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Abstract
This paper presents a new method for determining the widths
of the power and ground routes in integrated circuits so that
the area required by the routes is minimized subject to the
reliability constraints. The basic idea is to transform the re-
sulting constrained nonlinear programming problem into a
sequence of linear programs. Theoretically, we show that
the sequence of linear programs always converges to the op-
timum solution of the relaxed convex problem. Experimental
results demonstrate that the sequence-of-linear-programming
method is orders of magnitude faster than the best-known
method based on conjugate gradients, with constantly better
optimization solutions.
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Power/Ground(p/g)networksconnectthepower/groundsup-
plieswithin thecircuit modulesto thep/gpadsonachip. An
importantproblemin p/g network designis to usethemini-
mumamountof chipareafor wiring power/groundnetworks
while avoiding potentialreliability failuresdue to electro-
migrationandexcessive IR drops. Of particularinterestis
theproblemof p/g network optimizationwherethe topolo-
giesof p/g networks areassumedto be fixed,andonly the
widthsof wire segmentsareto bedetermined.Severalmeth-
odshave beendevelopedto solve this problem[4, 5, 6, 7].
However, to thebestof our knowledge,noneof thesemeth-
odshavebeenincorporatedinto commercialCAD toolsand
usedby industry.

Onemajor obstacleis that thesemethodsarebasedon
constrainednonlinearprogramming,a processknown to be
computationallyintensive (NP-hard[10]). Thesemethods
areapplicableonly to small size problems,while p/g net-
works in today’s VLSI designmaycontainmillions of wire
segments(thus,variables).On theotherhand,with thecon-

tinuousshrinkingof chipfeaturesize,p/gnetwork optimiza-
tion isbecomingincreasinglyimportant,sincemoreandmore
portionsof chipareaarededicatedtopower/groundroutings,
andtheproblemof IR dropsandelectro-migrationdeterio-
rates.

In this paper, we presenta new methodthat can effi-
ciently solve the power/groundoptimizationproblemsub-
ject to reliability constraints.Our methodis inspiredby a
key observationmadeby Chowdhurythatif currentsin wire
segmentsarefixed,andvoltagesareusedasvariables,then
theresultingoptimizationproblemis convex [6]. However,
insteadof using the conjugate-gradientmethodas in [6],
we show that the problemcanbe solvedelegantlyby a se-
quenceof linearprograms.We prove that therealwaysex-
istsa sequenceof linearprogramsthatconvergesto theop-
timal solutionof theoriginal convex optimizationproblem.
Experimentalresultshave demonstratedthat usuallya few
linear programsarerequiredto reachthe optimal solution.
With this, thecomplexity of theproposedmethodis propor-
tional to the complexity of linear programming(which can
besolved in polynomialtime [10]). Therefore,our method
is scalable,i.e., theCPUtimeincreasesapproximatelypoly-
nomially with the sizeof a network. In practice,we have
observedthat thenew methodis ordersof magnitudefaster
thanthe conjugategradientbasedmethod,with constantly
betteroptimizationresults.

This paperis organizedas follows. Section2 presents
somepreviouswork. Section3 describestheformulationof
the p/g network optimizationproblem. Thenew methodis
presentedin Section4. Somepracticalconsiderationsarede-
scribedin Section5. Experimentalresultsfrom somelarge
p/g networks aresummarizedin Section6. Section7 con-
cludesthepaper.
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It is generallyassumedthattheaveragecurrentdrawn by the
eachmoduleis knownandis modeledasanindependentcur-
rentsource(we do notconsiderthetemporalcorrelationsof
currentsources).Theconstraintsfrom reliability anddesign
rulesinclude:



1. voltageIR dropconstraints,
2. metal-migrationconstraints,
3. minimumwidth constraints.

Theproblemof determiningthewidthsof wiresegmentsof a
P/Gnetwork to minimizethetotalp/groutingareasubjectto
all theseconstraintsis a constrainednonlinearoptimization
problem[4, 5].

In themethodof ChowdhuryandBreuer[4], resistance
valuesandbranchcurrentsareselectedasindependentvari-
ables.Both theobjective functionandvoltageIR dropcon-
straintsbecomenonlinear. TheaugmentedLagrangianmethod
combinedwith steepestdescentalgorithm[3] isusedtosolve
theresultingproblem.

