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ABSTRACT

In this paper, we propose a new performance bound anal-
ysis of analog circuits considering process variations. We
model the variations of component values as intervals mea-
sured from tested chip and manufacture processes. The new
method applies a graph-based symbolic analysis and affine
interval arithmetic to derive the variational transfer func-
tions of analog circuits (linearized) with variational coeffi-
cients in forms of intervals. Then the frequency response
bounds (maximum and minimum) are obtained by perform-
ing analysis of a finite number of transfer functions given by
the Kharitonov’s polynomial functions. We show that sym-
bolic de-cancellation is critical for the affine interval analysis.
The response bound given by the Kharitonov’s functions are
conservative given the correlations among coefficient inter-
vals in transfer functions. Experimental results demonstrate
the effectiveness of the proposed compared to the Monte
Carlo method.

Categories and Subject Descriptors

B.8.2 [Performance and Reliability]: Performance Anal-
ysis and Design Aids
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Algorithm, Performance
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1. INTRODUCTION

Analog and mixed-signal circuits are very sensitive to the
process variations as many matchings are required. This
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situation becomes worse as technology continues to scale to
90nm and below owing to the increasing process-induced
variability [9,13]. Transistor level mismatch is the primary
obstacle to reach a high-yield rate for analog designs in sub-
90nm technologies. For example, due to an inverse-square-
root-law dependence with the transistor area, the mismatch
of CMOS devices nearly doubles for each process generation
less than 90nm [4,7]. Since the traditional worst-case or
corner-case based analysis is too pessimistic to sacrifice the
speed, power, and area, the statistical approach [11] thereby
becomes a trend to estimate the analog mismatch and per-
formance variations. The variations in the analog compo-
nents can come from systematic (or global spatial variation)
ones and stochastic (or local random variation) ones. In this
paper, we model both variations as the parameter intervals
on the components of analog circuits.

Analog circuit designers usually perform a Monte-Carlo
(MC) analysis to analyze the stochastic mismatch and pre-
dict the variational responses of their designs under faults.
As MC analysis requires a large number of repeated circuit
simulations, its computational cost is expensive. Moreover,
the pseudo-random generator in MC introduces numerical
noises that may lead to errors. More efficient variational
analysis, which can give the performance bounds, is highly
desirable.

Bounding or worst case analysis of analog circuits under
parameter variations has been studied in the past for fault-
driven testing and tolerance analysis of analog circuits [5,
17,22]. The proposed approaches includes sensitivity anal-
ysis [23], the sampling method [18], and interval arithmetic
based approaches [5,12,17,22]. But sensitivity based method
can’t give the worst case in general and the sampling based
method is limited to a few variables. And interval arith-
metic methods are in general have the reputation of overly
pessimistic in the past. Recently worst-case analysis of lin-
earized analog circuits in frequency domain has been pro-
posed [12], where Kharitonov’s functions [3] was applied to
obtain the performance bounds in frequency domain, but no
systemic method was proposed to obtain variational transfer
functions.

In this paper, we propose a new performance bound analy-
sis algorithm of analog circuits considering the process varia-
tions. The new method employs several techniques to com-
pute the bounding responses of analog circuits in the fre-
quency domain. First the new method model the varia-
tions of component values as intervals measured from tested
chip and manufacture processes. Then the new method
applies determinant decision diagram (DDDs) graph-based
symbolic analysis to derive the exact symbolic transfer func-
tions from linearized analog circuits. After this, affine inter-
val arithmetic is applied to compute the variational transfer
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functions of the analog circuit with variational coefficients
in forms of intervals. Finally, the frequency response bounds
(maximum and minimum) are obtained by performing eval-
uations of a finite number of special transfer functions given
by the Kharitonov’s theorem, which shows the proved re-
sponse bounds for given interval polynomial functions in fre-
quency domain. We show that symbolic de-cancellation is
critical for reducing inherent pessimism in the affine inter-
val analysis. We also show that response bounds given by
the Kharitonov’s functions are conservative given the cor-
relations among coefficient intervals in transfer functions.
Experimental results demonstrate the effectiveness of the
proposed compared to the Monte Carlo method.

