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ABSTRACT

Electromigration (EM) becomes a major concern for VLSI circuits 
as the technology advances in the nanometer regime. The crux 
of problem is to solve the partial differential Korhonen equations, 
which remains challenging due to the increasing integrated den-
sity. Recently, scientific machine l earning h as b een e xplored to 
solve partial differential e quations ( PDE) d ue t o breakthrough 
success in deep neural networks and existing approach such as 
physics-informed neural networks (PINN) shows promising re-
sults for some small PDE problems. However, for large engineer-
ing problems like EM analysis for large interconnect trees, it was 
shown that the plain PINN does not work well due the to large 
number of variables. In this work, we propose a novel hierarchical 
PINN approach, HierPINN-EM for fast EM induced stress analysis 
for multi-segment interconnects. Instead of solving the intercon-
nect tree as a whole, we first solve EM problem for one wire seg-
ment under different boundary and geometrical parameters using 
supervised learning. Then we apply unsupervised PINN concept to 
solve the whole interconnects by enforcing the physics laws in the 
boundaries for all wire segments. In this way, HierPINN-EM can sig-
nificantly reduce the number of variables at plain PINN solver. Nu-
merical results on a number of synthetic interconnect trees show 
that HierPINN-EM can lead to orders of magnitude speedup in train-
ing and more than 79× better accuracy over the plain PINN method. 
Furthermore, HierPINN-EM yields 19% better accuracy with 99%
reduction in training cost over recently proposed Graph Neural 
Network-based EM solver, EMGraph.
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1 INTRODUCTION

Electromigration (EM) still remains the primary reliability killer

for copper based connects in the current and foreseeable nanome-

ter technology nodes. EM-related aging and other VLSI long-term

reliability problems will become worse for current 3nm and below

technologies. Therefore, it is crucial to have an accurate assess-

ment of aging and reliability for both interconnects and devices

during the design process.

For EM analysis, It is well known that existing Black and Blech-

based EM models [1, 2] are overly conservative and can only work

for single wire segment [3, 4]. To mitigate those problems, re-

cently many physics-based EM models and simulation techniques

have been proposed [5–19]. The crux of the problem is to solve

Korhonen equations [20], which is the partial differential equa-

tions (PDEs) describing the hydrostatic stress evolution in the con-

fined multi-segment interconnect trees subject to blocking mate-

rials boundary conditions. In general, solving the Korhonen equa-

tion in particular and PDEs by traditional numerical methods still

remains a big challenge due to the inherent limitation of those

methods.

Recently, scientific machine learning (SciML) has emerged as a

promising and alternative solution to traditional numerical anal-

ysis techniques to solve partial differential equations (PDE) due

to the breakthrough successes of deep neural networks on cogni-

tive tasks [21, 22]. The main concept is to replace the traditional

numerical discretization with a deep neural network (DNN) that

approximates the solution of the PDE.

One important framework is so-called physics-informed neu-

ral networks (PINN), which use differentiable DNN to regularize

the loss functions via back-propagation based training to obtain

so-called physics-informed/constrained surrogate models [23, 24].

The resulting models can quickly infer the solutions of the PDE

to all input coordinates and parameters. Recently PINN-based EM

analysis approach has been proposed in [25]. The authors show

that PINN can be applied to solving the PDE for stress evolution in

the confined metal. However, it only demonstrated the solution on

the simple interconnect straight wires. Also, our study show that

the plain PINN method does not work well for large interconnect

trees.

In this work, we propose a new learning-based solution, called

Hierarchical PINN or HierPINN-EM framework, to solve the Korho-

nen equations for multi-segment interconnects for fast EM failure

analysis. Our new contributions are as follows:

• First, we show that the plain PINN based unsupervised

learning does not work very well for interconnects with a

large number of segments in terms of accuracy and training
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speed. Tomitigate this problem, we propose a new hierarchi-

cal PINN solving strategy to reduce the number of variables,

which can lead to faster training and more accurate models.

The resulting PINN training framework is called HierPINN-

EM for fast EM-induced stress analysis for multi-segment

interconnects.

• In theHierPINN-EM framework, the solving process consists

of two steps (levels). The first step is to find a parameterized

solution for single-segment wires under different boundary

conditions, geometrical parameters and stressing current

densities. This step can be solved by different approaches.

