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ABSTRACT circuits. In this method, second-order gramians are defined based

Model order reduction by truncated balanced realization (TBR) is on a symmetric first-order realization. As a result, both second-

better than Krylov subspace methods to achieve smaller modelsorder gramians, the leading blocks of the gramians of first-order

with global error control. TBR projects a system onto the dominant realization, equal and can be simultaneously diagonalized by a con-

invariant subspace in terms of both controllability and observabil- gruency transformation. As a result, a provably passive reduced

ity measured by their gramians. However, to obtain two gramians, second-order model can be obtained by projecting the original sys-

two Lyapunov equations have to be solved and its high computa- tem onto the approximated dominant invariant subspace of one

tion costs involved limit its application to only small circuits. To second-order gramian (SOGA) [12].

mitigate this problem, several methods are proposed to obtain the

approximated dominant subspace of the gramian (or gramian prod-Other gramian approximation methods covered in this survey in-

uct). In this paper, we survey several recently proposed fast TBR clude double gramian approximation (DGA), cross-gramain approx-

methods by gramian approximation techniques for the model order imation (CGA) and recently proposed response gramian approxi-

reduction and simulation of RLCK circuits. We present the pros mation (RGA) for power grid network analysis. CGA [7] combines

and cons of each method and compare them on some large RLCKhoth controllability and observability into a single cross-gramian.

circuits. The latter, ETBR [4], is used to simulate circuits with a large num-
ber of independent sources, which makes conventional multi-port
model reduction ineffective. ETBR considers both system as well

1. |NTRODU_CT|ON . . . as the input sources for reduction by defining a approximated re-

Model order reduction (MOR) is an efficient technique to reduce sponse gramian.

the circuit complexity while producing a good approximation of

the input and output behavior. Projection based techniques can be

classified into Krylov subspace (moment-matching) based methods2. CIRCUITS FORMULATION

and balanced truncation based methods. Krylov subspace based apcircuit formulations are dynamical systems with special internal

proaches have been a great success in the reducing the interconnestructures. In this paper, two kinds of formulations, NA and VNA,

rCr;r(;:rlerlttesnt [rﬁét%h'sn'g&n% plrg].éckgae?:a(gfgegﬁrgﬁgtsstgg%v 'rgggg.'t are used, both of which stanip? instead of inductance matrix

- ing i jecti W ility, iv- _1 . . )
ity and structure information inherent to RLCK circuits can be pre- becausé.”* matrix is easier to sparsify.
served easily by exploiting the internal structure of RLCK formu-

lation. 2.1 Second-order circuit formulation

o _ o ) ENOR [8] stamps the nodal susceptaiice: E|L~1ET (E is the
While suitable for reduction of large-scale circuits, those techniques jncident matrix for inductance) and results in a second-order NA
do not necessarily generate models as compact as desired. Theremodal analysis) form, which can be passively reduced [8, 9]. The
fore, another approach, Truncated Balanced Realization (TBR), or second-order formulation is as follows
balanced truncation, which has been well developed in the control ) )
community [5], has been studied intensively in design automation Cv(t) +Gv(t) +T [v(t) = Bi(t) )
community. However, balanced truncation methods are too expen- y(t) = BTv(t)
sive to directly apply to integrated circuit problems due to the cu-
bic cost to solve two Lyapunov equations. To remedy this prob- wherei(t), y(t) € R® are input currents and output voltage§;) €
lem, several gramian approximation methods have been proposedR" are nodal voltagess,C,I” € R™" are matrices of conductance,
[7, 12, 4], where the approximated dominant subspace of a gra- capacitance and susceptance respectivily; R™P is the input
main can be obtained in a very efficient way. Thg single gramian matrix and its transpod®’ € RP*" is the output matrix. An impor-
(SGA) approximation technique (called Poor Man's TBR) [7] was tant property is that, in the second-order formulation, the system
first proposed for RC circuit, which can be naturally formulated in a matrices are both svmmetric and positive semi-definite
first-order form with matrices both symmetric and positive-definite. ! y ! poSItiv I-aetini
In this case, two gramians equal and can be simultaneously diag- AT AT T
onalized via a congruency transformation. As a result, both good €=C =20 G=G =20 I=M"=0 @)
accuracy and passivity can be preserved simultaneously. Howeveryyhich means the realization is both symmetric and passive.
for general RLCK circuits, the first-order formulation could be ei-
ther symmetric or positive-definite. Therefore, to preserve better
accuracy or passivity cannot be archived as the same time. 2.2 First-order circuit formulation

