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ABSTRACT
Model order reduction by truncated balanced realization (TBR) is
better than Krylov subspace methods to achieve smaller models
with global error control. TBR projects a system onto the dominant
invariant subspace in terms of both controllability and observabil-
ity measured by their gramians. However, to obtain two gramians,
two Lyapunov equations have to be solved and its high computa-
tion costs involved limit its application to only small circuits. To
mitigate this problem, several methods are proposed to obtain the
approximated dominant subspace of the gramian (or gramian prod-
uct). In this paper, we survey several recently proposed fast TBR
methods by gramian approximation techniques for the model order
reduction and simulation of RLCK circuits. We present the pros
and cons of each method and compare them on some large RLCK
circuits.

1. INTRODUCTION
Model order reduction (MOR) is an efficient technique to reduce
the circuit complexity while producing a good approximation of
the input and output behavior. Projection based techniques can be
classified into Krylov subspace (moment-matching) based methods
and balanced truncation based methods. Krylov subspace based ap-
proaches have been a great success in the reducing the interconnect
circuits [2, 6, 3, 8, 9, 10]. Latest developments allow implicit
moment-matching in a projection framework and stability, passiv-
ity and structure information inherent to RLCK circuits can be pre-
served easily by exploiting the internal structure of RLCK formu-
lation.

While suitable for reduction of large-scale circuits, those techniques
do not necessarily generate models as compact as desired. There-
fore, another approach, Truncated Balanced Realization (TBR), or
balanced truncation, which has been well developed in the control
community [5], has been studied intensively in design automation
community. However, balanced truncation methods are too expen-
sive to directly apply to integrated circuit problems due to the cu-
bic cost to solve two Lyapunov equations. To remedy this prob-
lem, several gramian approximation methods have been proposed
[7, 12, 4], where the approximated dominant subspace of a gra-
main can be obtained in a very efficient way. The single gramian
(SGA) approximation technique (called Poor Man’s TBR) [7] was
first proposed for RC circuit, which can be naturally formulated in a
first-order form with matrices both symmetric and positive-definite.
In this case, two gramians equal and can be simultaneously diag-
onalized via a congruency transformation. As a result, both good
accuracy and passivity can be preserved simultaneously. However,
for general RLCK circuits, the first-order formulation could be ei-
ther symmetric or positive-definite. Therefore, to preserve better
accuracy or passivity cannot be archived as the same time.

There are several methods proposed to mitigate the problem. One
of them, SBPOR [11], is based on the second-order formulation,
which is both symmetric and positive-definite for general RLCK
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circuits. In this method, second-order gramians are defined based
on a symmetric first-order realization. As a result, both second-
order gramians, the leading blocks of the gramians of first-order
realization, equal and can be simultaneously diagonalized by a con-
gruency transformation. As a result, a provably passive reduced
second-order model can be obtained by projecting the original sys-
tem onto the approximated dominant invariant subspace of one
second-order gramian (SOGA) [12].

Other gramian approximation methods covered in this survey in-
clude double gramian approximation (DGA), cross-gramain approx-
imation (CGA) and recently proposed response gramian approxi-
mation (RGA) for power grid network analysis. CGA [7] combines
both controllability and observability into a single cross-gramian.
The latter, ETBR [4], is used to simulate circuits with a large num-
ber of independent sources, which makes conventional multi-port
model reduction ineffective. ETBR considers both system as well
as the input sources for reduction by defining a approximated re-
sponse gramian.

2. CIRCUITS FORMULATION
Circuit formulations are dynamical systems with special internal
structures. In this paper, two kinds of formulations, NA and VNA,
are used, both of which stampL−1 instead of inductance matrixL
becauseL−1 matrix is easier to sparsify.

