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Abstract

This paper presentsa new method for determining the widths
of the power and ground routesin integrated circuits so that
the area required by the routes is minimized subject to the
reliability constraints. The basic idea isto transformthe re-
sulting constrained nonlinear programming problem into a
seguence of linear programs. Theoretically, we show that
the sequence of linear programs always convergesto the op-
timum sol ution of the relaxed convex problem. Experimental
resultsdemonstrate that the sequence-of-linear-programming
method is orders of magnitude faster than the best-known
method based on conjugate gradients, with constantly better
optimization solutions.

1 Introduction

Pawver/Groundp/g) networksconnecthepower/groundsup-
plieswithin thecircuit modulego thep/gpadsonachip. An
importantproblemin p/g network designis to usethe mini-
mumamountf chip areafor wiring power/grounchetworks
while avoiding potentialreliability failuresdueto electro-
migrationand excessve IR drops. Of particularinterestis
the problemof p/g network optimizationwherethe topolo-
giesof p/g networks areassumedo be fixed, andonly the
widthsof wire segmentsareto bedeterminedSeveralmeth-
ods have beendevelopedto solve this problem[4, 5, 6, 7].
However, to the bestof our knowledge,noneof thesemeth-
odshave beenincorporatednto commercialCAD toolsand
usedby industry

One major obstacleis that thesemethodsare basedon
constrainedonlinearprogramminga procesknown to be
computationallyintensive (NP-hard[10]). Thesemethods
are applicableonly to small size problems,while p/g net-
worksin today’s VLSI designmay containmillions of wire
segments(thus,variables).On the otherhand with the con-
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tinuousshrinkingof chip featuresize,p/gnetwork optimiza-
tionis becomingncreasinglyimportant,sincemoreandmore
portionsof chipareaarededicatedo power/groundoutings,
andthe problemof IR dropsandelectro-migratiordeterio-
rates.

In this paper we presenta nev methodthat can effi-
ciently solve the power/groundoptimization problemsub-
ject to reliability constraints.Our methodis inspiredby a
key obsenationmadeby Chonvdhurythatif currentsn wire
segmentsarefixed, andvoltagesare usedasvariables then
the resultingoptimizationproblemis corvex [6]. However,
insteadof using the conjugate-gradienmethodasin [6],
we shav thatthe problemcan be solved elegantly by a se-
guenceof linear programs.We prove that therealways ex-
istsa sequenc®f linear programghat corvergesto the op-
timal solutionof the original corvex optimizationproblem.
Experimentalresultshave demonstratedhat usually a few
linear programsare requiredto reachthe optimal solution.
With this, the compleity of the proposednethodis propor
tional to the compleity of linear programming(which can
be solvedin polynomialtime [10]). Therefore,our method
is scalablej.e.,the CPUtime increasespproximatelypoly-
nomially with the size of a network. In practice,we have
obsenedthatthe new methodis ordersof magnitudefaster
thanthe conjugategradientbasedmethod,with constantly
betteroptimizationresults.

This paperis organizedasfollows. Section2 presents
somepreviouswork. Section3 describegheformulationof
the p/g network optimizationproblem. The newv methodis
presenteth Sectiord. Somepracticalconsiderationarede-
scribedin Section5. Experimentakesultsfrom somelarge
p/g networks are summarizedn Section6. Section7 con-
cludesthe paper

2 Previous Work

It is generallyassumedhattheaveragecurrentdravn by the
eachmoduleis known andis modeledasanindependentur-

rentsource(we do not considerthetemporalcorrelationof

currentsources)Theconstraintgrom reliability anddesign
rulesinclude:



1. voltagelR dropconstraints,
2. metal-migratiorconstraints,
3. minimumwidth constraints.

Theproblemof determininghewidthsof wire segmentsf a
P/Gnetwork to minimizethetotal p/groutingareasubjecto
all theseconstraintds a constrainedonlinearoptimization
problem([4, 5].

