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Abstract

In this paper, we propose a novel on-chip voltage drop
reduction technique for on-chip power delivery networks of
VLSI systems in the presence of variational leakage current
sources. The new method inserts decoupling capacitors (de-
caps) into the power grid networks to reduce the voltage
fluctuation. The optimization is based on sensitivity-based
conjugate gradient method and sequence of linear program-
ming approach. Different from existing power grid noise re-
duction methods, the new approach considers the impacts of
inter-die and intra-die variational leakage current sources
due to unavoidable process variability during the decap
optimization process for the first time. Leakage currents,
which although are static in nature typically, can still add to
the total voltage drops and dynamic voltage reduction thus
must consider the leakage-induced voltage variations. The
proposed algorithm exploits the relative constant variations
for different decap configurations of power grid circuits to
speed up the statistical optimization process. Decaps can be
inserted in such a way that the resulting circuits have much
higher probability to meet the voltage drop constraints in
the presence of leakage current variations. Experimental
results demonstrate the effectiveness of the proposed ap-
proach and show that the new method has 100X to 1,000X
of speedup over the Monte Carlo based statistical decap
optimization method.

1 Introduction

Due to increasing integration density and soaring clock
frequency, reliable on-chip power supply becomes a critical
concern for VLSI chip design, especially in the deep sub-
micron arena. To retain signal integrity in power grid (P/G)
network, which supplies power from the power/ground pads
to all the modules on a chip, extra careful design effort is
required to reduce the voltage noise in the on-chip power
supply networks. However, excessive voltage variations, in-
cluding voltage drops and ground bounces, would have an
adverse impact on chip performance and reliability, since
they not only degrade the already tight noise margin in to-
day’s VLSI circuits, but also increase gate delay, which may
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cause false logic switching, and sometimes even lead to
logic failure. In practice, most designs now require volt-
age drop to be confined to certain percentage of the nominal
supply voltage [2].

On top of the reduced noise margin, process-induced
variations in nanometer VLSI systems make voltage IR drop
more susceptible in system performance. One of the ma-
jor variations comes from the leakage current variations as
leakage currents are exponential functions of the threshold
voltages, which typically are random variables due to the
variations of channel length and gate oxide thickness. As
a result, the leakage currents are very sensitive to those pa-
rameter variations. It was shown in [11] that leakage varia-
tions for 90nm can be 20 times. Based on the ITRS 2005 [1],
the leakage power accounts for more than 60% at 45nm
technology. This has many consequences in chip design, es-
pecially in the design of power grid network. In this paper,
we model these leakage current sources as log-normal dis-
tribution due to threshold voltage variation, which is model
as Gaussian (normal) distribution. [9] [13] Typically, the
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Figure 1. Illustration of decaps in a power
grid network.

process-induced variations can be classified into inter-die
(die-to-die) variations and intra-die (within die) variations.
In inter-die variations, all the parameters of variations are
correlated. The worst case may be easily calculated by set-
ting the parameters to their top range, i.e. mean plus three
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standard deviations. The intra-die variations consist of two
components, i.e. layout-dependent deterministic compo-
nents and stochastic (random) components. To consider the
correlations among random variables, a hierarchical struc-
ture of variables is used in our work, which models certain
variables as global variables (inter-die), and divides varia-
tional sources into several sections (intra-die) based on the
geographical location of the sources. Thus, the total varia-
tions are subject to both inter-die and intra-die variations.

A commonly-used, yet effective way to reduce noise in
the package is to add decoupling capacitors (decaps) into
the power grid networks [5, 14]. For VLSI design, the in-
ductive wire impedance can no longer be ignored at high
frequencies, and the on-chip noise becomes more profound
as inductance scales poorly with wire sizing. As a result,
on-chip decaps are indispensable for robust on-chip power
supply [15, 4, 17]. On the other hand, on-chip decaps are
usually manufactured as gate capacitance of transistors. As
the supply voltage continues scaling, leakage currents due
to reduced threshold voltage and dielectric leakage prevent
excessive use of decaps [3]. Thus, the economic use of on-
chip decaps is relatively important, especially in the pres-
ence of leakage current variations.