2.1 Second-order circuit formulation
ENOR [8] stamps the nodal susceptanceΓ = ElL−1El

T (El is the
incident matrix for inductance) and results in a second-order NA
(nodal analysis) form, which can be passively reduced [8, 9]. The
second-order formulation is as follows

Cv̇(t)+Gv(t)+Γ
R

v(t) = Bi(t)
y(t) = BT v(t)

(1)

wherei(t), y(t) ∈ Rp are input currents and output voltages;v(t) ∈
Rn are nodal voltages;G,C,Γ ∈ Rn×n are matrices of conductance,
capacitance and susceptance respectively;B ∈ Rn×p is the input
matrix and its transposeBT ∈ Rp×n is the output matrix. An impor-
tant property is that, in the second-order formulation, the system
matrices are both symmetric and positive semi-definite

C = CT ≥ 0 G = GT ≥ 0 Γ = ΓT ≥ 0 (2)

which means the realization is both symmetric and passive.

2.2 First-order circuit formulation
Recently, the branch vector potentialAl =

R

vEl is introduced as a
new state variable to obtain a first-order admittance that contains
L−1 elements [13]. If we definexT = [vT ,AT

l ], the first-order for-
mulation, called vector nodal analysis (VNA), is as follows

C ẋ(t) = −G x(t)+B i(t)
y(t) = B T x(t)

(3)
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where

C =

[

C 0
0 L−1

]

,G =

[

G ElL−1

−L−1El
T 0

]

,B =
[

B
0

]

(4)

Like MNA formulation, VNA matrices have the following proper-
ties:

C = C T ≥ 0 G +G T ≥ 0 (5)

Hence the the formulation is a passive form and it can lead to pas-
sive reduction. Note that, such a formulation is NOT symmetric
becauseG is not symmetric. It is easy to verify both formulations
(1) (4) have the same transfer function

H(s) = BT (Cs+G+Γ/s)−1B (6)

as such they are equivalent in terms of input-output behavior and
(4) can be viewed as a first-order realization of (1).

3. TRADITIONAL REDUCTION METHODS
3.1 Projection-based MOR
Given a first-order system in descriptor form

E ẋ(t) = A x(t)+B u(t)
y(t) = C x(t) (7)

whereE ∈ Rn×n, A ∈ Rn×n, B ∈ Rn×p, C ∈ Rp×n, y(t), u(t) ∈
Rp, typically, we havep ≪ n. Model reduction algorithms seek to
produce a smaller system

Ẽ ẋ(t) = Ã x(t)+ B̃ u(t)
y(t) = C̃ x(t)

(8)

whereẼ ∈ Rr×r, Ã ∈ Rr×r, B̃ ∈ Rr×p, C̃ ∈ Rp×r , y(t), u(t) ∈ Rp.
Orderr is much smaller than the original ordern, i.e. r ≪ n, but
the outputy(t) andỹ(t) are approximately equal for inputsu(t) of
interest. This can be achieved by constructing matricesW andV
whose columns span a useful subspace, and projecting the original
equations in the column spaces ofW andV

Ẽ =W TE V , Ã =W TAV , B̃ =W TB , C̃ = C V (9)

Often the transfer functions

H (s) = C (sE −A )−1B
H̃ (s) = C̃ (sẼ − Ã )−1B̃

(10)

are used as a metric for approximation: if‖H (s)− H̃ (s)‖ ≤ ε,
in some appropriate norm, for some given allowable errorε and
allowed domain of the complex frequency variables, the reduced
model is accepted as accurate.

3.2 Classical truncated balanced realization
(TBR) methods

Given a first-order system in descriptor form (7), assumeE is non-
singular, controllability and observability gramians arethe unique
symmetric positive definite solutions to the generalized Lyapunov
equations

A X E T +E X A T +B B T = 0
A TY E +E TY A +C T C = 0

(11)

Since the eigenvalues of the productX Y are invariant under sim-
ilarity transformation, we can perform a similarity transformation
to diagonalize the productX Y such that

T −1X Y T = Σ = diag(σ1
2,σ2

2, . . . ,σn
2) (12)

where the Hankel singular values of the system (σk) are arranged
in a descending order. If we partition the matrices as