In the methodof Chavdhury andBreuer[4], resistance
valuesandbranchcurrentsareselectedasindependentari-
ables.Both the objective functionandvoltagelR dropcon-
straintshecomenonlinear Theaugmentedlagrangiarmethod
combinedvith steepestiescenalgorithm[3] is usedo solve
theresultingproblem.

DuttaandMarek-Sadwska[7] usedonly resistanceal-
uesasvariables. All the constraintsexpressedn termsof
nodal (terminal) voltagesand branchcurrents,which have
to be obtainedby explicitly solving the electricalnetwork,
becomenonlinear Thefeasibledirectionmethod[2] is em-
ployed to solve the nonlinearproblem. At eachiteration
step,extra effort is requiredto solve the electricalnetwork
for nodalvoltagesandbranchcurrents,aswell astheir gra-
dientsby numericaldifferentiation.

Chowdhury[6] proposeaveryinterestingapproachvhere
boththe nodalvoltagesandthe branchcurrentsareselected
asvariables.The optimizationproblemis solved iteratively
in two stages.In the first stage,all the branchcurrentsare
fixed,andthisleadsto aconvex programmingproblemsolved
by the conjugategradientmethod[3]. In the secondstage,
all the nodalvoltagesareassumedixed, andthis givesrise
to alinearprogrammingproblem.In comparisorwith other
methods,this methodis more generaland more efficient.
Unfortunatelythe conjugategradientmethodis notefficient
enoughto solwve large size power/groundoptimizationprob-
lemsarisingin today's VLSI design.

A methodproposedby Mitsuhashiand Kuh [9] further
extendspower/grounchetwork optimizationto includetopol-
ogy selection.In this paper we assumeéhatthe topologyis
fixed.

3 Problem Formulation and General Optimization Proce-
dure

Ourwork follows the formulationandthe generabptimiza-
tion procedureof Chowvdhury[6]. His resultsarereviewed
briefly in this section.

3.1 Problem Formulation

LetG = {N, B} beap/gnetwork with nnodesN = {1,...,n}
andb branche$3 = {1,...,b}. Eachbranchi in B connects
two nodesi1 andi2 suchthatthepositive currentflowsfrom
iltoi2. Letl; andw; bethelengthandwidth of branchi. Let
p bethe sheetresistvity. Thentheresistance; of branchi
canbeexpresse@s:

~ Vii—Vi2
' i _pWi'

(1)

Thetotal p/groutingareawhichis theobjectivefunction
to beminimized,canbe expresseds

pII
)= 2= D =i @

Insteadof usingwidthsw;, i € B, asvarlables,vve chooseo
solve branchcurrentl; andnodalvoltageVi; andVi,. The
constraintieededo satisfyareasfollows.

1. Thevoltage IR drop constraints. To ensurethe cor
rectandreliablelogic operationthe nodesconnected
to ap/g padshouldhave thevoltagevaluescloseto the
valueof the pad:

Vj > Vjmin if ] is connectedo a powerpad.
Vj <V maxif j isconnectedo agroundpad. (3)

whereVj rin andVj max aregivenconstants.

2. The minimum width constraints. Thewidthsof the
p/g segmentsare technologicallylimited to the min-
imum width allowed in the layer wherethe segment
lies. Thus,we have

lili
Vi1 —Vi2

Wi =p > Wi min, (4)

wherew; mn aregivenconstants.

3. Thecurrent density constraints(electr o-migration).
Electro-migratioronap/gwire setsanupperboundon
the currentdensityof the p/g segment[1]. For afixed
thicknesso of alayer, this constraintfor branchi can
beexpresseds:

[li] < wio. (5)

It canbere-writtenasthefollowing nodalvoltagecon-
straint:
Vi1 —Viz| < plio. (6)

4. Kirchoff’'scurrent law (KCL).

S shi=0, )
i€B(j)

for eachnodej = {1,...,n} andB(j) is the setof in-
dicesof branchesconnectedo node j ands is 1 if
currentdirectionfor branchi is toward nodej and-1
otherwise.