The rest of this paper is organized as follows: Section 2
gives a review on interval arithmetic and affine arithmetic.
Our proposed performance bound analysis method is pre-
sented in Section 3. Section 4 shows the experimental results
and Section 5 concludes this paper.

2. REVIEW ON INTERVAL ARITHMETIC
AND AFFINE ARITHMETIC

Interval arithmetic was introduced by Moore in the 1960s
(8] to solve range estimation considering uncertainties. In
interval arithmetic, a classical variable x is represented by an
interval & = [z, 2] which satisfies = < z < . However,
the interval arithmetic suffers the overestimation problem as
it often yields an interval that is much wider than the exact
range of the function.

As an example, given & = [—1,1], the interval evaluation
of & — produces [-1—1,1—(—1)] = [—2, 2] instead of [0, 0],
which is the actual range of that expression.

Affine arithmetic is proposed by Stolfi and de Figueiredo
[2] to overcome the error explosion problem of standard in-
terval analysis. In affine interval, the affine form & of random
variable x is given by

T =x0+ in&‘i, (1)
=1

in which each noise symbol €;(i = 1,2,...,n) is an indepen-
dent component of the total uncertainties of  which satisfies
—1 < g; <1, the coefficient x; is the magnitude of €; and xg
is the central value of &. The conversion from affine inter-
vals to classical intervals is easy as & in (1) can be converted
to [xo — rad(Z),zo + rad(£)] in which rad(z) = Y7, |4
is defined as the radius of the affine expression &. Basic
operation of addition and subtraction of affine arithmetic is
defined by

n
EEg=(zotyo)+ Y (wi L yi)es (2)
i=1
Return to the previous example, if = has the affine form
T =0+¢1 then T — 2 = g1 —e1 = 0 gives the accurate
result. Affine arithmetic multiplication is defined as

n

Ty =20 yo+ Z (zo - Yi + 2 - yo)es +rad(2) - rad(y) - €nt1, (3)
i=1

in which &,41 is a new noise symbol that is distinct from
all the other noise symbols €;(i = 1,2,...,n). We notice
that affine operations mitigate the problem associated with
symbolic cancellations in addition, but for multiplication,
the symbolic cancellation can still exist. For instance, & - ¢
-4y -2 = 0, but they will generate two different €,,41’s when
multiplication is done first and the complete cancellation
will not happen any more.
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3. THEPROPOSED PERFORMANCE BOUND

ANALYSIS METHOD

We first present the whole flow of the proposed new per-
formance bound analysis algorithm in Fig. 1. Basically the
proposed method consists of two major computing steps.
The first step is to compute the variational transfer func-
tions from the variational circuit parameters, which will be
done via DDD-based symbolic analysis method and affine
interval arithmetic (Steps 1-3). Second we compute the fre-
quency response bounds via Kharitonov’s functions, which
just requires a few transfer function evaluations (Step 4).
Kharitonov’s functions can lead to approved upper and lower
bounds for the frequency domain responses for a variational
transfer function. We will present the two major computing
steps in the following subsections.

Algorithm: NEW PERFORMANCE BOUND ANALYSIS OF
ANALOG CIRCUITS

Input: netlist, affine interval of selected circuit parame-
ters.

Output: conservative performance bound (magnitude,
phase) of the circuit.

1. Parse the netlist using modified nodal analysis and
construct the corresponding determinant decision
diagram (DDD).

2. Expend the DDD into s-expended DDD and per-
form the term de-cancellation.

3. Evaluate the s-expended DDD using affine interval
arithmetic to obtain the interval coefficients of the
nominator and denominator of the transfer func-
tion.

4. Using the Kharitonov’s functions to obtain the
magnitude and phase bounds of the transfer func-
tion in frequency domain.

Figure 1: The flow of proposed algorithm.

3.1 Variational transfer function computation

In this subsection, we first provide a brief overview of de-
terminant decision diagram (DDD) [15]. Next we show how
affine arithmetic can be applied to compute the variational
transfer function.

3.1.1 Symbolic analysis by determinant decision di-
agrams

Determinant Decision Diagrams [15] are compact and canon-
ical graph-based representation of determinants. The con-
cept is best illustrated using a simple RC filter circuit shown

T 1]
?TTT

Figure 2: An example circuit.