Recently, the branch vector potentigl= [ VE, is introduced as a

There are several methods proposed to mitigate the problem. Onenew state variable to obtain a first-order_admittance that contains
of them, SBPOR [11], is based on the second-order formulation, L~1 elements [13]. If we defing" = [v[,AT], the first-order for-
which is both symmetric and positive-definite for general RLCK  mulation, called vector nodal analysis (VNA), is as follows
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where

~[c o B G EL?! B
C—{o L*l}’g_{folE.T o |#=lo]®
Like MNA formulation, VNA matrices have the following prope
ties:
c=c">0 6+67>0 (5)
Hence the the formulation is a passive form and it can lead$s p
sive reduction. Note that, such a formulation is NOT symiuetr
because; is not symmetric. It is easy to verify both formulations
(1) (4) have the same transfer function
H(s)=B'"(Cs+G+I/s) 1B (6)

as such they are equivalent in terms of input-output beharnd
(4) can be viewed as a first-order realization of (1).

3. TRADITIONALREDUCTION METHODS
3.1 Projection-based MOR

Given a first-order system in descriptor form

X(t t t

wherez € R™N, 2 ¢ R™" 3 € R™P, ¢ € RPN y(t), u(t) €
RP, typically, we havep < n. Model reduction algorithms seek to
produce a smaller system

X(t) = ax(t)+Bu(t) ®)

yt) = oxt)
wherez e R*", 2 e R*' 3 e R*P, ¢ € R y(t), u(t) € RP.
Orderr is much smaller than the original orderi.e. r < n, but
the outputy(t) andy(t) are approximately equal for inputgt) of
interest. This can be achieved by constructing matriceand v/
whose columns span a useful subspace, and projecting tfieairi
equations in the column spaceswof and v

F=wlev a=wTav.a=wTsC=cv (9
Often the transfer functions

H(9)
H (S)

(sT—a)"'s

(st — )13 (10)

=C
=C
are used as a metric for approximation: [|if (s) — # (s)|| <&,
in some appropriate norm, for some given allowable egrand

allowed domain of the complex frequency variab)ehe reduced
model is accepted as accurate.

3.2 Classical truncated balanced realization
(TBR) methods

Given a first-order system in descriptor form (7), assurie non-
singular, controllability and observability gramians #ne unique
symmetric positive definite solutions to the generalizedfdynov
equations

axe' +zxa’ +8387 =0 (11)
Aty +eTya+cTc=0

Since the eigenvalues of the product are invariant under sim-
ilarity transformation, we can perform a similarity traoshation
to diagonalize the producty such that

7y T =5 =diag(01%,052,...,0n) (12)

where the Hankel singular values of the systery) @re arranged
in a descending order. If we partition the matrices as

[of Pt =% 2]

(13)

whereZ; = diag(012,052,...,0;2) are the first largest eigenval-
ues of gramian produetY andV; andWj are corresponding eigen-
vectors. A reduced model (8) can be obtained by projectidn on
the invariant subspaces associated with the dominant \&ityess
of the product of gramiangyY

f=w]Ev,a=wlavy,8=w]8,c=cv1 (14)

The error in the transfer function of the ordeapproximation is
bounded by

- n

ot (s)—s ()| =2 3 o (15)
i=r+1

In the classical method, the computational cost is doméhate

solving Lyapunov equation®(n®), which makes it too expensive
to apply to integrated circuits problem and thus an efficigamian
approximation technique is highly appreciated.

4. FASTTBRVIA GRAMIAN APPROXIMA-
TION
4.1 Single gramian approximation (SGA)

The first-order circuit formulation (4) falls into the clasksystem
in descriptor form (8). In frequency domain, the contrailiabp
gramianx can also be computed from the expression

+o00
X = %1/ (jwc+6) 88" (joc +¢) Hdw

—o00

(16)

where superscrigt denotes Hermitian transpose. A gramian ap-
proximation process was proposed in [7]. k&tbekth sampling
point. If we define

Zc= (joxc +6) '8 n
thenx can be approximated as
X :szz{;' =zzH (18)

whereZ = [21,2,...,z4]. If we peforme a singular value decom-
position onZ = U5V, then we have
X — zZH = (03V)(05V)T = 05207 =
A a 2 0 T (19)
[ Uy Uz]{ 0 ggH lr}

2
whereUTU =1. U converges to the eigenspaces)ofand the

dominant eigenvectotd; can be used as the projection matrix in a
model reduction approach