DuttaandMarek-Sadowska[7] usedonly resistanceval-
uesasvariables. All the constraintsexpressedin termsof
nodal (terminal)voltagesandbranchcurrents,which have
to be obtainedby explicitly solving the electricalnetwork,
becomenonlinear. Thefeasibledirectionmethod[2] is em-
ployed to solve the nonlinearproblem. At eachiteration
step,extra effort is requiredto solve the electricalnetwork
for nodalvoltagesandbranchcurrents,aswell astheir gra-
dientsby numericaldifferentiation.

Chowdhury[6] proposedaveryinterestingapproachwhere
boththenodalvoltagesandthebranchcurrentsareselected
asvariables.Theoptimizationproblemis solvediteratively
in two stages.In the first stage,all the branchcurrentsare
fixed,andthisleadstoaconvex programmingproblemsolved
by the conjugategradientmethod[3]. In thesecondstage,
all thenodalvoltagesareassumedfixed,andthis givesrise
to a linearprogrammingproblem.In comparisonwith other
methods,this methodis more generaland more efficient.
Unfortunately, theconjugategradientmethodis notefficient
enoughto solve largesizepower/groundoptimizationprob-
lemsarisingin today’sVLSI design.

A methodproposedby MitsuhashiandKuh [9] further
extendspower/groundnetworkoptimizationto includetopol-
ogy selection.In this paper, we assumethat thetopologyis
fixed.
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Our work followstheformulationandthegeneraloptimiza-
tion procedureof Chowdhury [6]. His resultsarereviewed
briefly in thissection.
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Let G ACB N D B E beap/gnetwork with n nodesN AFB 1 D�GHGHG>D n E
andb branchesB AIB 1 D�G>GHG>D b E . Eachbranchi in B connects
two nodes:i1 andi2 suchthatthepositivecurrentflowsfrom
i1 to i2. Let li andwi bethelengthandwidth of branchi. Let
ρ bethesheetresistivity. Thentheresistanceri of branchi
canbeexpressedas:

ri A Vi1 J Vi2

Ii
A ρ

li
wi

G (1)

Thetotalp/groutingarea,whichis theobjectivefunction
to beminimized,canbeexpressedas

f K V D I LMA ∑
i N B

liwi A ∑
i N B

ρIil2
i

Vi1 J Vi2
G (2)

Insteadof usingwidthswi, i O B, asvariables,we chooseto
solve branchcurrentIi andnodalvoltageVi1 andVi2. The
constraintsneededto satisfyareasfollows.

1. The voltage IR drop constraints. To ensurethecor-
rectandreliablelogic operation,thenodesconnected
to ap/gpadshouldhavethevoltagevaluescloseto the
valueof thepad:

Vj P Vj Qmin if j is connectedto a powerpad.

Vj R Vj Qmax if j is connectedto agroundpad. (3)

whereVj Qmin andVj Qmax aregivenconstants.

2. The minimum width constraints. Thewidthsof the
p/g segmentsare technologicallylimited to the min-
imum width allowed in the layer wherethe segment
lies. Thus,wehave

wi A ρ
liIi

Vi1 J Vi2
P wi Qmin D (4)

wherewi Qmin aregivenconstants.

3. The current density constraints (electro-migration).
Electro-migrationonap/gwire setsanupperboundon
thecurrentdensityof thep/g segment[1]. For a fixed
thicknessσ of a layer, this constraintfor branchi can
beexpressedas: S

Ii

S
R wiσ G (5)

It canbere-writtenasthefollowing nodalvoltagecon-
straint: S

Vi1 J Vi2

S
R ρliσ G (6)

4. Kirchoff’s current law (KCL).

∑
i N B T j U siIi A 0 D (7)

for eachnode j AVB 1 D�G>GHGHD n E andB K j L is the setof in-
dicesof branchesconnectedto node j and si is 1 if
currentdirectionfor branchi is towardnode j and-1
otherwise.

P/gnetwork optimizationis to minimize(2) subjectto con-
straints(3), (4), (6) and(7). It will bereferredto asProblem
P. ProblemP is a constrainednonlinearoptimizationprob-
lem.
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To reducethecomplexity of solvingProblemP, Chowdhury
proposeda relaxedoptimizationprocedure:

Y Startwith aninitial feasiblesolutionof P.