Its system equations can be written as

1 1 1
mTCt R TR O w] 1
TR w2t wy TR | (v2| = |0
0 ~ R R73+SC3 3
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We view each entry in the circuit matrix as one distinct
symbol, and rewrite its system determinant in the left-hand
side of Fig. 3. Then its DDD representation is shown in the
right-hand side.

A B 0
CD E
0 F G

Figure 3: A matrix determinant and its DDD rep-
resentation.

A DDD is a signed, rooted, directed acyclic graph with
two terminal vertices, namely the 0-terminal vertex and the
1-terminal vertex. Each non-terminal DDD vertex is labeled
by a symbol in the determinant denoted by a; (A to G in
Fig. 3), and a positive or negative sign denoted by s(a;).
It originates two outgoing edges, called I-edge and 0-edge.
Each vertex a; represents a symbolic expression D(a;) de-
fined recursively as follows:

D(ai) = ai - s(ai) - Da; + Da;, (4)

where D,,; and Dg, represent, respectively, the symbolic ex-
pressions of the vertices pointed by the 1-edge and 0-edge of
a;. The 1-terminal vertex represents expression 1, whereas
the O-terminal vertex represents expression 0. For example,
vertex F in Fig. 3 represents expression E, and vertex F' rep-
resents expression —FEF', and vertex D represents expression
DG — FE. We also say that a DDD vertex D represents an
expression defined the DDD subgraph rooted at D.

A I-path in a DDD corresponds with a product term in
the original DDD, which is defined as a path from the root
vertex (A in our example) to the 1-terminal including all
symbolic symbols and signs of the vertices that originate
all the 1-edges along the 1-path. In our example, there ex-
ist three 1-paths representing three product terms: ADG,
—AFFE and —CBG. The root vertex represents the sum of
these product terms. Size of a DDD is the number of DDD
vertices, denoted by |DDD].

Once a DDD has been constructed, its numerical values of
the determinant it represents can be computed by perform-
ing the depth-first type search of the graph and performing
(4) at each node, whose time complexity is linear function of
the size of the graphs (its number of nodes). The comput-
ing step is call Evaluate(D) where D is a DDD root. With
proper node ordering and hierarchical approaches, DDD can
be very efficient to compute transfer functions of large ana-
log circuits [15,19].

In order to compute the symbolic coefficients of the trans-
fer function in different powers of s, the original DDD can be
expended to the s-expanded DDD [16]. By doing this, each
coefficient of the transfer function is represented by a coeffi-
cient DDD. The s-expanded DDD can be constructed from
the complex DDD in linear time in the size of the original
complex DDD [16].

3.1.2 Variational transfer function
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Assume that each circuit parameter & becomes an affine
n

interval & = zo + Y zie; due to process variations, now
i=1

we want to compute the variational transfer function. The

resulting transfer function will take the following s-expanded

rational form:

N(s) _ Xitgais'

H) = B = S (5)

where coefficients a; and I;j are all affine intervals. This can
be computed by means of affine arithmetic [2]. Basically the
DDD FEwaluation operation traverses the DDD in a depth-
first style and performs one multiplication and one addition
at each node as shown in (4). Now the two operations will
be replaced by the addition and multiplication from affine
arithmetic.

3.1.3 Symbolic de-cancellation in DDD evaluation
using affine arithmetic

As mentioned before that the interval and affine arith-
metic operations are very sensitive to the symbolic term
cancellations, which, however, have significant presences in
the DDD and s-expanded DDD. It was shown that about
70%-90% terms in the determinant of a MNA-formulated
circuit matrix are canceling terms [20]. Notice that sym-
bolic cancellation always happens even in the presence of
parameter variations.