[

W T
1
W T

2

]

X Y [ V1 V2 ] =
[ Σ1 0

0 Σ2

]

(13)

whereΣ1 = diag(σ1
2,σ2

2, . . . ,σr
2) are the firstr largest eigenval-

ues of gramian productXY andV1 andW1 are corresponding eigen-
vectors. A reduced model (8) can be obtained by projection onto
the invariant subspaces associated with the dominant eigenvalues
of the product of gramiansXY

Ẽ =W T
1 E V1, Ã =W T

1 AV1, B̃ =W T
1 B , C̃ = C V1 (14)

The error in the transfer function of the orderr approximation is
bounded by

‖H (s)− H̃ (s)‖ = 2
n

∑
i=r+1

σk (15)

In the classical method, the computational cost is dominated by
solving Lyapunov equationsO(n3), which makes it too expensive
to apply to integrated circuits problem and thus an efficientgramian
approximation technique is highly appreciated.

4. FAST TBR VIA GRAMIAN APPROXIMA-
TION

4.1 Single gramian approximation (SGA)
The first-order circuit formulation (4) falls into the classof system
in descriptor form (8). In frequency domain, the controllability
gramianX can also be computed from the expression

X =
1
2π

Z +∞

−∞
( jωC +G )−1B B T ( jωC +G )−H dw (16)

where superscriptH denotes Hermitian transpose. A gramian ap-
proximation process was proposed in [7]. Letωk bekth sampling
point. If we define

zk = ( jωkC +G )−1B (17)

thenX can be approximated as

X̂ = ∑zkzH
k = ZZH (18)

whereZ = [z1,z2, . . . ,zq]. If we peforme a singular value decom-
position onZ = Û Σ̂V̂ , then we have

X̂ = ZZH = (Û Σ̂V̂ )(Û Σ̂V̂ )T = Û Σ̂2ÛT =
[

Û1 Û2
]

[

Σ̂2
1 0

0 Σ̂2
2

][

ÛT
1

ÛT
2

]

(19)

whereÛTÛ = I. Û converges to the eigenspaces ofX and the
dominant eigenvectorŝU1 can be used as the projection matrix in a
model reduction approach

C̃ = ÛT
1 C Û1, G̃ = ÛT

1 G Û1, B̃ = ÛT
1 B (20)

This kind of transformation is known as congruency transforma-
tion, which preserves the definiteness of matrices such thatC̃ =
C̃ T ≥ 0, G̃ + G̃ T ≥ 0, implying the reduced-order system has guar-
anteed passivity [6]. Givenq sampling points andp inputs, the
cost of SVD on matrixZn×pq is O(n(pq)2). In addition, it takes
q matrix factorizations andpq matrix solves. The total cost is
O(n(pq)2+qnβ + pqnα) (typically, 1.1≤ β ≤ 1.5 and 1≤ α ≤ 1.2
for circuits) [7], which is dominated byO(qnβ). However, since
the system is projected onto the dominant invariant subspace of
controllability gramian only instead of the gramian product, the
system is not balanced and the accuracy will be sacrificed.

4.2 Double gramian approximation (DGA)
In fact, if the passivity constraint is removed, controllability and
observability gramians can be approximated simultaneously. It is
easy to see the formulation(4) can be rewritten into a symmetric
formulation with the following system matrices

C =

[

C 0
0 −L−1

]

,G =

[

G ElL−1

L−1El
T 0

]

,B =
[

B
0

]

(21)



Note that, bothG andC is symmetric but they are NOT positive
semi-definite anymore. In this symmetrized case (4), both grami-
ans are equalY = X . Since the gramianX is symmetric, it is
orthogonally diagonalizable, i.e., there existsT −1 = T T such that
T TX T = Σ. Then, we have

T TX X T = (T TX T )(T TX T ) = Σ2 (22)

which means, in this symmetric case, the eigenspace of gramian
productX X is exactly the eigenspace of each gramianX and we
only need to find the dominant invariant subspace of an approx-
imated gramianX̂ . So the same gramian approximation process
from (16) to (20) can be performed. However, the passivity is
not guaranteed as the reduced matrices are no more positive semi-
definite.