Note that leakage current typically is static current. Nev-
ertheless, this leakage current becomes more dynamic as
several leakage reduction techniques, such as sleep transis-
tor, adaptive body bias, and input vector method, have been
proposed recently. Adding decap only reduces the dynamic
voltage fluctuation. However, the voltage drop induced by
leakage current will manifest itself as background noise.
This type of noise increases the dynamic range of voltage
fluctuation in reference to the nominal absolute DC values.
This effect has huge impact on the circuit delay and oper-
ation. As a result, in order to limit the total voltage drop
under the same given threshold voltage, more decaps will
need to be allocated. Hence, decap allocation can still be
used to mitigate the leakage induced voltage drops as well
as the voltage drops caused by dynamic powers of the cir-
cuits.

The contributions of the paper are summarized as fol-
lows: (1) We first show that in the presence of leakage
current variations, traditional deterministic decap optimiza-
tion is unable to sufficiently remove all the IR drop viola-
tions without statistics-based approach. (2) We adopt two
efficient statistical decap allocation algorithms, based on
improved conjugate gradient optimization and sequence of
linear programming, to show that our approach may apply
to any known decap optimization algorithms. (3) We will
show in the experiment that the calculated standard devi-
ation based on Hermite polynomials is insensitive to the
added decaps in each iteration of the decap optimization,
thus dramatically improve the speed of solving decaps. (4)
In consideration of correlations in inter-die and intra-die
variations, the hierarchical structure [10] of random vari-
ables are used in the decap optimization process.

2 Statistical Decap Allocation Problem

Fig. 1 illustrates the model of power grid network con-
sidering process variations. The deterministic component is

modeled as piecewise linear (PWL) current source includ-
ing certain nominal value of DC leakage current. The to-
tal leakage currents are the effects contributed from the de-
terministic leakage current and the stochastic component,
which is modeled as normalized lognormal distribution in
consideration of process variations.

Before finding the solution for decap optimization, we
need to formulate power grid networks considering process
variations mathematically. Let Θ denote the process sam-
pling space. Let θ ∈ Θ, ξi : θ → R denote a normalized
Gaussian variable, and ξ(θ) = [ξ1(θ), ...,ξn(θ)] is a vector
of n Gaussian variables. Therefore, given the process vari-
ations, the Modified Nodal Analysis (MNA) of the power
grid network becomes

Gv(t,ξ(θ))+C
dv(t,ξ(θ))

dt
= I(t,ξ(θ)) (1)

Note that the input current vector, I(t,ξ(θ)), consists of both
deterministic and stochastic components.

The problem we need to solve is to efficiently calculate
the mean and variances of decap values (budgets) due to
variational current sources. For given current inputs, decap
values are computed to prevent the IR drops from exceed-
ing the user-defined thresholds. With those statistical decap
information, we may add the decaps in a consecutive man-
ner, for instance means plus three standard deviations, to
ensure that the IR drop constraints are satisfied with higher
possibility. A straightforward method is Monte Carlo (MC)
based sampling approach. It means that we randomly gener-
ate I(t,ξ(θ)), which is based on the lognormal distribution,
and solve for the minimum decaps by using existing opti-
mization approach for each sampled circuit. Obviously, it is
not scalable because MC is computationally expensive. In
consideration of stochastic techniques, the error associated
to MC simulation roughly scales with 1/

√
M, where M is

the number of samplings or trials. Thus, 10,000 trials are
necessary to guarantee 1% of accuracy [16].

3 New Statistical Decap Allocation Algo-
rithm

In this section, we present the new statistical decap allo-
cation algorithms. The main idea of the new algorithm is
to decompose the optimization problem into sequential two
parts: (1) computing the statistical node voltage variations
using fast statistical spectrum method. (2) determining the
variational decap values based on the variational node volt-
ages during decap allocation process. The novelty of the
new method is based on the observation that node voltage
variations due to leakage current variations do not change
significantly with different decap values. As a result, we
can separate the variational node voltage computations and
decap optimization process to save significant computing
costs.

3.1 Variations in voltages and violation
areas

In this subsection, we first discuss the variations on the
IR drop or equivalently ground bounces at the nodes of the
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power grid network because of the variations of the leakage
current sources. Then we show how it can be efficiently
computed.
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Figure 2. Illustration of ground bounce at
given node considering variations.

Fig. 2 illustrates the ground bounces at a given node con-
sidering the variations of leakage current sources. The hor-
izontal line Vth denotes the threshold voltage. The mid-
dle dash line, µ, is the deterministic voltage at the arbi-
trary node. The upper and lower dash lines (called upper
bound and lower bound respectively in this paper) indicate
the voltages when three standard deviations (σ) for certain
distribution are added or deducted from the mean (µ) or de-
terministic voltage.

