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ABSTRACT
In this paper, we propose a novel stochastic method for ana-
lyzing the voltage drop variations of on-chip power grid net-
works with log-normal leakage current variations. The new
method, called StoEKS, applies Hermite polynomial chaos
(PC) to represent the random variables in both power grid
networks and input leakage currents. But different from
the existing Hermit PC based stochastic simulation method,
extended Krylov subspace method (EKS) is employed to
compute variational responses using the augmented matrices
consisting of the coefficients of Hermite polynomials. Our
contribution lies in the combination of the statistical spec-
trum method with the extended Krylov subspace method
to fast solve the variational circuit equations for the first
time. Experimental results show that the proposed method
is about two-order magnitude faster than the existing Her-
mite PC based simulation method and more order of mag-
nitudes faster than Monte Carlo methods with marginal er-
rors. StoEKS also can analyze much larger circuits than the
exiting Hermit PC based methods.

1. INTRODUCTION
Process-induced variability becomes the major design con-

cern in the current 65 nm and coming 45nm VLSI technolo-
gies [18]. The process induced variations manifest them-
selves from wafer to wafer, die-to-die and device to device
within a die [12, 11]. Some of the variations are systematic
like those caused by lithograph process. Some are purely
random like the doping density of impurities and edge rough-
ness. As the technology moves to 65nm and comes near to
45nm, the variation will become more and more significant.

One important variation is the threshold voltage Vth vari-
ation. The reason is that subthreshold leakage current has
a rapid increasing rate (about 5X-10X increase per technol-
ogy generation [2]). Also subthreshold leakage current is
highly sensitive to threshold voltage Vth variation, as the
leakage current has exponential dependency on the thresh-
old voltage Vth. If we model Vth as the random variable
with Gaussian variation due to inter-die or intra-die process
variations, the leakage currents will have a log-normal distri-
bution as shown in [14]. As a result, leakage currents should
be considered for variational analysis for important global
interconnects like power grid networks.

A number of research work have been proposed recently
to address the voltage drops variation issues in the on-chip
power delivery networks under process variations. The volt-
age drop of power grid networks subject to the leakage cur-
rent variations were first studied in [3, 4]. This method
assumes that the log-normal distribution of the node volt-
age drop is caused by log-normal leakage current inputs and
is based on a localized Monte Carlo (sampling) method to
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compute the variance of the node voltage drop. However,
this localized sampling method is limited to the static DC
solution of power grids modeled as resistor-only networks.
Therefore, it can only compute the responses to the standby
leakage currents. However, the dynamic leakage currents be-
come more significant, especially when the sleep transistors
are intensively used nowadays for reducing leakage powers.
In [15, 13], impulse responses are used to compute the means
and variances of node voltage responses due to general cur-
rent variations. But this method needs to know the impulse
response from all the current sources to all the nodes, which
is expensive to compute for a large network.

Recently, a number of analysis approaches based on so-
called statistical spectrum analysis method have been pro-
posed for analyzing interconnect and power grid networks [16,
7, 9, 6]. This method is based on the orthogonal polyno-
mial chaos expansion of random processes to represent and
solve for the stochastic responses of linear systems. The
orthogonal polynomial method, a.k.a statistical spectrum
method, only needs to solve for some coefficients of the or-
thogonal polynomials by using normal transient simulation
of the original circuits. Research work in [16] applied the
statistical spectrum method to compute the variational de-
lay of interconnects. In [7], statistical spectrum method has
been applied to compute the voltage drop variations caused
by Gaussian-only variations in the power grid wires and in-
put currents (approximating them as Gaussian variations
by using first-order Taylor expansion). Recent work [9] fur-
ther considered the log-normal leakage variations applying
the statistical spectrum method to solve for the variational
voltage drops.