In DDD evaluation, we have both addition and multipli-
cation as shown in (4). Cancellation can lead to large errors
if not removed. For example, considering two terms & - ¢ - 2
and 2-y-(—2), and suppose & = 1+e1,§ = 14¢€2,2 = 1+e3
, then

2-9-2 = (l+ei+ex+eq) 2
= 1l+e1+e2+e3+¢ea+ 3¢5,
2:9-(-2) = (l+ex+est+es) (%)

= —1—61 —82—53—66—367.
However, the addition of these two terms is
T-g-24+2-9-(—%) =ea+ 3e5 — 6 — 3er, (6)

which should be 0. The reason is that in affine multiplication
defined in (3), the new noise symbol is actual a function
of the original noise symbols ¢;(i = 1,2,...,n), but affine
arithmetic assumes the new symbol is independent from the
original ones. As a result, the symbolic canceling terms will
result to inaccurate results, which can be as large as [—8, 8]
for (6).

Fortunately, we can perform the de-cancellation operation
on coefficient DDDs in the s-expanded DDDs in a very effi-
cient way during or after the coefficient DDD construction,
so that the resulting coefficient DDD is cancellation free [20],
which can significantly improve the interval computation ac-
curacy as shown in the experimental results.

3.1.4 Increase the accuracy of affine arithmetic by
considering second order noise symbols

The affine arithmetic used in DDD evaluation is addition
and multiplication. The affine addition is accurate as it
does not add any new noise symbol. However, for affine
multiplication shown in (3), every time a new noise symbol
en+1 is added and this process will reduce the accuracy of
the bound of affine arithmetic compared with real bound. In
our implementation, we store the coefficients of first order
as well as second order noise symbols and we only add new

18.4



noise symbol for higher orders. The affine multiplication
in (3) is changed to:

n n n o
&§ = zoyot+ Yy (Toyi + Tiyo)ei+ Y miyici+ > (wiy; + 7iy)eie;

i=1 i=1 i=1gj=i+1

(7

For simplicity, assume =, z", z;,y ™y, v > 0(:=0,1,
-++,n), the bound of Z§ in (7) is [xoyo — rads, Toyo + rads],
in which

rad, = Z (zoys + ziyo) — Z Z TiYj, (8)
i=1 i=1 =1

rads = Z (zoys + ziyo) + Z Z TiYj, (9)
i=1 i=1 =1

which is more accurate than the bound [zoyo — radz, zoyo +
radz] obtained by original affine multiplication in (3). For
other combinations of the value of ™, 2", z;,y~,y", i, the
accuracy of affine multiplication can also be increased ac-
cordingly via considering second order noise symbols.

3.2 Performance bound computation
via Kharitonov’s functions

Given a transfer function with variational coefficients, one
can perform Monte Carlo based approach to compute the
variational responses in frequency domain. However, more
efficient works can be done via Kharitonov’s functions which
is only a few, but can give the approved bounds of the re-
sponses in frequency domain.

Kharitonov’s seminar work proposed in 1978 [3] was orig-
inally concerned with the stability issues of a polynomial
(with real coefficients) with coefficient uncertainties (due to
perturbations). He showed that one needs to verify only
four special polynomials to ensure that all the variational
polynomials are stable.

Specifically, given a family of polynomials with real and
variational coefficients

P(s)=po+pis—+...+pas",p; <pi<p,i=0,-,n
(10)
Then the four special Kharitonov’s functions are:

Q1(jw) Pemin (w) + jPomin(w) (11)
Q2(jw) = Pemin(w) + jPomax(w) (12)
Q3(jw) = Pemaz(W) + jPomin(w) (13)
Qu(jw) = Pemas(w) + jPomaz(w), (14)
where
Pemin(@) = pg —psw’ +pjw’ —pie’ 4. (15)
Pemaz(w) = pd —prw’+piw* —psw®+--- (16)
Pomin(w) = prw—piw’ +psw’ —pfw’ +--- (17)
Pomaz(w) = pi —psw’ +pie’ —prw’ +---. (18)

One important observation is that the four special func-
tions given by Kharitonov’s theorem create a rectangle (called
Dasgupta’s rectangle) [1] in the complex response domain as
shown in Fig. 4(a), where the rectangle has edges in parallel
with real and image axis. The four Kharitonov functions
(polynomials) correspond to the four corners of the rectan-
gle.

