θ) :=
PN

π

∫ π/R

0

|NTF(ejω; θ)|2dω, (2)

where PN := ∆2

12 denotes the total quantization noise power
and NTF stands for the Noise Transfer Function [11]. Note



that, due to oversampling, the integration band for the noise
power has been reduced by R, i.e., the OSR.

Given a rational NTF

NTF(z; θ) =
b0 + b1z + · · ·+ bmzm

a0 + a1z + · · ·+ anzn
(3)

where the polynomial coefficients belong to the parameter
set θ, and z = ejω is the Z-transform variable. In symbolic
SNR computation, the key step is to expanded the NTF into
a truncated Taylor series at a selected reference point, say, z0.
Typically, we choose z0 = 1 [11]. Let

NTF(z; θ) ≈ m0 +m1(z − 1) + ...+mr(z − 1)r

≡ N̂TF(z; θ) (4)

where N̂TF (z; θ) denotes the truncated Taylor polynomial of
the rth order. The polynomial coefficients mk can be computed
with explicit formulas successively, see [11] for the details.

Since N̂TF (z; θ) is a polynomial function of z, substituting
NTF (z) in the integral (2) directly yields an approximate
symbolic SNR computation formula, but with a truncation
order.

With the SNR calculated symbolically, its sensitivity can be
calculated symbolically as well. Then an approximate SNR
variance can be calculated by using the first-order sensitivity
[11].

For example, the capacitors (or their ratios) are typically
the design parameters for an SC-SDM. Let ΘC denote the
set of all capacitors Ci. Then each θC ∈ ΘC is sample of
the capacitors. Let θ̂C denote a collection of the nominal
capacitors. We denote the perturbation of a capacitors by a
small variation ∆Ci = Ci − Ĉi, where Ĉi ∈ θ̂C are nominal
values. The approximate SNR variation is then calculated by
the following first-order equation utilizing the SNR sensitivity:

SNR(θC) ≈ SNR(θ̂C) +
∑
i

∂ SNR(θ̂C)

∂Ci
·∆Ci (5)

where SNR(θ̂C) is the nominal SNR and SNR(θC) is the
perturbed SNR. The SNR variance can be estimated by

σ2
SNR ≈

∑
i

{
∂ SNR(θ̂C)

∂Ci

}2

· σ2
Ci

(6)

The above equations, although approximate, are all symbolic
functions of the design parameters, which means that whenev-
er the design parameters change, the SNR and SNR variance
can be computed immediately with very low cost.

III. OPTIMIZATION BY SIMULATED ANNEALING

SA is a randomized search algorithm that has an embedded
mechanism to escape from trapping at a local minimum point
[12]. Hence, SA can offer a better opportunity of landing at a
global optimal. Explained in this section are the construction
details of the proposed SA algorithm. We only consider
minimization problem in this work.

The parameter set θ is the search space of the SA algorithm.
An initial θ can be selected at random or loaded from the

result of another optimization procedure. The optimization
objective function, denoted by E(θ), is treated as an energy
function in SA. In each search step the current parameters θ are
perturbed randomly, which results in a variation of the energy
function ∆E. Whether or not the perturbed new parameters are
accepted depends on a probability function that is temperature
dependent. Let Tk be the annealing temperature at the kth step.
The probability function is then defined by

p(E, Tk) := exp

(
− ∆E

kBTk

)
, ∆E > 0 (7)

where kB is the Boltzmann constant.
If the new solution θ′ leads to a negative ∆E (i.e., the objec-

tive function decreases), it is always accepted. Otherwise, the
deteriorated solution is accepted by the probability p(E, Tk).
By (7) we see that with the same amount of energy increase
∆E, the acceptance rate at a lower temperature Tk is always
lower. Hence, if a gradually lowering temperature schedule
(called a cooling schedule) is followed, the probability of
accepting a worsened solution gradually vanishes. As a result,
the SA search enters an equilibrium. This procedure is called
the Metropolis algorithm of SA.