In this paper, we propose a new stochastic method for
analyzing the voltage drop variations of on-chip power grid
networks with log-normal leakage current variations. The
new method, called StoEKS, still applies statistical spec-
trum method to solve for the variational responses. But
different from the existing statistical spectrum-based simu-
lation method, extended Krylov subspace method (EKS) is
employed to compute variational responses using the aug-
mented matrices consisting of the coefficients of Hermite
polynomials. Our work is inspired by recent statistical spectrum-
based model order reduction method [20]. We apply this
work to the variational analysis of on-chip power grid net-
works considering the variational leakage currents with log-
normal variation. We will show how the coefficients of Her-
mite PCs are computed for variational circuit matrices and
the current moments used in EKS with log-normal distribu-
tion. Experimental results show that the proposed StoEKS
is about two order magnitude faster than the existing Her-
mite PC based simulation method, having similar error com-
pared with Monte Carlo method. StoEKS can analyze much
larger circuits than the existing Hermite PC method in the
same computation platform.

The rest of this paper is organized as the follows: Sec-
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tion 2 first presents the variational power grid models and
problem we plan to solve. Section 3 reviews the orthog-
onal polynomial chaos based stochastic simulation method
and improved extended Krylor Subspace method. Section 4
presents our new statistical power grid simulation method.
Section 5 presents the experimental results and Section 6
concludes this paper.

2. PROBLEM FORMULATION
In this section, we first present the model of power grids

we use in this paper. We then present the modeling issue
of leakage current under intra-die variation. After this, we
present the problem that we try to solve.

2.1 On-chip power grid network models
The power grid networks in this paper are modeled as RC

networks with known time-variant current sources, which
are obtained by gate-level logic simulations of the VLSI sys-
tems. For a power grid (versus the ground grid), some nodes
have known voltages modeled as constant voltage sources.
For C4 power grids, the known voltage nodes can be nodes
inside the power grid. Given known deterministic vector of
current sources, u(t), the node voltages can be obtained by
solving the following linear differential equation, which is
formulated using modified nodal analysis (MNA) approach,

Gv(t) + C
dv(t)

dt
= Bu(t) (1)

where G is the conductance matrix, C is the admittance
matrix resulting from storage elements. u(t) is a vector of
time-varying node currents.

2.2 Variational power grid models
The G and C matrices and input currents u(t) depend

on the circuit parameters, such as metal wire width, length,
metal thickness on power grids, and transistor parameters,
such as channel length, width, gate oxide thickness, etc.
Process-induced random variations can be classified into inter-
die (die-to-die) variations and intra-die variations. In inter-
die variations, all the parameters variations are correlated.
The worst case corner can be easily found by setting the pa-
rameters to their range limits (mean plus 3σ). The difficulty
lies in the intra-die variations, where the circuit parameters
are not correlated or spatial correlated. Intra-die variations
also consist of local and layout dependent deterministic com-
ponents and random components. In this paper, we focus on
the random variations, which typically are modeled as mul-
tivariate Gaussian process with any spatial correlation [1].

In this paper, we assume that we have a number of inde-
pendent (uncorrelated) transformed ortho-normal Gaussian
random variables ξi(θ), i = 1, ..., n, which actually model
the channel length and the device threshold voltage vari-
ations. The spatial correlation in the intra-die variation
can be processed by using the principal component analysis
method (or other methods like K-L transformation princi-
pal factor analysis etc.) to transform the correlated variables
into un-correlated variables before spectral statistical anal-
ysis [7, 9]. Let Θ denote the process sampling space. Let
θ ∈ Θ, ξi : θ → R denote a normalized Gaussian variable
and ξ(θ) = [ξ1d(θ), ..., ξnd(θ)] is a vector of n Gaussian vari-
able. After orthogonal transformation operation, we obtain
independent random variable vectors ξ = [ξ1, ..., ξn]. Notice
that n ≤ r in general. Therefore, given the process varia-
tions, the MNA equation for (1) becomes

G(ξ)v(t) + C(ξ)
dv(t)

dt
= Bu(t, ξ) (2)

Note that the input current vector, u(t, ξ), follows the log-
normal distribution and has both deterministic and random

components. In this paper, we assume the dynamic currents
(power) due to circuit switching are still modeled as deter-
ministic currents as we only consider the leakage variations.