Y Assumethat all branchcurrentsare fixed. Then the
objective functioncanberewrittenas

f K V LMA ∑
i N B

αi

Vi1 J Vi2
D (8)

whereαi A ρIil2
i , We further restrict the changesof

nodalvoltagessuchthattheir currentdirectionsdonot
changeduringtheoptimizationprocess.i.e.,

Vi1 J Vi2

Ii
P 0 G (9)

With this, the minimum width constraints(4) canbe
re-writtenas

Vi1 J Vi2

Ii
R ρli

wi Qmin
G (10)

This leadsto a simplified optimizationproblem: find
all nodalvoltagestominimize(8)subjecttoconstraints
(3), (6), (9), and(10). Let usdenoteit asproblemP1.

Y Assumethatall nodalvoltagesarefixed.Thentheob-
jective functioncanbere-writtenas:

f K I LZA ∑
i N B

βiIi D (11)

whereβi A ρl2i
Vi1 [ Vi2

.

Similarly, we restrictthechangesof currentdirections
duringtheoptimizationprocess.i.e.,

Ii

Vi1 J Vi2
P 0 G (12)

ThenproblemP reducesto thefollowingproblem:find
all thebranchcurrentsto minimize(11)subjectto (4),
(7) and(12). Let usdenotethisproblemasP2.

ChowdhuryshowedthatproblemP1 canbeconvertedto
anun-constrainedconvex programmingproblemandsolved
by the conjugategradientmethod. P2 is a linear program-
mingproblem.Therefore,solvingP is to startwith aninitial
feasiblesolution,theniteratively solveP1, thenP2.
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Thenew methodusesasequenceof linearprogrammingsto
solve the nonlinearprogrammingproblemP1. In this sec-
tion, we presentthe new methodand prove that it always
convergeto theoptimumsolutionof therelaxedproblemP1.

Thebasicideais to linearizethenonlinearobjectivefunc-
tion (8). To seethis, we furtherdefinebranchvoltagedrop

variableasvi A sign K Ii L9K Vi1 J Vi2 L for eachbranchi, where
sign K x LgA 1 if x h 0 andsign K x LiA J 1 if x j 0. Note that
vi P 0. Thenin termsof vi D i A 1 D�G>GHG>D b, theobjectivefunction
(8) canbeexpressedas

f K v LMA ∑
i N B

S
αi

S
vi

D (13)

wherev AkB v1 D v2 D�G>GHGHD vb E T . Supposethatwe have an initial
feasiblesolutionV0 andcorrespondingv0 satisfyingall the
constraints. We then take the Taylor’s expansionof f K v L
aroundv0 andkeeponly theconstantandlinear terms.The
resultedobjectivefunctionis calledg K v L ,

g l v m�n f l v0 m�o ∂ f l v0 m
∂v

l v p v0 m n ∑
i q B

2 rαi r
v0

i

p ∑
i q B

rαi r
v0

i
2 vi s (14)

Insteadof minimizing f K v L , we minimizethe g K v L aslong
asthesetwo functionssatisfythefollowing property:

g K X L1h g K Y LMAMt f K X Lih f K Y L�D (15)

where AZt meansimply. This requirementessentiallysays
thataslongaswereduceg K X L wealwayscanreducef K X L .

To easeouranalysis,wefirst take a look ateachindivid-
ual productterm in the objective function (13), which has
the following form h K x L1A c u x D x h 0, wherec is a constant
andalsoc h 0. Fig. 1 draws the function h K x LiA c u x with
c A 1 andits linearizedfirst-orderTaylor’s expansionfunc-
tion H K x L at expansionpoint x0 A 0 G 04. We notethatboth
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 1/x and its first order Taylor’s expansion at 0.04

H(x) = 1/x0 − 1/(x0^2)*(x−x0)

 h(x) = 1/x

Figure1: h(x) = 1/x andits first-orderexpansionat0.04.

h K x L andH K x L aremonotonicaldecreasingfunctionsin x in
therangeK 0 D ∞ L with thepropertythath K x Lgh H K x L .