P/gnetwork optimizationis to minimize (2) subjectto con-
straints(3), (4), (6) and(7). It will bereferrecto asProblem
P. ProblemP is a constrainechonlinearoptimizationprob-
lem.



3.2 General Optimization Procedure

To reducehecompleity of solvingProblemP, Chovdhury
proposedhrelaxedoptimizationprocedure:

e Startwith aninitial feasiblesolutionof P.

o Assumethat all branchcurrentsare fixed. Thenthe
objective functioncanberewritten as

(oF
f(v) = I;m (8)

wherea; = pliliz, We further restrict the changesof
nodalvoltagessuchthattheir currentdirectionsdo not
changeduringthe optimizationprocessi.e.,

Vit —Vi2
li

> 0. (9)

With this, the minimum width constraintg4) canbe
re-writtenas
Vii-Viz __pli
i 7 Wimin

(10)

This leadsto a simplified optimizationproblem: find
all nodalvoltagego minimize(8) subjecto constraints
(3),(6), (9),and(10). Let usdenoteit asproblemP1.

¢ Assumethatall nodalvoltagesarefixed. Thenthe ob-
jective functioncanbere-writtenas:

f(l) = ZBBili, (11)
le
wherep; = o
Vii—Viz
Similarly, we restrictthe change®f currentdirections
duringtheoptimizationprocessi.e.,

li
>0. 12
Vii—Vi2 — (12)

ThenproblemP reducego thefollowing problem:find
all thebranchcurrentsto minimize (11) subjectto (4),
(7) and(12). Let usdenotethis problemasP2.

ChowdhuryshonvedthatproblemP1 canbecorvertedto
anun-constrainedonvex programmingproblemandsolved
by the conjugategradientmethod. P2 is a linear program-
ming problem.ThereforesolvingP is to startwith aninitial
feasiblesolution,theniteratively solve P1, thenP2.

4 New Linear-Programming Based Algorithm

Thenew methodusesa sequencef linearprogrammingso
solve the nonlinearprogrammingproblemP1. In this sec-
tion, we presentthe nev methodand prove thatit always
convergeto theoptimumsolutionof therelaxedproblemP1.

Thebasicdeaisto linearizethenonlinearobjectvefunc-
tion (8). To seethis, we furtherdefinebranchvoltagedrop

variableasv; = sign(l;) (Vi1 — Vi2) for eachbranchi, where
sign(x) = 1if x> 0 andsign(x) = —1 if x < 0. Notethat
v; > 0. Thenin termsof v;,i = 1, ..., b, theobjective function
(8) canbeexpresse@s

|t

f(V) = i; Ti: (13)

wherev = {v1,Vy,...,\p}T. Supposdhatwe have aninitial

feasiblesolutionV° andcorresponding? satisfyingall the
constraints. We then take the Taylor's expansionof f(v)

aroundv® andkeeponly the constanendlinearterms. The
resultedobjective functionis calledg(v),

af(v9) 0y o] fail
I S

Insteadof minimizing f(v), we minimizethe g(v) aslong
asthesetwo functionssatisfythefollowing property:

g(v) = f(v0)+ (14)

9(X) > g(Y) = £(X) > f(Y), (15)

where=—> meanamply. This requiremenessentiallysays
thataslong aswe reduceg(X) we alwayscanreducef (X).
To easeour analysiswe first take alook at eachindivid-
ual productterm in the objective function (13), which has
thefollowing form h(x) = ¢/x,x > 0, wherec is a constant
andalsoc > 0. Fig. 1 draws the function h(x) = ¢/x with
¢ = 1 andits linearizedfirst-orderTaylor’'s expansionfunc-
tion H(x) atexpansionpointxp = 0.04. We notethatboth

1/x and it first order Taylor's expansion at 0.04
T T T T T

H(X) = 10 - L(x0°2)*(x-x0)

Figurel: h(x) = 1/x andits first-orderexpansionat 0.04.

h(x) andH(x) aremonotonicaldecreasindunctionsin x in
therange(0, ») with the propertythath(x) > H (x).