There is always a tradeoff in the first-order circuit formulation, ei-
ther symmetric (implying accuracy) or positive semi-definite (im-
plying passivity). Both can be obtained simultaneously only when
the circuit is an RC circuit, whereG = G,C = C,B = B.

4.3 Second-order gramian aproximation (SOGA)
In order to balance accuracy and passivity, a second-order balanced
truncation method was proposed [12], where second-order grami-
ans are defined based on a symmetric first-order realization (21).
As we know, both gramians are equal in this symmetric case. Ifwe
compatibly partition the gramians as

X = Y =

[

R S
ST F

]

(23)

then the second-order gramians, which measures the contribution
of the node voltagesv with respect to the transfer function [12], are
also equal

X2 = Y2 = R (24)

Since the gramians are equal, we only need to approximate the
dominant invariant subspace of one second-order gramianR. Given
the symmetric realizaton (21), starting from (18), if we compatibly
partitionZH =

[

ZH
1 ZH

2

]

, then we have

X̂ =

[

R̂ Ŝ
ŜT F̂

]

=

[

Z1ZH
1 Z1ZH

2
Z2ZH

1 Z2ZH
2

]

(25)

So the approximated second-order gramianR̂ equalsZ2ZH
2 and can

be diagonalized as follows

R̂ = Z1ZH
1 = (Û Σ̂V̂ )(Û Σ̂V̂ )T = Û Σ̂2ÛT =

[

Û1 Û2
]

[

Σ̂2
1 0

0 Σ̂2
2

][

ÛT
1

ÛT
2

]

(26)

A reduced model can be obtained by projecting ontoÛ1

C̃ = ÛT
1 CÛ1 G̃ = ÛT

1 GÛ1 Γ̃ = ÛT
1 ΓÛ1 B̃ = ÛT

1 B (27)

Since the congruency transformation preserves the symmetry and
definiteness of matrices we have

C̃ = C̃T ≥ 0 G̃ = G̃T ≥ 0 Γ̃ = Γ̃T ≥ 0 (28)

and the reduced-order system has guaranteed passivity [9].

4.4 Cross-gramian approximation (CGA)
The cross-gramianXCG is introduced which contains both control-
lability and observability information in a single matrix.Given
a system in descriptor form (7),XCG can be calculated from the
Sylvester equation

A XCGE +E XCGA = −B C (29)

The cross-gramian reduction method is based on projecting onto
the eigenspaces related to the dominant eigenvalues ofXCG. For
the symmetric systems, both of the two Lyapunov equations used

in balanced truncation will be the same as the Sylvester equation in
the cross-gramian method. Also, both controllability and observ-
ability gramians are identical to the cross-gramian andX Y = X 2

CG.
These properties make the cross-gramian method equivalentto the
balanced truncation method for symmetric models. Given thecir-
cuit formulation (4), in the frequency domain,XCG is expressed
as

XCG =
1

2π

Z +∞

−∞
( jωC +G )−1B B T ( jωC +G )−1dw (30)

Let ωk bekth sampling point. If we define

zck = ( jωkC +G )−1B zok = ( jωkC +G T )
−1
B (31)

thenX̂CG can be computed as

X̂CG = ∑zck zH
ok

= ZcZH
o (32)

whereZc and Zo is are matrices whose columns arezck and zok
respectively. In order to find the eigenvectors ofXCG, we need to
do the eigendecomposition onZcZH

o and sort the eigenvalues
[

W̃ T
1

W̃ T
2

]

ZcZH
o

[

Ṽ1 Ṽ2
]

=
[ Σ1 0

0 Σ2

]

(33)

A reduced order model can be obtained by a projection onto the
dominant eigenspacẽW1 andṼ1. Note that, since the projection is
not done by a congruency transformation (W̃1 6= Ṽ1), the passivity
of the reduced model is not guaranteed. In addition, since aneige-
nanalysis of a full matrix is still needed, the computational cost can
not be reduced too much.