The problem we need to solve is to efficiently find the
mean and variance of voltage v(t) at any node at any time
instance without using the time-consuming sampling-based
method, such as Monte-Carlo.

3. REVIEW STATISTICAL SPECTRUM
METHOD AND EXTENDED KRYLOV SUB-
SPACE METHOD

In the following, we briefly reviewed the spectral statis-
tical based simulation with Hermite polynomial chaos used
in [7, 9, 6].

3.1 Concept of Hermite polynomial chaos
Hermite PC utilizes a series of orthogonal polynomials

(with respect to the Gaussian distribution) to facilitate stochas-
tic analysis [19]. These polynomials are used as the orthog-
onal basis to decompose a random process in the similar
way as sine and cosine functions are used to decompose a
periodic signal in Fourier series expansion.

For a random variable v(t, ξ) with limited variance, where
ξ = [ξ1, ξ2, ...ξn] is a vector of independent ortho-normal
Gaussian random variables with zero mean. The random
variable can be approximated by truncated Hermite PC ex-
pansion as follows [5]:

v(t, ξ) =

PX
k=0

akHn
k (ξ) (3)

where n is the number of independent random variables,
Hn

k (ξ) is n-dimensional Hermite polynomials and ak is the
deterministic coefficient. The number of terms P is given
by

P =

pX
k=0

(n − 1 + k)!

k!(n − 1)!
(4)

where p is the order of the Hermite PC. When one random
variable is considered, the one-dimensional Hermite polyno-
mials are expressed as follows:

H1
0 (ξ) = 1, H1

1 (ξ) = ξ, H1
2 (ξ) = ξ2 − 1, H1

3 (ξ) = ξ3 − 3ξ, ...
(5)

Hermite polynomials are orthogonal with respect to Gaus-
sian weighted expectation (the superscript n is dropped for
simple notation):

< Hi(ξ), Hj(ξ) >=< H2
i (ξ) > δij (6)

where δij is the Kronecker delta and <*,*> denotes an inner
product defined as follows:

< f(ξ), g(ξ) >=
1p

(2π)n

Z
f(ξ)g(ξ)e−

1
2 ξT ξdξ (7)

Like Fourier series, the coefficient ak can be found by a
projection operation onto the Hermite PC basis:

ak(t) =
< v(t, ξ),Hk(ξ) >

< H2
k(ξ) >

, ∀k ∈ {0, ..., P}. (8)

3.2 Simulation approach based on Hermite
PCs

Suppose that v(t, ξ) is unknown random variable vector
(with unknown distributions) like node voltages in (2), the
coefficients can be computed by using Galerkin method,
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which states that the best approximation of v(t, ξ) is ob-
tained when the error ∆(t, ξ), which is defined as

∆(t, ξ) = G(ξ)v(t) + C(ξ)
dv(t)

dt
− Bu(t, ξ) (9)

is orthogonal to the approximation. That is

< ∆(t, ξ), Hk(ξ) >= 0, i = 0, 1, ..., P (10)

In this way, we transform the stochastic analysis process to
a deterministic process, where we only need to compute the
coefficients of its Hermite PCs for responses we are inter-
ested in.

3.3 Extended Krylov subspace methods
In this subsection, we briefly review the extended Krylov

subspace (EKS) method in [17] and [8] for fast computation
of responses from linear dynamic systems.

The EKS method uses the Krylov-like reduction method
to speedup the simulation process. Different from the Krylov-
based model order reduction method, EKS performs the re-
duction considering both system matrices and input signals
before the simulation. So it essentially is a simulation ap-
proach using Krylov subspace reduction method. It assumes
input sources as piece-wise linear (PWL) sources.