Backto f(v) andg(v), we have the following two opti-
mizationscenarios:

1. If all thebranchvoltagedropsy; increaseafterthe op-
timization, we have f(v0) > f(v) andg(v°) > g(v).
Becausall the producttermsin both f (v°) andg(v°)
monotonicallydecreasaseachv; increasesthe prop-
erty (15)is alwayssatisfied.



2. If only somebranchvoltagedropsincreaseandothers

decreaser stayunchangedhentheproperty(15) may
not be satisfieddue to the fact that for x < Xo, h(x)
will increasevery quickly, while H(x) only increase
linearly. As aresultwe mayendupwith f(v) > f(v°)
while g(v) < g(v0).
In this case,we can limit the solution spaceto the
neighborhooaf \° suchthattherelationproperty(15)
holds by imposingthe following constraintfor each
branchi:

& <vi < (2- &)V, (16)

whereg is calledtherestriction factor, 0 < & < 1. Note
thatwe canalwaysachieze therelation(15) by choos-
ing v to becloseenoughto thev® (£ is closeenoughto
1) asg(v) is essentiallythe first-orderapproximation
of f(v).
On the otherhand,ary increasen ary branchvoltagedrop
vi,i € {1,...,b} alwaysdecreaseboth f(v) andg(v). This
impliesthattheupperboundin (16)is notnecessarandwe
cancombinethesolutionspacewhererelation(15) holdsin
bothtwo scenariosinto asinglespace:

& <vi. 17)

Backto thenodalvoltagesthelinearizedobjectie func-
tion andtherestrictionconstraincanberewritten as:

2q; i
AURPRT SV R RV v LRI

Esign(li) (Vg —Vi2) <sign(li)(Vis —Viz).  (19)

Note that the constraint(19) doesnot requirethe nodal
voltageViy,i € {1,...,n}, to be closeto their initial values
sinceonly therelative differencesamongthemmatter Be-
causethe constraint(19) alreadyimplies the constraint(9),
only (19) remainsin the optimizationof solving for nodal
voltages. Therefore,we have the following optimization
problem,denotedas P3: minimize (18) subjectto (3), (6),
(10), and(19). ProblemP3 is a linear programmingprob-
lem. For corveniencewe usel” to denotethefeasiblesolu-
tion spaceof problemP3 definedby (3), (6), (10),and(19).
We useQ to denotethe feasiblesolutionspaceof problem
P1 asdefinedby constraintg3), (6), (10), and(9). Clearly
rca.

The procedurdor solving problemP2, i.e., solving for
nodalvoltages canbetransformedo the problemof choos-
ing & andsolving P3, andthenrepeatinghis procesauntil
the optimumsolutionis found. This processs illustratedin
Fig. 2. Now we arereadyto summarizeheentireoptimiza-
tion procedureasfollows:

New Power/Ground Optimization Algorithm

1. Analyzethe network G to obtainthe initial V¥, 1¥ for
k=0.

Figure2: An illustration of sequenceof linear program-
mings.

2. Constructheminimumwidth constraintg10), current
densityconstraintg6) andadditionalconstraintg19)
usingl .

3. Minimize g(V¥) subjecto constraint¢3), (6), (10)and
(19) by linear programming recordthe resultas V¥,
wherel beginsfrom 1. If f(VK) > f(VX,), increase
& andrepeatsubsted. Constructthe constraint(19)
with the resuItVI‘ andrepeatstep3 until no improve-
mentcanbe found andrecordthe resultfrom the last
iterationl in step3 asVk+1,

4. Constructhe minimumwidth andits companiorcon-
straint(4) and(12) usingV¥+! for eachbranch.

5. Minimize theobjectivefunction(11)subjectothecon-
straints(4), (12) and(7) by linear programmingand
recordtheresultas!**1.

6. If |f(VKHL 1K+ — £(VK IK)| < €, € is thetermination
criterion,thenstop,otherwisek = k + 1 andgoto step
2.

Sincef (V) isaconvex function[6] underthefixedbranch
currentsany localminimumof f(V) is alsotheglobalmin-
imum. We have thefollowing proposition:

Proposition 1 There exists a ¢ so that step 3 always con-
verges to the global minimumin Q.