In this work, we apply supervised learning method to build

the DNN model with parameterized input layer as a univer-

sal solution to different single-segment wires under various

boundary conditions.

• In the second step of HierPINN-EM, we apply the existing

unsupervised PINN concept to solve the stress and atomflux

continuity problem in the interconnects by enforcing the

physics laws at the boundaries of all wire segments. In this

way, HierPINN-EM can significantly reduce the number of

variables at the PINN solver, which leads to faster training

speed and better accuracy than the plain PINN method.

• Our evaluation results show thatHierPINN-EM outperforms

plain PINN method in both accuracy and performance with

more than 79× error reduction and orders of magnitude

speedup, which suggests much better scalability. HierPINN-

EM also yields 19% better accuracy with 99% reduction in

training cost over the recently proposed state-of-the-art

Graph Neural Network (GNN)-based EM solver, EMGraph.

The paper is organized as follows:

Section 2 reviews the physics-based EM model and its analysis

techniques. Section 3 proposes the HierPINN-EM with detailed de-

scription of two levels inside the framework. Experimental results

are presented in Section 4. Finally, section 5 concludes this paper.

2 REVIEW OF RELEVANT WORK

2.1 Review of the EM and EM modeling

EM is a diffusion phenomenon of metal atomsmigrating from cath-

ode to anode of confined metal interconnect wires due to the mo-

mentum exchange between the conducting electrons and metal

atoms [1]. With the EM driving force, the hydrostatic stress in-

creases over time. When the stress reaches a critical value, void

is nucleated at the cathode and hillock is created at the anode of

the interconnects. This eventually leads to an open or short cir-

cuit, which is an EM-induced reliability problem in modern VLSI

circuits.

Black’s equation predicts EM-induced time-to-failure (TTF)

based on an empirical or statistical data fitting, which only works

for one specific single wire [1]. Blech’s limit, which is an immortal-

ity check method, can not estimate transient hydrostatic stress and

is subject to growing criticism due to unnecessary overdesign [2].

To mitigate this problem, the physics-based EM model, Korhonen

equations [20], is employed to describe the hydrostatic stress evo-

lution for general multi-segment interconnects.

The general multi-segment interconnect consists of n nodes, in-

cluding p interior junction nodes xr ∈ {xr1, xr2, · · · , xrp } and q

block terminals xb ∈ {xb1, xb2, · · · , xbq }, and several branches.

The physics-based Korhonen’s PDE for this general structure in

nucleation phase can be formulated as follows [16, 26].

∂σi j (x, t)

∂t
=

∂

∂x

[
κi j (
∂σi j (x, t)

∂x
+Gi j )

]
, t > 0

BC : σi j1 (xi , t) = σi j2 (xi , t), t > 0

BC :
∑
i j

κi j (
∂σi j (x, t)

∂x

����
x=xr

+Gi j ) · nr = 0, t > 0

BC : κi j (
∂σi j (x, t)

∂x

����
x=xb

+Gi j ) = 0, t > 0

IC : σi j (x, 0) = σi j ,T

(1)

where BC and IC are boundary and initial conditions respectively,

ij denotes a branch connected to nodes i and j, nr represents the

unit inward normal direction of the interior junction node r on

branch ij. σ (x, t) is the hydrostatic stress,G =
Eq∗
Ω

is the EM driv-

ing force, and κ = DaBΩ/kBT is the diffusivity of stress. E is the

electric field, q∗ is the effective charge. Da = D0 exp(
−Ea
kBT

) is the

effective atomic diffusion coefficient.D0 is the pre-exponential fac-

tor, B is the effective bulk elasticity modulus, Ω is the atomic lat-

tice volume, kB is the Boltzmann’s constant,T is the absolute tem-

perature, Ea is the EM activation energy. σT is the initial thermal-

induced residual stress.

2.2 Existing numerical approaches for solving
PDEs

In order to solve the PDE (1) , many conventional numerical and

analytical methods are proposed to attempt to solve the PDEs effi-

ciently and accurately [14, 16–18, 26–28]. Although the numerical

methods, such as finite difference method [17, 27, 28] and finite el-

ement method (FEM) [14], can work for the complex interconnect

structures and obtain EM stress accurately, they impose high com-

putational costs due to discretization of space and time. Recently,

semi-analytical method based on separation of variables method

has been proposed [16, 26], which show promising performance

in both accuracy and efficiency on general multi-segment inter-

connect. Furthermore, an analytic approach [18] was proposed re-

cently, which is very fast. But it can not be applied to the intercon-

nect line wires.