Let V = [v̂1, v̂2, ...v̂k ] be an orthogonal basis for moment
subspace (m0, m1, ..., mk) of the response x. To get the basis
V, we use following equations [17]

v̂i = αi(
i−1Y
j=0

αjmi −
i−1X
j=0

hi,j v̂j) (11)

where,

hi,k = v̂T
k ri, αi =

1

norm(v̄i)
, α̂i =

v̄i

norm(v̄i)
(12)

v̄i = vi −
iX

j=0

hi,j v̂i. (13)

Then the original circuit described by (1) can be reduced to
a smaller system

Ĝz + Ĉ
dz(t)

dt
= B̂u (14)

where

Ĝ = V T GV, Ĉ = V T CV, B̂ = V T B, x(t) = V z(t)

After the reduced system in (14) has been solved for the
given input u(t), the solution z(t) can then be mapped back
into original space by x̃(t) = V z(t).

However, as the EKS models a PWL source as a sum of
delayed ramps in Laplace domain, the terms contain 1/s
and 1/s2 moments [17], while the tranditional Kyrlo space
starts from 0th moment. Therefore, moment shifting must
be made in EKS, which would cause complex computation
and more errors. This problem is resloved in [8] in the IKES
algorithm, which shows that the moments of 1/s and 1/s2

are zeros for PWL input sources.
As a result, with PWL sources u(t) represented by a series

of value-time pairs such as (a1, τ1), (a2, τ2),..., (aK+2, τK+2),
L moments needed to be calculated. As proposed in [8], the
moments are calculated as

um = (a1 − α1
τ1

m + 3
)β

(m+2)
1 −

kX
i=1

(αi − αi+1)β
(m+3)
i+1

−(aK+2 − αK+1
τk+2

m + 3
)β

(m+2)
K+2 , m = 1, ..., L.(15)

Here,

u(s) = u1 + u2s + u3s
2 + ... + uLsL−1

β
(m)
i =

(−τi)
m

m!
, αi =

ai+1 − ai

τi+1 − τi

4. NEW STOCHASTIC EXTENDED KRYLOV
SUBSPACE METHOD – STOEKS

In this section, we present the new stochastic simula-
tion algorithm, StoEKS, which is based on both the statis-
tical spectrum method and the extended Krylov subspace
method. The main idea is that we use the statistical spec-
trum method to convert the statistical simulation into a de-
terministic simulation problem. Then we apply EKS to solve
the converted problem.

4.1 StoEKE algorithm flowchart
First, we present StoEKS algorithm flowchart, which is

shown in Fig. 1. The algorithm starts with variational G(ξ),

u_sts by IEKS for every current source

     Given varience of 
               G, C, u

G_sts, C_sts,B_sts,u_sts
 Get augmented system

get mean and variance of the voltage
                    of every node

based on orthogonal basis V

Project back to original circuit

                 x(t)=Vz(t)

Obtain orthogonal basis V

StoEKS algorithm

Solve reduced system, z(t),

Compute first L moments of  

by IEKS on the augmented system

Figure 1: Flowchart of the StoEKS algorithm

C(ξ) and variational input source u(t, ξ). Then, it applies
statistical spectrum method to convert the variational sys-
tem (2) into a deterministic system, which consists of aug-
mented matrices of G(ξ) and C(ξ) and position matrix B
in (2) with corresponding to new unknowns. Then we use
Hermite PC to represent the first L moments of current
sources, UL with log-normal distribution. Finally, we apply
EKS/IEKS to solve the obtained deterministic system for
response Z using the computed projection matrix V . After
this we get back to the transient response of original aug-
mented system by x(t) = V z(t). Finally we compute the
mean and variance of any voltage nodes from x(t).

In the following subsections, we present the detailed de-
scriptions for some critical steps of the StoEKS algorithm.

4.2 Computation of the augmented circuit ma-
trices

We first show how we convert the variational circuit equa-
tion into a deterministic one, which is suitable for EKS. Our
work follows the recent proposed stochastic model order re-
duction (SMOR) method [20]. SMOR is based on Hermite
Polynomial Chaos and the Krylov-based projection method.