Back to f K v L andg K v L , we have the following two opti-
mizationscenarios:

1. If all thebranchvoltagedropsvi increaseaftertheop-
timization, we have f K v0 L�h f K v L and g K v0 Lvh g K v L .
Becauseall theproducttermsin both f K v0 L andg K v0 L
monotonicallydecreaseaseachvi increases,theprop-
erty (15) is alwayssatisfied.



2. If only somebranchvoltagedropsincreaseandothers
decreaseorstayunchanged,thentheproperty(15)may
not be satisfieddue to the fact that for x j x0, h K x L
will increasevery quickly, while H K x L only increase
linearly. As aresult,wemayendupwith f K v LMh f K v0 L
while g K v L1j g K v0 L .
In this case,we can limit the solution spaceto the
neighborhoodof v0 suchthattherelationproperty(15)
holds by imposingthe following constraintfor each
branchi:

ξv0
i R vi R K 2 J ξ L v0

i D (16)

whereξ is calledtherestriction factor, 0 j ξ j 1. Note
thatwecanalwaysachieve therelation(15) by choos-
ing v to becloseenoughto thev0 (ξ is closeenoughto
1) asg K v L is essentiallythe first-orderapproximation
of f K v L .

On theotherhand,any increasein any branchvoltagedrop
vi D i O�B 1 D�GHG>GHD b E alwaysdecreasesboth f K v L andg K v L . This
impliesthattheupperboundin (16) is notnecessaryandwe
cancombinethesolutionspace,whererelation(15)holdsin
bothtwo scenarios,into asinglespace:

ξv0
i R vi G (17)

Backto thenodalvoltages,thelinearizedobjectivefunc-
tion andtherestrictionconstraincanberewrittenas:

g K V LwA ∑
i N B

2αi

K V 0
i1 J V 0

i2 L J ∑
i N B

αi

K V 0
i1 J V 0

i2 L 2 K Vi1 J Vi2 L;D (18)

ξsign K Ii L;K V 0
i1 J V0

i2 L R sign K Ii L9K Vi1 J Vi2 L;G (19)

Note that the constraint(19) doesnot requirethe nodal
voltageVix D i OxB 1 D�GHGHG>D n E , to be closeto their initial values
sinceonly the relative differencesamongthemmatter. Be-
causethe constraint(19) alreadyimplies theconstraint(9),
only (19) remainsin the optimizationof solving for nodal
voltages. Therefore,we have the following optimization
problem,denotedasP3: minimize (18) subjectto (3), (6),
(10), and(19). ProblemP3 is a linear programmingprob-
lem. For convenience,we useΓ to denotethefeasiblesolu-
tion spaceof problemP3 definedby (3), (6), (10),and(19).
We useΩ to denotethe feasiblesolutionspaceof problem
P1 asdefinedby constraints(3), (6), (10), and(9). Clearly
Γ y Ω.

The procedurefor solving problemP2, i.e., solving for
nodalvoltages,canbetransformedto theproblemof choos-
ing ξ andsolving P3, andthenrepeatingthis processuntil
theoptimumsolutionis found. This processis illustratedin
Fig. 2. Now we arereadyto summarizetheentireoptimiza-
tion procedureasfollows:

New Power/Ground Optimization Algorithm

1. Analyzethe network G to obtainthe initial Vk D Ik for
k A 0.

X0
X1

X2
X3

X4

Xmin

Ω
Γ0

Γ1

Γ2

Γ3

Figure2: An illustration of sequenceof linear program-
mings.

2. Constructtheminimumwidth constraints(10),current
densityconstraints(6) andadditionalconstraints(19)
usingIk.

3. Minimizeg K Vk L subjecttoconstraints(3), (6), (10)and
(19) by linear programming,recordthe resultasVk

l ,
wherel begins from 1. If f K V k

l L P f K V k
l [ 1 L , increase

ξ andrepeatsubstepl. Constructthe constraint(19)
with theresultVk

l andrepeatstep3 until no improve-
mentcanbe foundandrecordthe resultfrom the last
iterationl in step3 asVk z 1.