2.3 Learning based approaches for solving
PDEs

Recently machine learning, especially deep learning based on deep

neural networks have made breakthrough success in many cogni-

tive applications such as image, text, speech and graph recogni-

tion [29, 30]. Inspired by these observations, neural networks are

modified to solve the PDEs [31–33].

Recently a generative adversarial networks (GAN) based

method, called EM-GAN, is proposed to perform a fast transient

hydrostatic stress analysis by solving Korhonen equations [34]. It

achieved an order of magnitude speedup over the efficient analytic

based EM solver with good accuracy. However, this method only

works for a fixed region because its output is an image with fixed

size, which restricts its application in real chips. What is more,
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the image is not a natural tool to represent the multisegment in-

terconnects as the region with large areas are filled with nothing.

Then Jin et al. further proposed an improvedGNN-based EM solver,

called EMGraph [35]. Since GNN represents more general and nat-

ural relationship among different design objectives, knowledges

learned by GNN models tend to be more transferable for differ-

ent designs, which is highly desirable. However, all those methods

are still supervised learning approaches, which requires extensive

training from numerical solvers or measured data.

To mitigate this drawback, recently unsupervised learning

framework, called physics-informed neural networks [23, 36], PINN

or physics-constrained neural networks [31, 37] have been proposed.

The key concept is to frame the PDE solving process into a nonlin-

ear optimization process coded by DNN with the loss functions

to enforce the physics laws represented by the PDE and bound-

ary conditions. However, only very simple PDE problems were

demonstrated in [23, 24, 31, 36, 38] although some progresses were

made for more complicated aerodynamics simulation recently [39].

Recently, a PINN-based approach for EM analysis has been pro-

posed [25]. The method tries to improve the PINN method to bet-

ter handle the temperature-dependent diffusivities for metal atom

migrations. It tries to add more neurons representing some pre-

determined allocation points and time instances into the neural

networks. This method slightly improves the plain PINN method

by achieving better training accuracy at the cost of longer training

time under the same number of neurons.

3 HIERPINN: HIERARCHICAL PHYSICS
INFORMED NEURAL NETWORK

In this section, we present the new hierarchical PINN solving strat-

egy, which takes multi-segment interconnect tree as input and pre-

dicts the EM-induced stress for arbitrary locations in the intercon-

nects at any given aging time. The proposedmodel solves the stress

evolution equations in a hierarchical way which consists of two

levels (stages). The first stage, or the lower level, takes only single-

segment straight wire as input and predicts the stress inside and

at both ends of the given wire. The first stage can be viewed as im-

plicitly enforcing the physics laws related to the stress evolution

inside a segment wire and leaving the boundaries as the input and

output variables to be used in the second stage. The second stage,

or the upper level, takes all internal junctions or boundaries as in-

puts and matches the stress predicted by the lower level at each

junction to meet the boundary conditions among adjacent wires

(i.e. stress continuity and atom flux conservation) in the original

PDE using the PINN optimization framework. Each level employs

a multilayer perceptron (MLP) network with different configura-

tions as the backbone. The rest of this section will introduce both

levels in detail together with data preparation procedures.

3.1 Lower level: single-segment straight wire
stress predictor

The lower level of the proposed hierarchical PINN is a stress predic-

tor/solver which takes single-segment straight wire as input and

predicts the EM-induced stress for any location on the wire at a

given aging time instant. We note that multi-segment intercon-

nects always consist of many wire segments with different widths

and lengths, stress currents and atomic fluxes at the two terminals.

For one wire segment, once the geometrical parameters, current

density and boundary conditions are given, EM-induced stresses

are determined at all locations including terminals for a given time

instant. For one wire segment under those parameterized condi-

tions, one way to obtain the fast and compact model is by means of

DNN networks via supervised learning. The whole process is illus-

trated in Fig. 1: The backbone of the stress predictor is a multilayer

Figure 1: Framework of proposed stress predictor in the first

stage.

perceptron network with 7 layers. The input layer has 7 neurons

corresponding to location, aging time, stress current and geomet-

rical parameters of a straight wire. The input vector is called wire

feature vector denoted as u. As is shown in Fig. 1, we use L,W and

G to denote the length, width, and driving force of the input wire.