One may easily observe that the violation areas also fol-
low certain distribution because the voltages are moved up
and down around the deterministic node voltages. How-
ever, the node voltages should never go negative in calcu-
lating violation areas in consideration of lower bound volt-
ages. As a result, the traditional deterministic decap bud-
gets calculated by Improved Conjugate Gradient (CG) [12]
or Sequence of Linear Programming (SLP) [6] are unable
to sufficiently eliminate all the violation areas at the nodes
in the presence of variations of leakage current sources.

Assume that we are able to estimate the mean and stan-
dard deviation or variance (to be discussed further later) of
the voltage at any given node, then the violation areas may
be obtained for the given threshold voltage specified by de-
signers. Once we know the ”statistics” in terms of mean
and variance of the violation areas, the ”statistics” of the
decap budgets can approximately obtained by using exist-
ing decap optimization approaches, such as CG or SLP in a
deterministic way.

3.2 Relative ”constant” node voltage de-
viations

One important observation in this work is that the stan-
dard deviations of node voltages are almost unchanged with
added decaps in each iteration of CG or SLP optimization.
This means that we do not need to solve for all the node
voltage distributions in our proposed approach for each op-
timization iteration. We only need to solve the distribution

in terms of standard deviations of the node voltages at the
beginning, and use the same results for all the subsequent
iterations during decap optimization. This feature dramati-
cally reduces the time in solving the decap budgets with our
proposed approach. Fig. 3 shows the relationship between
the node voltages in one standard deviation calculated by
Hermite polynomial approach (to be discussed) verse added
decap budgets in each iteration of CG or SLP optimization
for one particular testing case. One may notice that the
node voltage remains almost unchanged for various values
of standard deviation. We find this is true for all the testing
cases we have.
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Figure 3. Relationship between voltage in
standard deviation and added number of de-
caps.

The intuitive reason for this phenomenon is that leak-
age currents are DC-like currents and their induced volt-
age drops do not change significantly in the transient wave-
forms. As a result, decap values, which will change the
dynamic voltage, do not change the leakage-currents which
induce node voltage variations.

3.3 Variations in leakage current sources

In this subsection, we present the approach for model-
ing the leakage current as lognormal distribution by using
Hermite PCs [7].

Let g(ξ) be the Gaussian random variable, denoting
threshold voltage or device channel length. Let l(ξ) be the
random variable obtained by taking the exponential of g(ξ)

l(ξ) = eg(ξ), g(ξ) = ln(l(ξ)) (2)

Also, for the MOSFET device leakage current,

Io f f = cIl(Vth) = ce−Vth (3)

where the leakage component Il(Vth) is a lognormal random
variable and c is a constant. Let the mean and variance of
g(ξ) be µg and σ2

g respectively, then the mean and variance
of l(ξ) are derived as

µl = e(µg+
σ2

g
2 ) (4)

σ2
l = e(2µg+σ2

g)[eσ2
g −1] (5)
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respectively. For a general Gaussian variable g(ξ), it can be
represented as

g(ξ) =
n

∑
i=0

ξigi (6)

where ξi are orthonormal Gaussian variables, which means
that < ξi,ξ j >= δi j, < ξi >= 0 and ξ0 = 1. Note that such
form can always be obtained by using Karhunen-Loeve or-
thogonal expansion method [8]. In our problem, we need to
represent the lognormal random variable, l(ξ), by using the
Hermite PC expansion form:

l(ξ) =
P

∑
k=0

lkHn
k (ξ) (7)

where l0 = exp[µg +
σ2

g
2 ]. To find the coefficients, we can

apply Galerkin method [7] on l(ξ). Therefore, we have

lk(t) =
< l(t,ξ),Hk(ξ) >

< H2
k (ξ) >

, ∀k ∈ {0, ...,P}. (8)

Thus, the lognormal process can then be written as

l(ξ) = l0(1 +
n

∑
i=1

ξigi +
n

∑
i=1

n

∑
j=1

(ξiξ j − δi j)
< (ξiξ j − δi j)2 >

gig j + ...)

(9)
where gi is defined in eq. (6). Combining eq. (1) and (9),
the mean and variance of node voltages, v(t), can be ob-
tained after some math calculations [13].