4. Constructtheminimumwidth andits companioncon-
straint(4) and(12)usingVk z 1 for eachbranch.

5. Minimize theobjectivefunction(11)subjectto thecon-
straints(4), (12) and (7) by linear programmingand
recordtheresultasIk z 1.

6. If
S
f K V k z 1 D Ik z 1 L J f K V k D Ik L

S
j ε, ε is the termination

criterion,thenstop,otherwisek = k + 1 andgotostep
2.

Sincef K V L isaconvex function[6] underthefixedbranch
currents,any localminimumof f K V L is alsotheglobalmin-
imum. We havethefollowing proposition:

Proposition 1 There exists a ξ so that step 3 always con-
verges to the global minimum in Ω.

Proof Sketch: For function f K X L{A ∑N
i | 1

1
xi

, thetruncatedlin-

earTaylorexpansionaroundX0 is g K X L}A ∑N
i | 1 K 1

x0i J xi [ x0i
x2
0i

L .
We have a mathematicalproof that for eachX0, thereis a
non-emptyvicinity Γ of X0 (by settingξ closeto 1) suchthat
for eachX O Γ if g K X Lwj g K X0 L then f K X Lgj f K X0 L .

In otherwords,given an initial point X0 A V k
l , onecan

alwaysfind anon-emptyvicinity of X0, by increasingξ close
enoughto 1, suchthatminimizing thelinearexpansiong at
V k

l z 1, alsodecreasestheoriginal function f .
So a decreasingsequenceB V k

1 D V k
2 D�GHG>D V k

l E is generated,
which guaranteesto converge to a local minimum. Since
f K X L is a convex function, the local minimum is also the
globalminimum,sothenew algorithmwill convergeto the
globalminimumin Ω G ~



Wenotethatasimilartechnique,calledsuccessive linear
programming (SLP) [3], wasfirst proposedby Griffith and
Stewart to solveproblemsin oil andchemicalindustries[8].
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In thissection,wedescribesomepracticalconsiderationson
how toapplytheproposedmethodtooptimizepower/ground
networksin practice.

Selection of restriction factor ξ. An importantissueis
how to selectthe restrictionfactor ξ. In general,as long
asproperty(15) holds,Γ shouldbe aslarge aspossiblein
order to reducethe numberof requirediterations. In our
implementation,we alwaysbegin with smallξ to maximize
Γ. If property(15) is not satisfied,thenwe increaseξ such
thatproperty(15)canbesatisfiedagain.

Algorithm Scalability. In practice,thenumberof linear
programmingsneededto reachtheoptimumsolutionis only
a few. Thusthe time complexity of our methodis propor-
tional to thecomplexity of linearprogramming.It is known
thatlinearprogramscanbesolvedin polynomialtimeusing
the interior point method[3]. This makesour methodvery
promisingfor optimizingvery largeVLSI p/gnetworks.

Input Data Scaling. For practicalP/G networks, the
modulecurrentsareusuallyin therangeof 1 � 10[ 9A. Branch
currentsandbranchvoltagescouldbecomeverysmall if no
scaling is used. This would give rise to somenumerical
problemsfor the linear programmingsolver. In our imple-
mentation,scalingis used.

Converting power networks to ground networks. Power
networksshouldbetransferredinto groundnetworksto fur-
ther improve thenumericalstability. This is dueto the fact
that thevoltagedropcloseto zerocanberepresentedmore
preciselythanthevoltagedropcloseto otherconstantvalue.
For example,the voltagedrop 2 G 5 � 10[ 5 hasto be repre-
sentedby 4 G 999975if thesourcevoltageis 5 volt. It canbe
proventhatapowernetworkcanbetransferredinto aground
network by usingthefollowing rules:

1. short-circuitall theVDD padsto theground.
2. inversethe directionsof all the independentcurrent

sources.
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A CAD tool for p/g network optimizationhasbeendevel-
opedbasedontheproposedsequence-of-linear-programming
method. For comparison,Chowdhury’s conjugategradient
method[6] hasbeencarefully implemented1. A setof p/g
networks with ten to morethanten thousandsegmentshas
beentested.All experimentsareperformedon a SUN Ul-
tra I workstationwith 169MHz clock rate. The resultsare
summarizedin Table1.

1In fact,our researchwasmotivatedby initial attemptto implementtheconjugate
gradientmethodfor power/groundnetwork optimizationin anindustrysetting.