4.5 Response grammian approximation (RGA)
Model order reduction becomes inefficient when the number of
ports is large. However, when input information is available a pri-
ori, the issue can be resolved by including the input signalsas part
of the system and converting an MIMO system into an SIMO sys-
tem. In ETBR (extended TBR) method proposed in [4], a response
grammian at the frequency domain is defined as

X r =
1

2π

Z +∞

−∞
( jωC +G )−1B u( jω)uT ( jω)B T ( jωC +G )−H dω

(34)
Let ωk bekth sampling point over the frequency range. If we fur-
ther define

zk = ( jωkC +G )−1B u( jωk) (35)

thenX r can be approximately computed as:

X̂r = ∑zkzk
H = ZrZH

r (36)

whereZr is a matrix whose columns arezk. The projection ma-
trix can be obtained by performing a singular value decomposition
on Zr. After this, we can reduce the original matrices into small
ones and then perform the transient analysis on the reduced circuit
matrices. Notice that we need frequency response of input signal
u( jωk) in (35). This can be obtained by fast Fourier transformation
on the input signals in time domain.

5. EXPERIMENTAL RESULTS
In the section, we present some experimental results to compare
those methods covered in this paper. The original model is an
RLCK circuit with an order of 640. The reduced order is set to
be 20 for all methods. As shown in Fig. 1, graiman approxima-
tion based methods (SGA, DGA, CGA, SOGA) deliver a better ap-
proximation than the Krylov subspace based second order method:
SAPOR [9] over a wide frequency band. However, SAPOR is
more accurate in low frequency band close to the expansion point
(0.1GHz).

Among all gramian approximation methods in terms of accuracy,
DGA is the best because it takes into consideration both controlla-
bility and observability gramians. SOGA is in the second place as



Table 1: Time complexity comparison
Methods Gramians used Passivity CPU cost

SGA contr. yes O(qnβ)

DGA contr. observ. no O(qnβ)
CGA cross no O(n3)

SOGA contr. observ (2nd) yes O(qnβ)
1.1≤ β ≤ 1.5 for sparse matrices.q is the number of sampling

points.

it considers second-order controllability and observability grami-
ans, which are leading blocks of corresponding first-order grami-
ans. CGA is ranked the third place, which considers controlla-
biltiy and observability in a single cross-gramian. SGA is in the
last place, which includes controllability gramian only. Note that
passivity is not preserved in either DGA or CGA. In the first case,
the circuit matrix is symmetric but not positive semi-definite. In the
second case, the projection is not a congruency transformation.
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Figure 1: Comparison of different gramian approximation
methods with SAPOR.

vspace-0.1in We then compare ETBR [4] with the similar Krylov
subspace version approach IEKS [1]. The test circuit has 10000
node and 100 sources and the reduction orderq is set to 6 for IEKS
and the number of frequency samples used for ETBR is also set to
6. Fig. 2 shows the simulation results of ETBR and IEKS at the
200th node. The simulation errors compared with SPICE results
are also shown in Fig. 2. We can see that ETBR is more accurate
than IEKS over the entire simulation time.

6. CONCLUSION
In this paper, we review several recently proposed fast TBR meth-
ods based on gramian approximation techniques (SGA, DGA, SOGA,
CGA, RGA) for model order reduction of RLCK circuits. We
present the reduction methods based on both first-order formula-
tion and second-order formulation. Experimental results show that
those methods produce a better approximation over a wide fre-
quency range than the corresponding Krylov subspace based meth-
ods in general.
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Figure 2: Accuracy comparison between ETBR and IEKS.
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