Proof Sketch: Forfunction f(X) = 3L, £, thetruncatedin-
earTaylorexpansioraroundXo is g(X) = 314 (& — %).
We have a mathematicaproof that for eachXo, therelis a
non-emptyicinity I of Xp (by settingg closeto 1) suchthat
for eachX e I if g(X) < g(Xo) thenf(X) < f(Xo).

In otherwords, given an initial point Xg = V,k, onecan
alwaysfind anon-emptyicinity of Xp, by increasing, close
enoughto 1, suchthatminimizing the linearexpansiong at
VX ,, alsodecreasetheoriginal function f.

So a decreasingsequenceV), VX, ..,VK} is generated,
which guaranteeso corverge to a local minimum. Since
f(X) is a corvex function, the local minimum is alsothe
globalminimum, sothe new algorithmwill corvergeto the
globalminimumin Q. O



We notethata similartechniquegalledsuccessive linear
programming (SLP) [3], wasfirst proposedoy Griffith and
Stawvartto solve problemsn oil andchemicalindustrieq8].

5 Practical Considerations and Algorithmic Remarks

In this sectionwe describesomepracticalconsiderationsn
how to applytheproposednethodo optimizepower/ground
networksin practice.

Selection of restriction factor . An importantissueis
how to selectthe restrictionfactor. In general,aslong
asproperty(15) holds,I" shouldbe aslarge aspossiblein
orderto reducethe numberof requirediterations. In our
implementationye alwaysbegin with small& to maximize
. If property(15) is not satisfied thenwe increaset, such
thatproperty(15) canbe satisfiedagain.

Algorithm Scalability. In practice thenumberof linear
programmingseededo reachthe optimumsolutionis only
afew. Thusthetime compleity of our methodis propor
tional to the compleity of linearprogramming.t is known
thatlinearprogramscanbe solvedin polynomialtime using
theinterior point method[3]. This makesour methodvery
promisingfor optimizingverylarge VLSI p/g networks.

Input Data Scaling. For practical P/G networks, the
modulecurrentsareusuallyin therangeof 1 x 10-°A. Branch
currentsandbranchvoltagescouldbecomevery smallif no
scalingis used. This would give rise to somenumerical
problemsfor the linear programmingsolver. In ourimple-
mentationscalingis used.

Converting power networksto ground networ ks. Pover
networks shouldbetransferrednto groundnetworksto fur-
therimprove the numericalstability. Thisis dueto thefact
thatthe voltagedrop closeto zerocanbe representetdhore
preciselythanthevoltagedropcloseto otherconstantalue.
For example,the voltagedrop 2.5 x 10~° hasto be repre-
sentedby 4.999975if the sourcevoltageis 5 volt. It canbe
proventhata powernetwork canbetransferrednto aground
network by usingthefollowing rules:

1. short-circuitall the VDD padsto theground.
2. inversethe directionsof all the independenturrent
sources.

6 Experimental Results

A CAD tool for p/g network optimizationhasbeendevel-

opedbasedntheproposedequence-of-linegorogranming
method. For comparisonChavdhury’s conjugategradient
method[6] hasbeencarefullyimplemented. A setof p/g
networks with tento morethanten thousandsegmentshas
beentested. All experimentsare performedon a SUN UlI-

tra | workstationwith 169MHz clock rate. The resultsare
summarizedn Tablel.

Lin fact, our researclwasmotivatedby initial attemptto implementthe conjugate
gradientmethodfor power/groundnetwork optimizationin anindustrysetting.

In Table 1, columns1 to 3 list, respectiely, the circuit
name(ckt), the numberof nodesin the circuit (# node) and
thenumberof brancheg# bch). Thenumberof iterations(#
iter) (solving P1-P2) , CPUtime in secondgtime), andthe
reducedchip areaof the original areain percentagdarea
reduced (%)) arereportedn columns4, 5 and6 for thenew
algorithmandcolumns7, 8 and9 for theconjugategradient
method.For example for p/gnetwork p4x4, thenew method
reduceshe chip areausedby 95.1%, while the conjugate
gradientmethodreduceghe chip areausedby 94.2%.