Consider the variational power grid network system in (2)
where G(ξ) and C(ξ) are represented in Hermite PC forms
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with a proper order:

G(ξ) = G0 + G1ξ1 + G2ξ2 + ... + GNξN (16)

C(ξ) = C0 + C1ξ1 + C2ξ2 + ... + CNξN

u(t, ξ) = u0 + u1ξ1 + u2ξ2 + ... + uNξN

where, ηi is the Hermite PC basis functions for G(ξ), C(ξ)
and u(t, ξ) and N is the number of these basis functions. Put
(16) into (2), the system equation will be rewritten as [20]

NX
i=0

NX
j=0

Gixjξiξj + s
NX

i=0

NX
j=0

Cixjξiξj =
NX

i=0

uiξi (17)

After doing inner product of ηk on both sides of the equation
(17), it would turn to

NX
i=0

NX
j=0

GivjE(ξi, ξj , ξk) + s

NX
i=0

NX
j=0

CivjE(ξi, ξj , ξk)

=
NX

i=0

uiE(ξi, ξk), k = 0, 1, ..., N (18)

where E(ηi, ηj , ηk) is the inner product of the three Hermite
PC basis functions ηi,ηj ,ηk. The inner product is a constant
and can be computed a priori and stored in a table for fast
computation. Based on the N equations and the orthogo-
nality of the Hermite polynomials, these equations can be
written in matrix form as

(Gsts + sCsts)V = Bstsusts (19)

Gsts =

2
64

G00 . . . G0N

...
. . .

...
GN0 . . . GNN

3
75 ,

Csts =

2
64

C00 . . . C0N

...
. . .

...
CN0 . . . CNN

3
75 ,

usts =

2
6664

u1

u2

...
uNu

3
7775 , V =

2
6664

V1

V2

...
VN

3
7775 , Bsts =

2
64

B1 . . . 0
...

. . .
...

0 . . . BN

3
75(20)

Bi = B, Gjk =
NX

i=0

GiE(ηi, ηj , ηk), Cjk =
NX

i=0

CiE(ηi, ηj , ηk)

In [20], PRIMA-like reduction is performed on (19) to obtain
the reduced variational system.

In the following, we consider a simple case where we only
have three independent variables to illustrate the method.
We assume that there are three indepedent variables ξg, ξc

and ξI associated with matrices G and C and input sources
respectively in the circuit. Then equation (2) becomes

G(ξg)v(t) + C(ξc)
dv(t)

dt
= Bu(t, ξI) (21)

The variation in width W and thickness T will cause vari-
ation in conductance matrix G and storage matrix C while
variation in threshold voltage will cause variation in leakage
currents u(t). Thus, the resulting system can be written
as [7]:

G(ξg) = G0 + G1ξg, C(ξc) = C0 + C1ξc (22)

G0, C0 represents the deterministic component of conduc-
tance and capacitance of the wires. G1, C1 represents sensi-
tivity matrices of the conductance and capacitance . ξg, ξc

are random variables with normalized Gaussian distribution,
representing process variation in wires of conductance and
capacitor, respectively. ξI is a normalized Gaussian distri-
bution random variable representing variation in threshold
voltage. u(t, ξI) follows lognormal distribution as

u = eg(ξI ), g(ξI) = µI + σIξI (23)

Using Gelerkin method as in [10] with second-order Hermite
PCs, we end up solving the following equation

eGv(t) + eC dv(t)

dt
= eBeu(t) (24)

where

eG =

2
6666666666664

G0 G1 0 0 0 0 0 0 0 0
G1 G0 0 0 2G1 0 0 0 0 0
0 0 G0 0 0 0 0 G1 0 0
0 0 0 G0 0 0 0 0 0 0
0 G1 0 0 G0 0 0 0 0 0
0 0 0 0 0 G0 0 0 0 0
0 0 0 0 0 0 G0 0 0 0
0 0 0 0 0 0 0 G0 0 0
0 0 0 G1 0 0 0 0 G0 0
0 0 0 0 0 0 0 0 0 G0

3
7777777777775

eC =

2
6666666666664

C0 0 C1 0 0 0 0 0 0 0
0 C0 0 0 0 0 0 C1 0 0

C1 0 C0 0 0 2C1 0 0 0 0
0 0 0 C0 0 0 0 0 0 0
0 0 0 0 C0 0 0 0 0 0
0 0 C1 0 0 C0 0 0 0 0
0 0 0 0 0 0 C0 0 0 0
0 0 0 0 0 0 0 C0 0 0
0 0 0 0 0 0 0 0 C0 0
0 0 0 C1 0 0 0 0 0 C0

3
7777777777775

eu(t) = [u0(t), u1(t), u2(t)]T (25)

to get the mean and variance of node voltages in the circuit.