Finally, let’s consider the correlated multiple random
variables. For illustration purpose, as shown in Fig 4, the
variations are divided into three layers due to the sources
of variations [10]. The global variable (top layer, denoted
as level A) is modeled as inter-die variation, such as lot-
to-lot, wafer-to-wafer, and die-to-die variations. The intra-
die variations, middle layer, denoted as level B and bot-
tom layer as level C, are divided into several sections in the
power grid networks. Each section may have different vari-
ation in terms of variance or standard deviation. Thus, the
correlations among random variables are modeled as hierar-
chical structure, in such a way that the total variations of any
given node are subject to the variations in Level A, B, and
C respectively. Similarly, by following the proposed hierar-
chical structure, one may easily consider the correlations by
constructing any given number of variational sources into
several layers, and obtain total variation subject to the vari-
ations in each layer.

4 Experimental Results

This section describes the simulation results of circuits
with lognormal leakage current distributions for a number
of power grid networks. All the proposed methods have
been implemented in Matlab, Perl and C/C++. The exper-
imental results are carried out in a Linux system with dual
Intel Xeon CPUs with 3.06Ghz and 1GB memory.

C.4

Level A (global variation)

Level B

Level C

(intra−die)

(intra−die)

    A

    B.1 B.2

    C.1  C.2

 C.3

Figure 4. Hierarchical structure of random
variables.

4.1 Decap optimization considering one
global random variable

Firstly, the proposed method is applied to power grid op-
timization by adding decoupling capacitors (decaps) con-
sidering one global variable variation (inter-die variation).
The assumption is that the nominal mean value (DC) of
leakage current is set to be 300 µA in this experiment. Both
the Conjugate Gradient (CG) and Sequence of Linear Pro-
gramming (SLP) are used as the optimization engines in our
test. Additionally, the leakage currents caused by added
decaps are neglected in our experiments because they are
relative small after optimization in comparison to the ones
caused in the power grid networks.

In Monte Carlo sampling, we first multiply sampled
value from normalized lognormal distribution with nomi-
nal DC leakage currents, then adding this value into deter-
ministic PWL current sources as one trial of the stochastic
leakage current values. Given the threshold voltage speci-
fied by designers, we may calculate the violation areas of all
the nodes in each sampled circuit. Based on the violation ar-
eas, both CG approach and SLP method are applied to solve
for decap budgets. The Monte Carlo results of the distribu-
tion of decap budgets by using CG and SLP for one random
variable, as global inter-die variation, are shown in Fig. 5
and Fig. 6. The CG and SLP are both performed for 4000
trials for lognormal leakage current sources with the same
standard deviation (σglobal = 0.1). The x-axis indicates the
decap budget in terms of f arads in each trial (occurrence)
and y-axis denotes the number of occurrences with total trial
size of 4000. Next, the Hermite PC approach is performed
to calculate the statistics of node voltages before solving for
decap optimization by using CG and SLP. The second order
of Hermite PC is adopted in calculating the standard devia-
tions of the node voltages in both CG and SLP. The results
are marked in the figures. In the figure, the meanings of
three vertical lines are as follows: the middle vertical line
indicates the deterministic decap value without variations (µ
in the figure); the right line denotes the decap budget for the
circuit when the node voltages are raised by three standard
deviations calculated by Hermite polynomial expansion (the
upper bound, µ + 3σ); and the left line indicates the decap
budget for the circuit when the node voltages are lower by
three standard deviations (the lower bound, µ−3σ).
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Figure 5. Distribution of decap budget with
one variable using CG algorithm.
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Figure 6. Distribution of decap budget with
one variable using SLP algorithm.

4.2 Decap optimization considering mul-
tiple variables with correlations

The consideration of correlations among random vari-
ables are modeled as three layers of hierarchical structure
in the experiment as shown in Fig. 4. In CG method,
the standard deviation of the global variable (the highest
layer, Level A) is assumed to be σA = 0.1 in the experi-
ment. The standard deviations for Level B and C are given
as σB = 0.1,0.08 and σC = 0.1,0.2,0.16,0.18 respectively.
When using SLP method, σA = 0.1, σB = 0.05,0.01 and
σC = 0.01,0.01,0.01,0.01 respectively. Fig. 7 and Fig. 8
show the results based on hierarchical structure of seven
variables by solving decap budgets in terms of f arads with
CG and SLP algorithms. The meanings of three vertical
lines are the same as in the figure for one global variable,
i.e. lines for deterministic, upper bound, and lower bound.