F1 and F2 are the atom fluxes at left and right end of the wire seg-

ment. x and t are the location and aging time at which the stress

is to be predicted. For any input wire, the positive direction of lo-

cation, driving force and atom flux is always pointing from left to

right, such that negative values are allowed to represent the oppo-

site direction. The output layer of stress predictor has only a single

neuron with no non-linear activation function attached. The scalar

value of this output neuron indicates the predicted stress at the in-

put location x and aging time t .

For any given combination of wire geometries, driving force and

boundary conditions at both ends of a wire, the stress evolution is

uniquely determined according to the EM stress PDE. With that

being said, the task of the proposed stress predictor is to solve

the PDE in a single-wire case. The boundary conditions at left and

right ends of the wire are defined by F1 and F2 respectively, while

the rest of the parameters in the stress evolution equation are set

by the other 5 input neurons. The input neurons are then processed

through layers of non-linear forward propagation operations and

the final output neuron is a scalar value indicating the predicted

stress. In this process, the stress predictor serves as an approxima-

tion to the single-wire EM stress solver. The hidden layers inside

the MLP learn to capture the governing physics laws and convert

the input features into stress results.

We want to stress that for practical use of this method, the

first stage needs to be trained ONLY ONCE. Then it can be used

for different multi-segment wires with different number of wires

and topologies and stressing current density conditions. This is a
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real benefit of our approach as the training cost of this stage can

be ignored for sufficient applications of this method. Second, our

method is open to other solving solutions at the first stage (such as

analytic solutions, fast numerical solutions). Third, we can pursue

more accurate DNN modeling even at high computing costs.

Regarding the accuracy, the accuracy of stress predictor as an

approximated PDE solver is guaranteed in two senses. First, we

limit the stress predictor to work only on simple single-wire cases

instead of overcomplicated interconnect trees. Although a multi-

layer perceptron, as a universal approximator, can theoretically ap-

proximate any complicated non-linear solver, it is not practical to

implement it in real cases with limited resources and strict speed

requirements. Thus, such limitation substantially reduces the com-

plexity of the problem given to the model, which makes it possible

to achieve both high accuracy and performance.

Secondly, the stress predictor is trained on a large dataset con-

sisting of 80k random wires, as is shown on the lefthand side in

Fig. 1. To obtain abundant high-quality training data, we generated

80k single straight wires and randomly assigned length, width and

current density to each wire. These wires are then randomly con-

nected together to create interconnect trees. Due to the random-

ness in both generation and connection procedures, the resulting

interconnect trees are also completely randomwith various topolo-

gies. These interconnects are then passed into COMSOL, which

is a commercial FEM solver, to do the EM stress simulation. The

COMSOL-simulated stress evolutions in every single wire, as illus-

trated at the bottom of Fig. 1, are saved as ground truth results.

During the FEM simulation process, the time-variant atom fluxes

at both ends of each wire (F1(t) and F2(t)) were recorded and then

concatenated with wire geometries to serve as input features in

the training dataset. Again, such one-time training cost does not

add significant overall computing cost to the final HierPINN-EM

solution as mentioned earlier.

To verify the accuracy of the proposed stress predictor, we gen-

erated another 20k single wires to serve as the test set. These wires

were generated using the same methodology as we used in gener-

ating the training dataset. These test data were never seen by the

model during the training process and the trained stress predictor

showed impressive accuracy on this test set with details demon-

strated in Section 4.1.

3.2 Upper level: atom flux predictor for all the
wire segments

After the lower level stress predictor is trained, we can then build

the upper level on top of it as illustrated in Fig. 2. Similar to the

stress predictor, the backbone of the upper level is still an MLP but

with completely different objective and configurations.

The goal of the upper level is to predict correct boundary condi-

tions, i.e. atom fluxes, for every single wire in the given intercon-

nect tree, so that the EM stress in internal junctions or boundaries

are continuous and EM stress in each wire can be independently

derived using the stress predictor already trained in the lower level.

To achieve this, we implemented the atom flux predictor using an

MLP model with 7 layers.