4.3 Computation of Hermite PCs of current
moments with log-normal distribution

In this section, we show how to compute the variational
current moments using Hermite PCs.

Assuming that the process variations in leakage current

sources are 
ξ = [ξ1, ξ2, ..., ξn], following Gaussian distribu-
tion as

u(
ξ) ∼ e
�ξ = e

Pn
j=0 gjξj (26)

where u(
ξ) is a scalar value and represents one current source.
The leakage current sources are therefore following lognor-

mal distribution. We can then present u(
ξ) by using Hermite
PC expansion form:

u(
ξ) =
PX

k=0

ukHn
k (
ξ)

= u0(1 +
nX

i=1

ξigi +
nX

i=1

nX
j=1

(ξiξj − δij)

< (ξiξj − δij)2 >
gigj

+...) (27)

where

u0 = eg0+ 1
2

Pn
i=1 g2

i , P =

pX
k=0

(n − 1 + k)!

k!(n − 1)!
(28)

n is the number of random variables and k is the order of
Hermite PC expansion.

As a result, the variational variable u(t, 
ξ) leads to the
input vector

usts = [uT
1 , uT

2 , ...uT
P ]T (29)

in (19) which is obtained from equation (27).
However, in the EKS method, we need to compute the

moments of input sources in frequency domain. Suppose
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(ai1, τi1), (ai2, τi2),..., (aiK+2, τiK+2) are PWL series of value-
time pairs for ui. Using equation (15), we can get the first
L moments for each ui, i = 1, 2, ..., P in (29) respectively
and we have

ui(s) = mui1 + mui2s+, ..., muiLsL−1 (30)

where muik is the kth order moment vector of Hermite PCs
coefficient for ui. We compute the moments of Hermite PC
coefficients for every current sources.

4.4 The StoEKS algorithm
Given the Gsts, Csts and usts in moment forms, we can get

the orthogonal V basis of these moments by equation (11).
The reduced systems then can be obtained by these orthog-
onal basis V from equation(15). The reduced system will
be

Ĝstsz + Ĉsts
dz(t)

dt
= B̂stsusts (31)

Here,

Ĝsts = V T GstsV, Ĉsts = V T CstsV, B̂sts = V T Bsts (32)

The reduced system can be solved in the time domain by any
standard integration algorithm. The solution of the reduced
system, z(t), can then be projected back to original space

by X̃(t) = V z(t).
After getting X(t) in the augmented matrix in(19), we

can get mean and variance by

E(x)

= E(x0 +

NGX
i=1

xiξi +

NCX
j=1

xj+NGξj +

NuX
k=1

xj+NG+NC ξk)

= x0 (33)

var(x)

= var(x0 +

NGX
i=1

xiξi +

NCX
j=1

xj+NGξj +

NuX
k=1

xj+NG+NC ξk)

=

NGX
i=1

x2
i var(ξi) +

NCX
j=1

x2
j+NG

var(ξj)

+

NuX
k=1

x2
j+NG+NC

var(ξk) (34)

The mean and variance can be easily calculated by the char-
acteristic of Hermite PC and the distrubition of ξ1,ξ2,...,ξN .
Fig. 2 is the StoEKS algorithm for given Gsts, Csts, Bsts,
usts.

Algorithms: StoEKS
Input: augmented system Gsts, Csts, Bsts, usts

Output: the HPC coefficients of node voltage, X
1 Get the first L moments of usts for each current source
2 Compute the orthogonal basis of subspace from (19)
V
3 Obtain the reduced system matrix from

Ĝ = V T GstsV , Ĉ = V T CstsV , B̂ = V T Bsts

4 Solve Ĝz(t) + Ĉ dz(t)
dt

= B̂usts(t)
5 Project back to original space to get X(t) = Vz(t)

Figure 2: StoEKS algorithm.

