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Abstract—It is well-known that a large number of natural
phenomena exhibit chaotic behavior, e.g. brain activity, mental
illness, bioelectric signals, pancreatic beta cell, and so on. That
way, researchers have the challenge to develop systems that
guarantee the prediction of chaotic time series, so that it can
be used to prevent the activation of an epileptic attack or other
human disorder. In this paper we show the usefulness of the
multilayer perceptron (MLP), which is in the family of artificial
neural networks, to predict chaotic time series, which in this
research paper were obtained from real chaotic systems based
on saturated nonlinear function series and from the Rössler
system. We highlight the hardware implementation of the
prediction system that is verified by using a field-programmable
gate array (FPGA). The root-mean-square error is provided to
show the suitability of the proposed electronic system.

I. INTRODUCTION

Many physical and biological phenomena have chaotic

behavior. In engineering, the word chaos or chaotic is

associated to a complex dynamical behavior that has special

characteristics, such as extreme sensitivity to small vari-

ations in the initial conditions from which the system is

turned on, and other characteristics related to physics and

mathematics, namely: presence of at least of one positive

Lyapunov exponent, a continuous power spectra, and the

system is determinist because one knows its evolution and

all its parameters are well-defined.

The development of chaotic systems is nowadays very

popular and they can be implemented with either or both

analog or digital electronics. Every chaotic system can be

implemented with electronic devices to verify the behavior

of the mathematical models that describe different chaotic

phenomena in different areas of research, such as: physics,

chemistry, hydrology, neurologic, human behavior and so

on [1, 2, 3]. Further, if one is interested to know the

future evolution of the chaotic time series provided by these

dynamical systems, one can simulate large times, but if one

do not know the mathematical model of the system, then

the challenge is how to predict future data of the chaotic

dynamics from experimental data.

In this manner, this paper describes the application of a

multilayer perceptron (MLP) to predict chaotic time series

that are taken from real chaotic systems based on saturated

nonlinear function (SNLF) series [4], and from the Rössler

system [5]. Those chaotic time series are saved and are taken

as inputs to a MLP that has the capability of predict the

future behavior of the data, so that the proposed electronic

system can be used to predict future evolution of human

disorders that have chaotic behavior.

Some similar works for time series prediction have been

already developed by applying artificial neural networks

and MLP, see for instance [6, 7, 8]. Also, other time

series prediction techniques are available, but they are

mostly suitable for software systems, such as: fuzzy systems

[9, 10, 11], support vector machines [12, 13], hybrid systems

[14, 15, 16], and so on. Since we are interested to provide an

ambulatory system of low weight, then we introduce the idea

on the development of an electronic system that is verified

herein by using a field-programmable gate array (FPGA).

The system is based on a MLP to take advantage of its

suitability to perform parallel processing and the operations

are simple mathematics that are very easy to describe into

an FPGA.

Section II describes the two chaotic systems already

implemented into an FPGA from which we take the chaotic

time series. Section III details the design of the MLP,

where three topologies are described. Section IV shows the

electronic implementation of the three MLPs by using an

FPGA. Also, the prediction of the three MLPs are shown by

measuring the root-mean-square error (RMSE) to demon-

strate their suitability for chaotic time series prediction.

Finally, the conclusions are listed in Sect. V.

II. GENERATION OF CHAOTIC TIME SERIES

This section shows the generation of chaotic time series

by using two chaotic systems, namely: Rössler and the

chaotic oscillator based on saturated nonlinear functions

(SNLF) series. They are modeled by the dynamical equa-

tions of third order shown in (1) and (2), respectively.

These chaotic systems have been widely studied and used

generate chaotic behavior, and their associated mathematical

descriptions consist of three state variables (x1, x2 and

x3), real coefficients, and functions that include the non-

linearity. Both chaotic oscillators are autonomous and their

numerical simulation requires initial conditions. In the case

of the Rössler chaotic system given by (1), the simulation is

performed by setting the parameter values: a = b = 0.2 and

c = 5.7 [5]. Figure 1 shows the state variable x1 and this
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time series is used to test the electronic system for chaotic

time series prediction, as shown in the following sections.