This model takes internal junctions instead of wire segments as

input. Therefore, the first stage in the upper level, as illustrated in

the lefthand side of Fig. 2, is to label all internal junctions in the

input interconnect tree starting from 1. Each internal junction is

then assigned a feature vector and the feature vector of j-th junc-

tion is denoted as x j . The first two entries in the feature vector are

the label number j and aging time t . Since each internal junction

may have up to 4 wires connected to it from 4 directions, i.e. left-

side, upside, rightside, downside, we appended the driving forces

in these four directions (GL ,GU ,GR , andGD ) to the feature vector

and the driving forcewould be set to zero if therewas no connected

wire in the corresponding direction. The resulting feature vectors

are then passed into the atom flux predictor.

The output of atom flux predictor for j-th internal junction is a

vector denoted as zj . There are 3 entries in zj , which correspond

to the predicted atom fluxes in left, up and right directions respec-

tively. As suggested by the second and third boundary conditions

in EM PDE (1), the atom fluxes at each internal junction must sat-

isfy the flux conservation law. As a result, we apply the flux con-

servation law to zj so that we can calculate the fourth atom flux

in the downward direction using the other three predicted results.

In this way, the flux conservation law is strictly enforced at every

internal junction in the interconnects. The predicted atom fluxes

are then filled into corresponding F1 and F2 entries of wire feature

vectorsu, in which the other entries are directly obtained from the

original input interconnects.

A huge advantage of our proposed hierarchical method is that

the upper level just requires to be trained at internal junctions

instead of the whole interconnects. As a result, the x entries in

the wire feature vectors are set to 0 or 1 which corresponds to

the left/down or right/up end of each wire separately. This avoids

random sampling inside each wire (0 < x < 1), which would oth-

erwise lead to a large amount of training points and significantly

increase the training cost.

The wire feature vectors are then passed into the trained stress

predictor to obtain the stress results at all internal junctions. For

each internal junction at any aging time, there would be 2 to 4 pre-

dicted stress results depending on how many wires are connected

at this junction. According to the first boundary condition in EM

PDE (1), stress values should be continuous at boundaries, which

means that the predicted stress results should equal to each other at

any internal junction. This leads to the following physics-informed

loss function which we proposed to train the atom flux predictor,

L =
1

NI × Ki

NI∑
i=1

Ki∑
k=2

(σk (t) − σk−1(t))
2 (2)

where NI denotes the number of internal junctions in the in-

terconnects, Ki represents the number of connected wires at i-th

junction, which ranges between 2 and 4. σk (t) is the k-th predicted

stress result for the current junction at aging time t . The loss func-

tion is the mean squared error (MSE) of all predicted internal junc-

tion stress, which serves as a measurement of stress discontinuity

at boundaries.When training the upper level, the lower level stress

predictor is fixed and the loss is only back-propagated back to the

atom flux predictor to update the weights and biases in the model.

We note that the proposed hierarchical PINN approach bears

some similarity to the domain decomposition method [40] in

which hierarchical solving strategies are employed. However,
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Figure 2: Framework of proposed hierarchical PINN based EM Predictor.

there are several distinguished differences between the two ap-

proaches. First, in domain decomposition, the subcircuits are typi-

cally obtained by partitioning and have to be solved for each sub-

circuit every time when the whole circuit is to be solved. While

for HierPINN-EM, solutions of the single wire, whose boundary or

junctions are naturally defined, can be obtained much more effi-

ciently via inference on the DNN network, which only needs to

be trained ONCE. At the top level, domain decomposition method

tries to solve more dense matrices due to the subcircuit reduc-

tion via matrix solving processes like LU decomposition, while

HierPINN-EM uses the unsupervised PINN framework to find the

solution, which are meshless and easy for design space parameter-

izations. It uses the differential nature of the DNN model trained

in the first stage to guide backpropagation process in the second

stage.

4 EXPERIMENTAL RESULTS

In this section, we demonstrate the prediction accuracy, speed

and scalability of the proposed HierPINN-EM by testing it on both

straight wires and interconnect trees that were randomly gener-

ated. Both Atom Flux Predictor and Stress Predictor in HierPINN-

EM are implemented in Python 3.8.12 with PyTorch 1.7.1. The train-

ing and testing of both models were run on a Linux server with 2

Xeon E5-2699v4 2.2 GHz processors and Nvidia TITAN RTX GPU.