[y e

¢=U{cU1,6 =U{Us,3 =05 (20)
This kind of transformation is known as congruency transir
tion, whi~ch preserves the definiteness of matrices such¢hat
cT>0,6+¢" >0, implying the reduced-order system has guar-
anteed passivity [6]. Given sampling points ang inputs, the
cost of SVD on matrixZnx pqy iS O(n(pg)?). In addition, it takes

g matrix factorizations angyq matrix solves. The total cost is
O(n(pa)2+gnP + pan®) (typically, L1 <B < 1.5and 1< o < 1.2

for circuits) [7], which is dominated bgD(an). However, since
the system is projected onto the dominant invariant sulespéc
controllability gramian only instead of the gramian progute
system is not balanced and the accuracy will be sacrificed.

4.2 Double gramian approximation (DGA)

In fact, if the passivity constraint is removed, controiliyp and
observability gramians can be approximated simultangousis
easy to see the formulation(4) can be rewritten into a symamet
formulation with the following system matrices

_| ¢ 0 _ G EL? [ B
C—|:o *L71:|7g_|:L71E|T 0 :|793—|:0]



Note that, bothg and ¢ is symmetric but they are NOT positive
semi-definite anymore. In this symmetrized case (4), bodimgr
ans are equay’ = x. Since the gramiax is symmetric, it is

orthogonally diagonalizable, i.e., there exists! = 7T such that
7T xT =3. Then, we have

7T xx7 =(1"xT) (7 T XxT)="5? (22)
which means, in this symmetric case, the eigenspace of grami
productx x is exactly the eigenspace of each gramiamand we
only need to find the dominant invariant subspace of an approx

imated gramianf(. So the same gramian approximation process
from (16) to (20) can be performed. However, the passivity is
not guaranteed as the reduced matrices are no more positivie s
definite.

There is always a tradeoff in the first-order circuit formida, ei-
ther symmetric (implying accuracy) or positive semi-de&érn(im-
plying passivity). Both can be obtained simultaneously avnhen
the circuit is an RC circuit, wherg = G,¢c =C,3 =B.

4.3 Second-order gramian aproximation (SOGA)

In order to balance accuracy and passivity, a second-oedented

truncation method was proposed [12], where second-or@enigr
ans are defined based on a symmetric first-order realiza®ibh (
As we know, both gramians are equal in this symmetric casee If
compatibly partition the gramians as

R S

gz (23)

Xx=y= {
then the second-order gramians, which measures the asitrib
of the node voltageswith respect to the transfer function [12], are
also equal

Xo =Y, =R (24)

in balanced truncation will be the same as the Sylvestertinia
the cross-gramian method. Also, both controllability atderv-
ability gramians are identical to the cross-gramian and= xéG.
These properties make the cross-gramian method equivaléms
balanced truncation method for symmetric models. Givercihe
cuit formulation (4), in the frequency domaincg is expressed
as

1 pte _ . -
)((;(3:5_[/700 (joc+6) 1887 (juc+6) tdw  (30)

Let wy bekth sampling point. If we define

z =(jaCc+6) '8 z=(jac+g) s (31)
thenXcg can be computed as
Xoe = Y ZaZo, = ZeZ§ (32)

whereZ; and Z, is are matrices whose columns &g and z,,
respectively. In order to find the eigenvectorsXgfs, we need to

do the eigendecomposition @Z!! and sort the eigenvalues
W Hr v 21 O
{Wﬁ}zczo[vl vz]:[ ]

0 X
A reduced order model can be obtained by a projection onto the
dominant eigenspad®; andV;. Note that, since the projection is
not done by a congruency transformatio = V1), the passivity
of the reduced model is not guaranteed. In addition, sincEge:
nanalysis of a full matrix is still needed, the computatiast can
not be reduced too much.

(33)

4.5 Response grammianapproximation (RGA)
Model order reduction becomes inefficient when the number of
ports is large. However, when input information is avaiaalpri-

ori, the issue can be resolved by including the input sigaalsart

Since the gramians are equal, we only need to approximate theof the system and converting an MIMO system into an SIMO sys-

dominant invariant subspace of one second-order graRii&@iven
the symmetric realizaton (21), starting from (18), if we guatibly

partitionzH = [ Z{  Z§! ], then we have

R S1_ zlzz
- 72575

So the approximated second-order granﬁmqualsZZZ'z" and can

be diagonalized as follows
R=2,Z}! = (U5V)(U)T =U320T =

Z;ZH

72t (25)

A a 2 0 U7 (26)
ool 5] o]
A reduced model can be obtained by projecting dhto
Cc=0Jcu; G=UfcU; F=0frd; B=U/B (27)

Since the congruency transformation preserves the symrastt
definiteness of matrices we have

C=C">0 G=G">0 F=fT>0 (28)

and the reduced-order system has guaranteed passivity [9].