The chaotic oscillator based on SNLF series described by

(2), can be simulated by setting the parameter values to:

a = b = c = d = 0.7, and the nonlinear function f(x1) has

three linear segments as shown in [4], to generate a double-

scroll attractor. The time series corresponding to the state

variable x1 is also shown in Fig. 1.

Figure 1. Generation of chaotic time series from the Rössler chaotic
oscillator and the one based on SNLF series.

ẋ1 = −x2 − x3

ẋ2 = x1 + ax2 (1)

ẋ3 = b+ x3(x1 − c)

ẋ1 = x2

ẋ2 = x3 (2)

ẋ3 = −ax1 − bx2 − cx3 + df(x1)

III. DESIGN OF THE MLP FOR CHAOTIC TIME SERIES

PREDICTION

Artificial neural networks are mathematical tools orig-

inally inspired by the way in which the human brain

processes information. It consists of a set of elementary

processing units called neurons or nodes whose processing

capability is stored in the connections by synaptic weights,

and whose adaptation depends on learning [17]. There are

three kinds of neurons: input (allocate input values), hidden

(perform operations and consists of one or more layers), and

output ones (perform operations and compare the values with

target or reference ones). Figure 2 shows the basic neuron

structure where xj represents the input signals, w represents

the synaptic weights, b is the bias and f(.) denotes the

activation function [17, 18]. The final state is evaluated by

(3), while in this work the lineal (l) and hyperbolic tangent

(h) are used as function f . Figure 3 shows an example of a

MLP with 6 layers, and the description of each layer.

y = f(u) = f

⎛
⎝∑
j=1

xjwj + b

⎞
⎠ (3)
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Figure 2. Functional structure of a neuron.
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Figure 3. MLP consisting of five layers taken from [19].

There is not a general rule to choose the number of

layers and the number of neurons in each layer, so that

one must explore all combinations of connections and also

all possibilities of values of each parameter and activation

function. Some authors recommend to use one hidden layer

with low number of neurons. However, that is a good option

just for simple problems, but for complex ones like in this

research paper, one must explore different topologies and

parameter values of the neurons. For instance, Table I lists

three MLP topologies, two of them designed by applying

the geometric pyramid rule [20], and the other one taken

from [19]. These three MLPs are compared according to

the root-mean-square error (RMSE) to see the prediction

capability for the chaotic time series of the two chaotic

oscillators described above. That way, the prediction of the

chaotic time series from the simulation of (1) and (2), is

performed only for the state variable x1(t), and then we

predict 6-steps ahead x1(t− 6), 12-steps ahead x1(t− 12),
and 18-steps ahead x1(t− 18).

Among the training algorithms available into

MATLABTM , the levenberg-marquardt algorithm (trainlm)

is applied herein. The training is executed using 3 subsets

of data. The first one (training) computes the gradient,

weights and bias updating. The second subset (validation)

monitors the error during the training. The third subset
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Table I
CHARACTERISTICS OF THREE MLPS: 5 AND 6 LAYERS DESIGNED BY

APPLYING THE GEOMETRIC PYRAMID RULE [20], AND THE 6 LAYERS

TAKEN FROM [19].

Characteristics Geometric pyramid rule MLP [19]
Number of layers 5 6 6
Number of neurons 16-8-4-2-1 32-16-8-4-2-1 4-7-4-8-5-1
Activation function h-h-h-h-l h-h-h-h-h-l h-h-h-h-h-l
Learning algorithm Levenberg-Marquardt algorithm

(test) adjust the error during the validation process. Such

processes are executed into Matlab.

From the results provided by Matlab, one can choose the

best MLP topology and then one must adjust the weights

and biases of the neurons, so that the training of the MLP

is initialized n times with different weights and biases

assigned randomly. Figure 9 shows the summary of the

three MLPs when they are compared with respect to the

RMSE obtained during the stage of validation. As one

sees, both MLPs consisting of 6 layers have low RMSE.

In this manner, once the MLP topology has been trained,

one choose the set of weights and biases to proceed to the

hardware implementation.
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Figure 4. Performance of the three MLPs listed in Table I in terms of
RMSE for predicting the two chaotic time series from Fig. 1.