In the training phase, Adam optimizer was used to update the

model and the learning rate was set to 10−4. The cross-validation

technique was employed in the training process.

4.1 Accuracy of lower level on single-segment
wires

The lower level stress predictor is the foundation of our proposed

hierarchical method. A 7-layer multilayer perceptron with con-

figurations of [7, 256, 512, 1024, 512, 256, 1] is employed as the

backbone of the stress predictor. The stress predictor takes wire

feature vector consisting of wire geometries, EM driving force

and boundary conditions as input, and outputs the predicted EM-

induced stress at given position and aging time. As mentioned in

Section 3.1, we generated a large dataset composed of 100k single-

segment straight wires, and 80k of them were used to train the

model while the rest 20k wires were reserved for testing. The

model was trained for 20 epochs which cost approximately 23

hours.

Fig. 3 shows the predicted stress vs ground truth at 2576392 loca-

tions for aging time of 106 seconds. These locations were randomly

sampled in all 20k wires from the test set which were never seen

by the stress predictor during the training process.
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Figure 3: Stress predictor vs ground truth on 20k single-

segment wires.

As is shown in Fig. 3, the predicted stress values all lie close to

the red line (slope=1, intercept=0). For all 20k wires in the test set,

the trained stress predictor yields root-mean-square error (RMSE)

from 7.5 × 103 to 5.7 × 104 Pa and achieves an averaged RMSE of
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2.7 × 104 Pa. Both the worst and best predicted wire segments are

shown in Fig. 4.
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Figure 4: Comparison of predicted stress and ground truth

in (a) best and (b) worst wire segments.

The predicted results agree verywell with the ground truth even

in the worst case, and such accuracy is even more impressive con-

sidering that the ground truth stress values vary in a large range

between −5 × 107 and 5 × 107 Pa. By dividing the RMSE with the

full range of the stress (i.e. 108 Pa), the worst and mean error rates

of the stress predictor can be calculated as 0.008% and 0.057% sep-

arately. Its low error rate in predicting stress in each segment will

serve as the foundation of accurate predictions in larger intercon-

nect trees.

We want to note that this stress predictor only needs to be

trained ONCE and can then be embedded into the upper level for

EM analysis of different interconnect trees with different topolo-

gies. As a result, it can be viewed as a library, which needs to be

built once and can actually be generated using different methods

as long as the stress evolution physics laws in a single wire are

learned and enforced.

4.2 Accuracy of EM stress prediction on
straight wires

To verify the accuracy of HierPINN-EM, we first test it on 121 ran-

domly generated multi-segment straight wires. All test cases have

randomnumbers of segments ranging from 10 to 130. The stressing

current density and geometrical parameters of each segment are

also randomly assigned. Fig. 5 shows the comparison of EM stress

predicted byHierPINN-EM and ground truth FEM results simulated

by COMSOL. Fig. 5(a) shows the results of the smallest case in the

test set which has 10 segments, and Fig. 5(b) shows the results of

the largest case with 130 segments. To show the evolution of the

EM stress as aging time increases, we plotted stress results at three

aging time instants (104, 105 and 106 seconds) for each case. The

RMSEs of theHierPINN-EM predicted stress results are 5.9×104 and

2.0 × 105 Pa separately for these two cases. For all 121 test cases,

HierPINN-EM yields RMSEs ranging from 4.7 × 104 to 4.0 × 105

Pa and the mean error is 1.9 × 105 Pa which can be converted to

0.19% mean error rate when taking the full 108 Pa stress range into

consideration.

To compare HierPINN-EM with existing PINN method, we also

implemented a plain PINNmodel using a 7-layer MLP with exactly

the same structure as HierPINN-EM. Note that we did not compare

our method with [25], as this method can be essentially viewed as
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Figure 5: Stress comparisons of (a) a 10-segment and (b) a 130-

segment straight wire between HierPINN-EM and COMSOL at

3 aging time instants: 1e4, 1e5 and 1e6 seconds.

a plain PINN method with some trade-offs between training accu-

racy and training time due to more complicated neuron represen-

tations.