Furthermore, Table 1 shows the accuracy comparison of
decap budgets between our proposed approach (Hermite
PC) and MC by using CG and SLP. The benchmarks of
mean, lower bound, and upper bound are obtained based
on MC sampling from 4000 trials. The notation, rn, in-
dicates the number of random variables used in considering
stochastic current sources. The mean is the error percentage
of deterministic decap budgets against the mean calculated
from the samples of MC. The upper or lower bound indi-
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Figure 7. Distribution of decap budget with 7
variables using CG algorithm.
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Figure 8. Distribution of decap budget with 7
variables using SLP algorithm.

cates the mean plus or minus three standard deviations of
the node voltages. The error percentages of the decap bud-
gets between our proposed methods against the results from
MC are shown in the table. Undoubtedly, our proposed ap-
proach provides sufficient accuracy. Based on 4000 trials,
the errors of percentage in comparison to MC are in the
range of 0.01% and 1% in solving decap budgets with CG
and SLP optimization respectively.

In consideration of the scalability of the proposed ap-
proach, Table 2 shows the speedup of the Hermite PC
method over Monte Carlo method with 10,000 trials. In
this table, #node denotes the number of nodes in the power
grid circuits. Speedup CG and Speedup SLP represent the
ratio of speedup in terms of CPU times used in CG and SLP
against MC respectively. It can be seen that the proposed

Table 1. Error comparison between Hermite
PC against Monte Carlo methods using CG
and SLP method

Lower bound (%) Mean (%) Upper bound (%)
1 rn 7 rn 1 rn 7 rn 1 rn 7 rn

CG 0.014 0.007 0.009 0.005 0.018 0.004
SLP 0.89 0.94 0.04 0.03 0.48 0.78
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Table 2. CPU time comparison between Her-
mite PC and Monte Carlo

Ckt #node Speedup CG Speedup SLP
gridrc 5 185 8152.25 7462.8
gridrc 12 3024 991.8 2718.7
gridrc 15 6105 154.8 470.03

method is about 100X to 1,000X faster than the MC method
based on 10,000 trials of MC depending upon the size of the
circuit and the selection of optimization algorithms.

There are two important observations in this experiment.
As mentioned in Section 2, we need at least 10,000 trials
to guarantee 1% of accuracy [16]. Thus, in order to get
0.1% or even 0.01% of accuracy, we may need to have at
least 1,000,000 or even 100,000,000 of trials. However,
this is not practical in our experiment. Hence, the accuracy
comparison in this experiment may not guarantee the true
comparison. Nevertheless, it does show some confidence
level of comparison. The other observation is that in reality
the variations may not be so small as defined in our exper-
iment. Typically the variability may be as high as 20% -
30% or even 60% of nominal DC value [1]. This means
that the variability can be as high as 180 µA based on DC
nominal value of 300 µA. In order to obtain an accurate re-
sult with such a huge variation, we are looking at a huge
size of sampling (in the range of several millions to tens of
millions) needed in order to plot a good decap optimization
distribution. Thus, in order to illustrate the concept of our
proposed algorithm, we limit our variations to smaller num-
bers with smaller size of samplings, so that the experiment
can be finished in a reasonable time frame. As a result, the
budgets in terms of farads may seem to be small in our ex-
periments. However, in reality, the saving of budgets may
be significant given the fact that the variability may be huge
in manufacturing.

5 Conclusions

In this paper, we have proposed a fast statistical decap
optimization algorithm for noise reduction of on-chip VLSI
power delivery systems. The new approach is based on sta-
tistical spectral analysis method to compute the statistical
voltage drops and allocate the decaps such that the resulting
circuits have much higher probability to meet the voltage
IR drop or equivalently ground bounce constraints statisti-
cally. The new algorithm exploits the relative constant vari-
ations for different decap configurations of on-chip power
grids to speed up the statistical optimization process. The
new method also considers the spatial correlations of ran-
dom variables to model inter-die and intra-die variations.
Experimental results show that the new approach is 100X
to 1,000X faster than the brute-force Monte Carlo based
statistical decap optimization. Future research may include
the variations caused by temperature and/or oxide thickness
during the manufacturing process.
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