Figures 5 and 6 highlight the prediction obtained during

the validation process for each chaotic oscillator by using

the MLP topology provided in [19].

IV. HARDWARE IMPLEMENTATION OF THE MLP FOR

CHAOTIC TIME SERIES PREDICTION

In computer arithmetic, the performance of a system

depends on the representation of the numerical values, and

also on the mathematical operations that are algebraic for

the case of implementing a MLP topology [21]. In this

research paper we use the numerical representation known
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Figure 5. Prediction of the time series generated by Rössler system.
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Figure 6. Prediction of the time series generated by the chaotic system
based on SNLF series.

as fixed-point and the corresponding format is in the form

of 4.28. It means that we use 1 bit to represent the sign

of the numerical value, 3 bits to represent the integer part

of a numeric value, and 28 bits to represent the fractional

part to process a resolution of the numbers that generate

a low rounding error. In electronics, and from Fig. 2, one

can see the kind of digital hardware that is required to

implement the topology. In this case, the neuron consists

of a multiplication block, and adder block, and a block

that is designed to perform the transfer function of type

hyperbolic tangent h. This is sketched in Fig. 7. The transfer

function known as hyperbolic tangent can be approached by

piecewise-linear (PWL) functions, as shown in Fig. 8, as

described in [22]. In this Figure one can see a very low
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error between the original hyperbolic tangent function and

its PWL approximation, so that we proceed to implement

this function with digital hardware, i.e. FPGA.
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Figure 7. Synthesis of the functional structure of the artificial neuron
shown in Fig. 2.

Once the MLP is implemented in hardware, and synthe-

sized into an FPGA, the chaotic time series prediction can

be performed as follows: In the case of the Rössler chaotic

system given by (1), the first 1000 samples are used for

training the MLP and the following 1000 samples are used

for testing the prediction. For the chaotic oscillator based

on SNLF series described by (2), the first 2500 samples are

used for training and the following 2500 samples are used for

testing. In both cases, the time series from the state variable

x1 is considered for prediction. Table II shows a comparison

of the time series prediction by using the activation function

implemented with the original hyperbolic tangent function,

and the prediction obtained by using its PWL approximation

shown in Fig. 8.
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Figure 8. Approximation of the hyperbolic tangent function.

The MLP is connected to a personal computer (PC) to

process the chaotic time series, as shown in Fig. 9, where one

can observe the block descriptions of our proposed electronic

system for time series prediction. The PC sends data of the

chaotic time series to the FPGA-based prediction system,

Table II
RMSE OBTAINED DURING THE VALIDATION STAGE.

SNLF system
Function 5 layers 6 layers [19]
Hyperbolic tangent 0.0098 0.00950 0.00951
PWL approximation 0.01120 0.01150 0.01149

Rössler system
Function 5 layers 6 layers [19]
Hyperbolic tangent 0.09000 0.02323 0.02842
PWL approximation 0.10000 0.04400 0.05400

which process the data through the MLP and then provides

as output the predicted time series with 6-steps ahead. The

connection between the PC and the MLP is done through

the serial port [23], where each byte is transmitted bit by

bit. The data is analyzed by Matlab, and a state machine

controls the flow of information.

Figure 9. Prototype of the proposed chaotic time series prediction system.

V. CONCLUSION

The prediction of chaotic time series is a challenge

to provide long-term estimation. This paper showed the

usefulness of artificial neural networks, in the case of mul-

tilayer perceptron (MLP) to predict chaotic time series with

good accuracy. In this case, we used three MLP topologies

that were tested with two kinds of chaotic data generated

from two oscillators: Rössler and a chaotic oscillator based

on saturated nonlinear function (SNLF) series. All cases

were compared with respect to the root-mean-square error

(RMSE), and at the end, we showed the proposed electronic

system that is implemented by using a field-programmable

gate array (FPGA) and connected to a personal computer

(PC) to feed the chaotic time series data. As a conclusion,

and according to the RMSE values, we conclude that our

proposed prototype exhibited a high performance in predic-

tion of chaotic time series.
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