(i) Cooling schedule: In this work the cooling schedule is
chosen as follows: The initial temperature is set to T0 = 1, 000
and the final temperature is Tfinal = 1. In each step the
temperature Tk is updated by

Tk+1 = 0.96Tk (8)

At each temperature Tk we let the Metropolis algorithm run
for a certain number of user-defined times (say, 1,024). If the
energy function has never been decreased after 1,024 times
of parameter update, we assume that an equilibrium has been
reached and we should lower the current temperature. When
the final temperature is reached, the SA search is terminated.

(ii) Coefficient update: The coefficients θ are real vari-
ables, each of them is updated by applying a random (pos-
itive/negative) increment in percentage

θ̂i = θi(1 + ∆i) (9)

where ∆i is a random number in a given interval, say,
[−10%, 10%]. The detailed value is user-specified. In practice
placing an upper bound for all coefficients sounds reasonable
because the coefficients are realized by capacitor ratios.

(iii) Definition of the energy function: Since our goal is
to have as large as possible SNR and as small as possible
SNR variation, we shall incorporate both the mean µSNR

and standard deviation σSNR in the energy function. Assume
that the variation of each coefficient is subject to a normal
distribution. Then both µSNR and σSNR can be computed by
the symbolic method previously reviewed. In this work we
introduce two types of energy functions as follows and will
compare their effects in optimization. The first energy function
is a combination of the mean and standard deviation with the
user-specified weights

E1(θ) = −αµSNR(θ) + βσSNR(θ) (10)
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where α ≥ 0 and β ≥ 0 are the weights that control the
importance of each part. The SA algorithm by using this
energy function is called the SA(−µ+σ) program. The second
energy function is chosen as

E2(θ) = −µSNR(θ) + 5σSNR(θ) (11)

which is obtained by choosing α = 1 and β = 5 in (10). This
energy function is equivalent to maximizing the lower bound
of the 5σ deviation from the mean value of SNR. In principle,
a high mean value and a narrower standard deviation would
result in a larger value of the objective function E2(θ). The
SA algorithm by using this specific energy function is called
the SA(5σ) program.

(iv) Stability control: The works [13] provided some empir-
ical conditions on the stability of SDM versus the loop filter
coefficient. The following measures are defined

OBG = max
ω∈[ πR ,π]

∣∣NTF (ejω)
∣∣ (12)

NPG =
1

π

∫ π

0

∣∣NTF (ejω)
∣∣2 dω (13)

where OBG stands for the Out-of-Band Gain and NPG stands
for the Noise Power Gain [13]. The following empirical
bounds for stability have been suggested [13],

NPG ≤ C1, (14)
OBG ≤ C2. (15)

The detailed values of C1 and C2 depend on the order and the
topology of SDMs (single-loop or cascade). These conditions
can be incorporated in the SA search either by adding to the
energy function a penalty term or by imposing a stopping
criterion when the conditions are violated.

(v) Stopping criterion: A variety of stopping conditions can
be set, depending on the optimization goals. In our implemen-
tation we set the target values for SNR, SNR variation, and
NPG value, etc. Whenever all the target values are met, the
SA search is terminated. The detailed stop conditions will be
stated in the experiment section.

IV. EXPERIMENT

A single-loop three-order SDM (denoted by SDM3) is used
for validating the proposed optimization algorithm. The circuit
is borrowed from [9] and the schematic is shown in Fig. 1.
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Fig. 1. Third-order SDM (SDM3).

The coefficients are labeled in the schematics as ai, bj , gij ,
· · · ; they are the signal path parameters to be optimized. The
input signal is assumed to be a sinusoidal signal of amplitude
0.2V and frequency 11.714kHz. The OSR is 32.

Initially, the mean value (µ0), the standard deviation (σ0)
and the initial NPG (NPG0) corresponding to the beginning
coefficients are calculated. We tested both SA programs with
different objective functions.