5. EXPERIMENTAL RESULTS
This section describes the simulation results of circuits

with both capacitance, conductance variation and leakage

current variation. The leakage current variation follows log-
normal distribution. The capacitance and conductance vari-
ations follows Gaussian distribution. All the proposed meth-
ods have been implemented in Matlab 7.0. All the experi-
mental results are carried out in a Linux system with dual
Intel Xeon CPUs with 3.06Ghz and 1GB memory.

Fig.3 shows the node voltage distribution at one node of
a ground network with 280 nodes, considering variation in
conductance, capacitance and leakage current. The stan-
dard deviation of the log-normal current sources with one
Gaussian variable is 0.1. The variance in conductance and
capacitance are also 0.1. The mean and variance computed
by the Hermite PC method, Hermite PC with EKS are also
marked in the figure which fit very well with the MC results.
In Fig. 3, the dotted lines are the mean and variance cal-
culated by Monte Carlo. The solid lines are the mean and
variance by the algorithm [9], which is named as HPC. The
dashed line are the results from the new StoEKS. The Monte
Carlo results are obtained by 3500 samples. Fig.4 shows
the distribution at one node of a ground network with 2640
nodes. The parameter setup is the same as the parameters
in the circuit with 280 nodes. The dotted lines represent the
Monte Carlo results. And the dashed lines represent the re-
sults given by StoEKS. From these two figures, we can only
see marginal difference between the three different methods.
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Figure 3: Distribution of the voltage in a given node
by StoEKS, HPC and Monte Carlo
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Figure 4: Distribution of the voltage in a given node
by StoEKS and Monte Carlo

Table 1 shows the speedup of StoEKS and HPC method
over Monte Carlo method. In the table, we observed that,
it is unable to obtain the results from HPC when the circuit
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Table 1: CPU time comparison of StoEKS and HPC
with Monte Carlo methods
#node MC StoEKS speedup HPC [9] speedup

280 1358 0.844 1609.39 73.4531 18.49
2640 18984 24.29 781.33 N/A N/A
12300 1.37 × 105 486.92 282.96 N/A N/A

Table 2: Accuracy Comparison of different methods,
StoEKS, HPC and Monte Carlo

#node Mean Std Dev
MC StoEKS HPC MC StoEKS HPC

280 0.067 0.068 0.068 0.007 0.0073 0.007
2640 0.376 0.368 N/A 0.039 0.037 N/A
12300 2.55 2.57 N/A 0.259 0.269 N/A

becomes large enough. Meanwhile, StoEKS can deliver all
the results.

Table 2 and Table 3 show the mean and variance com-
parison of different methods with several circuits. Table 2
contains the values we obtain from different methods and
Table 3 presents the error comparison based on StoEKS
and HPC over Monte Carlo, respectively. We can see that
our proposed method, StoEKS, only has marginal difference
from Monte Carlo while it is able to perform simulation on
much larger circuit than the existing HPC method on the
same platform.

6. CONCLUSION
In this paper, we have proposed a fast stochastic method

for analyzing the voltage drop variations of on-chip power
grid networks. The new method, called StoEKS, applies
Hermite polynomial chaos (HPC) to represent the random
variables in both power grid networks and input leakage cur-
rents with log-normal distribution. We applied extended
Krylov subspace method (EKS) to compute variational re-
sponses using the augmented matrices consisting of the coef-
ficients of Hermite polynomials, which represents both vari-
ational parameters in circuit matrices and input sources.
Experimental results have shown that the proposed method
is about two order magnitude faster than the existing Her-
mite PC based simulation method and more order of magni-
tudes faster than Monte Carlo method with marginal errors.
StoEKS also increases the analysis capacity of pervious sta-
tistical simulation methods based on the statistical spectrum
method.
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