All equations from (1) are formulated into a single physics-

informed loss function to train the plain PINN. We tested the plain

PINN on the same 10-segment and 130-segment test cases and the

comparison of plain PINN and FEM stress results at aging time of

106s are shown in Fig. 6. The RMSEs of plain PINN results in these

two cases are 6.4× 106 and 1.6× 107 Pa separately, which are 107×

and 79×worse than that of HierPINN-EM. Due to the large number

of collocation points required in each segment in the training pro-

cess of the plain PINN model, the training cost is around 30 min-

utes on the 10-segment case and it leaps significantly to around

10 hours on the 130-segment case. As a comparison, the training

costs of HierPINN-EM are only 5.5s and 39.1s separately in these

two cases. The result verifies the great advantage in scalability of

our proposed hierarchical method over the plain PINN model.

The physics-informed loss function used to train the plain PINN

model contains all PDE equations for all domains which leads to a

complex training process. This means that the PINN model has

to be trained simultaneously in all segments and boundaries to

minimize every single error in the loss function to satisfy differ-

ent physics laws. This makes the training process of PINN highly

unstable and a successful convergence is not always guaranteed. In

contrast, our proposed HierPINN-EM overcomes this issue by split-

ting the equations into two levels so that the model at each level is

separately trained to satisfy a simpler physics law. The lower level

is focused on a single segment while the upper level is based on

a trained lower level model, so that the upper level only has to be

trained on a few internal junction points which significantly allevi-

ates the training load. Once the upper level is trained, the physics

laws inside each segment are automatically satisfied thanks to the
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Figure 6: Stress comparisons of (a) a 10-segment and (b) a 130-

segment straight wire between plain PINN and COMSOL at

aging time instant 1e6 seconds.

highly accurate lower level model which is already shown in Sec-

tion 4.2.

Moreover, different physics laws in a single loss function also re-

quire careful consideration in weight assignment to balance the in-

fluence of each equation [33]. Such weight balancing process adds

extra overheads to the training process of plain PINN model and

further limits its scalability in large interconnects.

4.3 Accuracy of EM stress prediction on
interconnect trees

To demonstrate the generalizability of the proposed model, we fur-

ther test HierPINN-EM on 2-D interconnect trees with more com-

plicated topologies. The test set consists of 165 interconnect trees

with random numbers of segments ranging from 10 to 105. Similar

to the straight wire test set, the stressing current density and geo-

metrical parameters of each segment are also randomly assigned.

To make an apple-to-apple comparison with GNN-based

method EM-Graph, we convert all prediction results into stress

maps, which are generated by projecting the predicted stress re-

sults for every single segment onto the interconnects topology

and are shown in 3-D formats. We show the comparison between

HierPINN-EM, EM-Graph and COMSOL results of the smallest (10

segments) and largest (105 segments) designs from the test set in

Fig. 7. The evolution of the stress at 3 time instants, i.e. 104, 105

and 106 seconds, are illustrated from left to right in each row.

Comparing the predicted stress maps in Fig. 7 with COMSOL

ground truth results, HierPINN-EM yields 1.2 × 105 and 3.4 × 105

Pa RMSE for these two cases while EM-Graph yields 3.1× 105 and

3.9 × 105 Pa which are slightly worse than HierPINN-EM. For all

165 interconnect trees in the test set, HierPINN-EM achieves bet-

ter accuracy with a mean RMSE of 2.8 × 105 Pa while EM-Graph

achieves 3.6× 105 Pa. Thus, HierPINN-EM outperforms EM-Graph

t = 104 s

HierPINN-EM

EM-Graph

t = 105 s t = 106 s

1e6 1e7 1e7

1e6 1e7 1e7

(a)

t = 104 s

HierPINN-EM

EM-Graph

t = 105 s t = 106 s

1e6 1e7 1e7

1e6 1e7 1e7

(b)

Figure 7: Stress comparisons of (a) a 10-segment and (b) a 105-

segment interconnect tree between HierPINN-EM and COM-

SOL at 3 aging time instants: 1e4, 1e5 and 1e6 seconds.

in accuracy with 19% better RMSE when predicting EM-induced

stress for 2-D interconnect trees.