We have thefollowing obsenations:

o For large p/g network optimizationp3x500, g300x10,
p100x100, the conjugategradientmethodfinds solu-
tions that use much more chip areasthanthat of the
newv method.This is dueto the numericalproblemin-
herentin the conjugategradientmethod. During the
courseof optimization,the conjugatedirectionsmay
deterioratesuchthatthealgorithmgetsstuckataplace
far away from the optimum solution. In our imple-
mentation,we reinitialize the direction vectoraftern
steps,wheren is the numberof nodesin the p/g net-
work. Due to the large value of n for large p/g net-
works, the conjugatedirectionsmay deterioratemore,
andthuspreventsthe algorithmfrom reachingthe op-
timum. However, if we reinitializethedirectionsmore
frequently the quality of the solutioncanbeimproved
attheexpenseof moreCPUtime.

e Thenew algorithmis ordersof magnitudefasterthan
theconjugategradientmethod.

e We have obseredthatfor all the p/g networkstested,
with oneiteration,the new algorithmis ableto reduce
the mostof the silicon costthat canbe reduced;.e.,
findsasolutionthatis verycloseto theoptimum.Fig. 3
shavs how the objective function(overall silicon cost)
reduceswith the numberof iterationsfor an example
network.

scaled cost vs #iterations for new algorithm

1.02

min(x)

E 1015

O

2

1.005

1 15 2 25 3 35 4 45 5 55
#iteration

Figure3: Thecostreductionwith the numberof iterations.



Tablel: Comparisorof the new algorithmagainsthe conjugategradientmethod.

ckt #node | #bch new algorithm conjugatemethod Speedup
#iter | time [ areareduced(%)| #iter [ time [ areareduced(%)
pax4 17 23 4 0.43 95.1 21 78.7 94.2 183.0
g20x20 402 439 3 12.6 91.8 255 | 36147.1 90.8 2868.8
p3x500 1502 | 1505 2 37.6 47.8 67 2135.4 26.8 >56.8
g300x10 | 3002 | 3599 2 609.9 93.7 137 | 15192.1 78.4 >25.0
p100x100| 10002 | 10199 4 1325.6 80.7 117 | 41716.8 48.9 >31.5

In the experimentsabove, restrictionfactor § is setto
0.85. Recallthatthe feasibleregion I" for linear program
P3 is controlledby &. The closer¢g to 1, the smallerthe
region ", andthe betterg(V) approximated (V). Thatim-
plies,thetotal numberof linearprogramminggsolving P3)
requiredfor solvingP1 will increasebut the chanceto find
theminimumsolutionof the original problemincreasesOn
the otherhand,if we reduce morecloseto 0, the feasible
solutionregion I of the linear problemP3 enlages. Then
the linearizedfunction g(V) may not be able to approxi-
mate well the original function f(V). As a consequence,
the sequencef linearprogramsmay corvergeto a solution
with the costhigherthanthe optimumone. This obsenation
hasbeenconfirmedby theexperimentontheexamplecircuit
p4x4 asshowvn in Fig. 4 and5.

#of linear programmigs vs xi
T T

# of linear programmings

Figure4: Thenumberof linearprogrammingsersust, (xi).

7 Conclusions

A new methodis proposedor determininghewidthsof the
wire seggmentsin a power/groundnetwork so that the chip
arearequiredby the power/groundnetwork is minimized
while ensuringvoltagelR dropsandelectromigrationcon-
straints.We have shavn, theoretically thatthe nev method
is capableof finding a solutionasgoodasthatby the best-
known method.Experimentaftesultshave demonstratethat
the proposednmethodis ordersof magnitudefasterthanthe
best-knevn methodwith constantlybetter solutionquality.

costvs Xi
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Figure5: Thefinal costversust, (xi).
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