First we tested the SA program SA(−µ+ σ) by using the
following energy function:

E1(θ) = −0.01 µSNR + 12.0 σSNR + 108 (OBG− 1.6)+.
(16)

where we place much higher weight to the standard deviation
of SNR. Hence, the main goal is to have a lower SNR
variation. x+ denotes the retention of the positive part of x,
i.e., x+ = 0 whenever x < 0.

In this test the initial SDM was loaded by the result from
reference [9], which wa already optimized by the method
proposed there. The stopping conditions were set to the
following: µ(θ) ≥ µ0 (i.e., mean SNR gets no worse) and
σ(θ) ≤ 0.9 σSNR,0, and NPG(θ) ≥ 1.1 NPG0. Once these
conditions are satisfied, the SA search is terminated.

The second SA program, SA(5σ), is targeted at maximizing
the 5σ lower bound of SNR by minimizing the energy function
defined in (11). The stopping condition for this program was
set to: the mean SNR reaches 64 dB, the standard deviation
of SNR becomes 1 dB, and the NPG value has been increased
from NPG0 by 10%.

Table I summarizes the optimization results of the coeffi-
cients of SDM3, where the Initial coefficients are borrowed
from [9], which have been optimized there.

In order to validate the optimization effect of the two SA
algorithms, we have performed Monte Carlo behavioral sim-
ulation on the generated SDM. The optimized coefficients are
statistically perturbed around the nominal values by assuming
individual independent normal distribution. Each parameter is
allowed to have a variation of 2% over its nominal value. The
histograms of 10,000 Monte Carlo simulations are plotted in
Fig. 2.

Comparing Fig. 2(b) to Fig. 2(a), we see that by the
SA(−µ + σ) program the nominal SNR level has been
increased from 59.2 dB to 60 dB while the standard deviation
of SNR has been decreased from 0.60 dB to 0.53 dB. On
the other hand, comparing Fig. 2(c) to Fig. 2(a), we see that
by the SA(5σ) program the nominal level of SNR has been
increased from 59.2 dB to 64.1 dB (much higher) while the
standard deviation is also reduced.

The following points can be concluded from the above
experiment:

1) If a higher SNR level is the main target, using the
SA(5σ) program is suggested.

2) If the SNR variance is of more concern while a mild
SNR is acceptable, we recommend to use the SA(−µ+
σ) program with a proper choice of the weights α and
β.
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TABLE I
COEFFICIENT OPTIMIZATION RESULTS FOR SDM3.

SDM3 a1 b1 c2 c3 c4 g23 g24 g32 g42 Time (s)
Initial [9] 0.870 0.870 0.264 0.285 0.584 0.550 0.916 -0.006 -0.02 –

SA(−µ+ σ) 0.5898 0.5898 0.3467 0.2483 0.8231 0.5574 1.3149 -0.0076 -0.0249 45.65
SA(5σ) 0.8720 0.8720 0.2241 0.5211 0.671 0.5227 0.8909 -0.0058 -0.0113 46.35
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Fig. 2. Histograms of SDM3 by the three sets of coefficients: (a) Initial
coefficients from [9]. (b) Coefficients optimized by SA(−µ + σ). (c)
Coefficients optimized by SA(5σ).

V. CONCLUSION

The main contribution of this work is the formulation of
a simulated annealing algorithm for optimizing the coeffi-
cients of a Sigma-Delta modulator with a given topology.
The optimization goal is set to be the co-optimization of
SNR and SNR variation. In this work, the symbolic SNR
computation engine has played the key role. Thanks to the fast
computation engine of SNR and its variation, we are able to
devise different optimization goals to investigate what kind of
objective function is more appropriate for optimizing multiple
goals related to SNR. As a heuristic strategy, the proposed
algorithm can allow quite large degree of flexibility for a
balanced optimization of SNR and its variance. This method as

presented is still at a preliminary stage. Refinement and more
extensive validation are needed to make this methodology
practically useful.
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