In Table1, columns1 to 3 list, respectively, the circuit
name(ckt), thenumberof nodesin thecircuit (# node) and
thenumberof branches(# bch). Thenumberof iterations(#
iter) (solvingP1-P2) , CPUtime in seconds(time), andthe
reducedchip areaof the original areain percentage(area
reduced (%)) arereportedin columns4, 5 and6 for thenew
algorithmandcolumns7, 8 and9 for theconjugategradient
method.For example,for p/gnetwork p4x4, thenew method
reducesthe chip areausedby 95.1%,while the conjugate
gradientmethodreducesthechipareausedby 94.2%.

We havethefollowing observations:

Y For largep/g network optimizationp3x500, g300x10,
p100x100, the conjugategradientmethodfinds solu-
tions that usemuchmorechip areasthan that of the
new method.This is dueto thenumericalproblemin-
herentin the conjugategradientmethod. During the
courseof optimization,the conjugatedirectionsmay
deterioratesuchthatthealgorithmgetsstuckataplace
far away from the optimum solution. In our imple-
mentation,we reinitialize the directionvectorafter n
steps,wheren is the numberof nodesin the p/g net-
work. Due to the large valueof n for large p/g net-
works,theconjugatedirectionsmaydeterioratemore,
andthuspreventsthealgorithmfrom reachingtheop-
timum. However, if wereinitializethedirectionsmore
frequently, thequalityof thesolutioncanbeimproved
at theexpenseof moreCPUtime.

Y Thenew algorithmis ordersof magnitudefasterthan
theconjugategradientmethod.

Y We have observedthat for all thep/g networkstested,
with oneiteration,thenew algorithmis ableto reduce
the mostof the silicon cost that canbe reduced,i.e.,
findsasolutionthatisverycloseto theoptimum.Fig.3
showshow theobjective function(overallsiliconcost)
reduceswith the numberof iterationsfor an example
network.
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Figure3: Thecostreductionwith thenumberof iterations.



Table1: Comparisonof thenew algorithmagainsttheconjugategradientmethod.

ckt # node # bch new algorithm conjugatemethod Speedup
# iter time areareduced(%) # iter time areareduced(%)

p4x4 17 23 4 0.43 95.1 21 78.7 94.2 183.0
g20x20 402 439 3 12.6 91.8 255 36147.1 90.8 2868.8
p3x500 1502 1505 2 37.6 47.8 67 2135.4 26.8 � 56.8
g300x10 3002 3599 2 609.9 93.7 137 15192.1 78.4 � 25.0
p100x100 10002 10199 4 1325.6 80.7 117 41716.8 48.9 � 31.5

In the experimentsabove, restrictionfactor ξ is set to
0 G 85. Recall that the feasibleregion Γ for linear program
P3 is controlledby ξ. The closerξ to 1, the smallerthe
region Γ, andthebetterg K V L approximatesf K V L . That im-
plies,thetotal numberof linearprogrammings(solvingP3)
requiredfor solvingP1 will increase,but thechanceto find
theminimumsolutionof theoriginalproblemincreases.On
theotherhand,if we reduceξ morecloseto 0, the feasible
solutionregion Γ of the linear problemP3 enlarges. Then
the linearizedfunction g K V L may not be able to approxi-
matewell the original function f K V L . As a consequence,
thesequenceof linearprogramsmayconvergeto a solution
with thecosthigherthantheoptimumone.Thisobservation
hasbeenconfirmedby theexperimentontheexamplecircuit
p4x4 asshown in Fig. 4 and5.
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Figure4: Thenumberof linearprogrammingsversusξ (xi).
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A new methodis proposedfor determiningthewidthsof the
wire segmentsin a power/groundnetwork so that the chip
arearequiredby the power/groundnetwork is minimized
while ensuringvoltageIR dropsandelectromigrationcon-
straints.We have shown, theoretically, that thenew method
is capableof finding a solutionasgoodasthatby thebest-
knownmethod.Experimentalresultshavedemonstratedthat
theproposedmethodis ordersof magnitudefasterthanthe
best-known methodwith constantlybetter solutionquality.
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Figure5: Thefinal costversusξ (xi).
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