4.4 Cross-gramian approximation (CGA)

The cross-gramianmcg is introduced which contains both control-
lability and observability information in a single matrixGiven

a system in descriptor form (7Xcg can be calculated from the
Sylvester equation

AXCGE +EXcGgA =—BC (29)

The cross-gramian reduction method is based on projectihg o
the eigenspaces related to the dominant eigenvaluag@f For
the symmetric systems, both of the two Lyapunov equatioes us

tem. In ETBR (extended TBR) method proposed in [4], a respons
grammian at the frequency domain is defined as

1 [t . . . .
Xr = —/ (jwc +6)tsu(jou’ (jwsT (juc +¢) dw

2N/ -w
(34)
Let wy be kth sampling point over the frequency range. If we fur-
ther define

7= (joC +6) M Bu(jo) (35)
thenx, can be approximately computed as:
X =3 za" =zz (36)

whereZ; is a matrix whose columns a®. The projection ma-
trix can be obtained by performing a singular value decoritipos

on Z;. After this, we can reduce the original matrices into small
ones and then perform the transient analysis on the redueeat c
matrices. Notice that we need frequency response of ingagbi
u(jw) in (35). This can be obtained by fast Fourier transformation
on the input signals in time domain.

5. EXPERIMENTAL RESULTS

In the section, we present some experimental results to ammp
those methods covered in this paper. The original model is an
RLCK circuit with an order of 640. The reduced order is set to
be 20 for all methods. As shown in Fig. 1, graiman approxima-
tion based methods (SGA, DGA, CGA, SOGA) deliver a better ap-
proximation than the Krylov subspace based second ordédradet
SAPOR [9] over a wide frequency band. However, SAPOR is
more accurate in low frequency band close to the expansion po
(0.1GHz).

Among all gramian approximation methods in terms of acgyrac
DGA is the best because it takes into consideration bothraitent
bility and observability gramians. SOGA is in the secondtplas



Table 1: Time complexity comparison

[Methods]| _Gramians used | Passivity| CPU cost]
SGA contr. yes O(gnP)
DGA contr. observ. no O(gnP)
CGA Cross no ond)
SOGA || contr. observ (2nd yes O(an)

1.1 < B < 1.5 for sparse matricestis the number of sampling
points.

it considers second-order controllability and obsenigbdrami-
ans, which are leading blocks of corresponding first-ordami-
ans. CGA is ranked the third place, which considers comtroll
biltiy and observability in a single cross-gramian. SGAristhe
last place, which includes controllability gramian onlyotd that
passivity is not preserved in either DGA or CGA. In the firsdea
the circuit matrix is symmetric but not positive semi-detniln the
second case, the projection is not a congruency transfanmat

Original
= =4 = SOGA
'+ SAPOR

CGA

= = = DGA

SGA

-20

Magnitude (dB)
s

10 10 10° 10 10
Frequency (Hz)

Absolute error

- +-50GA ||

-1+ SAPOR
107" L Ll CGA
e S e, . en

SGA

o o w0 i 2

Frequency (Hz)

Figure 1: Comparison of different gramian approximation
methods with SAPOR.

vspace-0.1lin We then compare ETBR [4] with the similar Kwylo
subspace version approach IEKS [1]. The test circuit ha®d00
node and 100 sources and the reduction ogdsiset to 6 for IEKS
and the number of frequency samples used for ETBR is also set t
6. Fig. 2 shows the simulation results of ETBR and IEKS at the
200th node. The simulation errors compared with SPICE t®sul

are also shown in Fig. 2. We can see that ETBR is more accurate

than IEKS over the entire simulation time.

6. CONCLUSION

In this paper, we review several recently proposed fast TEfm
ods based on gramian approximation techniques (SGA, DG&AS0
CGA, RGA) for model order reduction of RLCK circuits. We
present the reduction methods based on both first-orderufarm
tion and second-order formulation. Experimental resuitssthat
those methods produce a better approximation over a wide fre
quency range than the corresponding Krylov subspace bastd m
ods in general.
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Figure 2: Accuracy comparison between ETBR and IEKS.
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