Moreover, EM-Graph sets the number of sampling points in

each segment to 5 which leads to a coarse granularity in predicted

stress results. This is not a big concern when the lengths of seg-

ments are relatively small. However, when the segments get much

longer, it may introduce huge errors into the prediction since there

are large spaces between 5 sampling points and the interpolations

between them become much less reliable. This problem is solved

in HierPINN-EM as the location input x is a scalar value in float for-

mat which can represent any point in the segment. The granularity

of the results can be easily controlled by altering the sampling den-

sity of input x . The better inference flexibility gives HierPINN-EM

more potential in generalizability to larger interconnect trees.

4.4 Speed of inference

The training process of the HierPINN-EM is conducted in stages,

the lower level was trained for 23 hours, while the training cost of

the upper level varies case by case between 4 to 57 seconds, which

is mainly determined by the number of internal junctions in the

interconnect tree. Although the training of lower level seems quite

7



time-consuming, it only has to be trained ONCE and provides a

universal predictor that can be repeatedly used in the upper level

with no further tuning effort required.

Once the HierPINN-EM is trained, both levels will be set to infer-

ence mode. All sampling points in the interconnects will be passed

simultaneously into themodel to leverage the parallel computation

advantage of GPU. We tested the training and inference speeds of

both HierPINN-EM and EM-Graph on the interconnect tree test set,

and the results are summarized in Table 1.

Table 1: Accuracy and speed comparison

Metrics HierPINN-EM EM-Graph COMSOL

Max RMSE 8.9 × 105 Pa 5.3 × 105 Pa

Ground Truth
Min RMSE 8.4 × 104 Pa 1.9 × 105 Pa

Mean RMSE 2.8 × 105 Pa 3.6 × 105 Pa

Mean

Error Rate
0.28% 0.36%

Training

Speed
<1min 2hr -

Inference

Speed
0.8ms 0.27ms 30min

Both learning-based methods are able to achieve magnitudes of

speedup against COMSOL. Specifically, the mean inference speed

of HierPINN-EM for each interconnect tree is 0.8ms, which is 3×

slower than the 0.27ms inference speed of EM-Graph. However,

such difference in the inference speed is mainly caused by the

difference in sampling density as is already shown in Section 4.3.

During the inference test, the number of sampling points in each

segment varies according to the wire length in HierPINN-EM but

is fixed to only 5 in EM-Graph due to its fixed input layer struc-

ture. This leads to approximately 30× more sampling points in

HierPINN-EM, and thus, more computational cost. However, with

such adaptive sampling ability, HierPINN-EM is able to predict

more accurate stress map with much better granularity. As a result,

the loss in the inference speed is actually an acceptable tradeoff.

Another major advantage of HierPINN-EM over EM-Graph lies

in its better flexibility in the inference phase. Limited by the

message-passing structure of GNN, to predict EM stress in any sin-

gle segment, the whole interconnect graph requires to be fed into

EM-Graph so that the target segment can receive useful informa-

tion from its multi-hop neighbors which can be leveraged to pre-

dict stress. This means that EM-Graph is only able to predict stress

for interconnects as a whole but is not able to do predictions for

small local regions. On the contrary,HierPINN-EM takes position x

and time t as input parameters, which enables it to do stress predic-

tions with much better flexibility. It can predict stress for any seg-

ment or even a single point in the interconnects at any aging time

by simply passing the interested location and time into the model.

This enables HierPINN-EM to achieve more significant speedups in

local stress analysis. The better accuracy, inference flexibility and

results granularity make HierPINN-EM a better learning-based ap-

proach for transient EM stress analysis.

5 CONCLUSION

In this paper, we propose a hierarchical learning-based method,

called HierPINN-EM, to solve the Korhonen equations for multi-

segment interconnects for fast EM failure analysis. HierPINN-EM

split the physics laws into two levels and solve the PDE equa-

tions step by step. The lower level employs supervised learning

to train a DNN model which takes parameterized neurons as in-

puts and serves as a universal parameterized EM stress solver for

single-segment wires. The upper level employs physics-informed

loss function to train a separate DNNmodel at the boundaries of all

wire segments to enforce the stress and atom flux continuities at

internal junctions in interconnects. Numerical results on a number

of synthetic interconnect trees show that HierPINN-EM can lead to

orders of magnitude speed up in training and more than 79× bet-

ter accuracy over the plain PINN method. Furthermore, HierPINN-

EM yields 19% better accuracy with 99% reduction in training cost

over recently proposed Graph Neural Network-based EM solver,

EMGraph.
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