Later Levkovich etc. [6] show that Kharitonov’s theorem
can be used to calculate the amplitude and phase envelops of
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a family of interval rational transfer functions of continuous-
time systems in frequency domain. The results can be easily
interpreted based on the Dasgupta’s rectangle (which is also
called Kharitonov’s rectangle), which can clearly show what
is the largest magnitude (the longest distance from origin
of the complex plane to one corner of the rectangle). Same
thing can be derived for the smallest magnitudes and the
bounds of the phase responses.

Specifically, in the complex frequency domain, the magni-
tude and phase response of Kharitonov’s rectangle in the
complex plane can be divided into nine states, which is
shown in Fig. 4(b) [6]. And the corresponding maximum
and minimum magnitude and phase of the nine states are
shown in Table. 1.

.

o—steme [ 7] T[]
\\ 8 ///

e e H e H e I
NP Re

P‘emin Pc‘max g | 5 | 3

Figure 4: (a) Kharitonov’s rectangle in state 8. (b)
Kharitonov’s rectangle for all 9 states.

Table 1: Extreme values of |P(jw)| and Arg P(jw) for
nine states

state | max min max min
|P(jw)] |[P(jw)| | arg[P(jw)] | arg[P(jw)]
1 Q4 1 Q2 Qs
2 Qg or Q4 Permin QQ Ql
3 Q3 Q2 Q4 Q1
4 Q1 or Q3 Pomaa Q4 Q2
o Q1 Q4 Qs Q2
6 Ql or Q2 Perax QS Q4
7 Q2 Qs (o] Qa4
S Q2 or Q4 Pomin Qs Q1
9 QirorQ2or |0 2 0
Q3 or Qa

In Table. 1, |P(jw)| and arg[P(jw)] are defined as the
magnitude and phase of the polynomial P(jw). Once the
variational transfer function is obtained from (5), the co-
efficients can be converted from affine interval to classical
interval as a; = [a; ,a;] and b; = b7, bﬂ Afterwards, one
can compute the upper and lower bounds of the transfer
function easily. Since the maximum and minimum magni-
tude and phase of nominator N(s) and denominator D(s)
has only a few possible cases which is shown in Table 1, it
is very straightforward to obtain the magnitude and phase
bound of H(s) compared to large sampling based Monte
Carlo simulations [6].

It was shown that if all the variational coefficients are not
correlated and the value of each coefficient in numerator
and denominator belongs to finite real interval, the magni-
tude and phase bound is precise (real bound) [6], i.e. each
bound will be attained by one function in the variational
function family. But in our problem, we know that each cir-
cuit parameter may contribute to several coefficients during
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the evaluations of coefficient DDDs and thus the variational
coefficients are not independent.

However, DDD can generate the dominant terms of each
coefficient in different powers of s by performing the shortest
path algorithm [21]. The shared parameters in the dominant
terms can be removed from different coefficients to tighten
the affine interval bounds and reduce the correlation be-
tween coefficients.

In the experiment part, we show that the bounds given by
Kharitonov’s theorem are conservative and it indeed cover
all the responses from the Monte Carlo simulation results.

4. EXPERIMENTAL RESULTS

We have implemented the proposed method in C++ and
the affine arithmetic part is based on [10]. All the experi-
mental results were carried out in a Linux system with quad
Intel Xeon CPUs with 3GHz and 16GB memory. The pro-
posed performance bound method was tested on two sample
circuits, one is a CMOS low-pass filter (shown in Fig. 5), an-
other is a CMOS cascode op-amp circuit [14] where the small
signal model is used to model the MOSFET transistors.

Figure 5: (a)A low-pass filter. (b)A linear model of
the op-amp in the low-pass filter.

The information about the complexity of complex DDD,
s-expended DDD after symbol de-cancellation are shown in
column 1 to 7 in Table. 3, in which NumP, DenP are the to-
tal numbers of product terms in the numerator and denomi-
nator of the transfer function and |DDD)] is the size(number
of vertices) of the DDD representing both the numerator and
the denominator of the transfer function. From the table, we
can see that s-expanded DDDs are able to represent a huge
number of product terms with a relatively small number
of vertices by means of sharing among different coefficient
DDDs.

First, we show that term de-cancellation is critical in im-
proving the accuracy for interval bounds in DDD evaluation
using affine interval. Table 2 shows the effect of coefficient
affine radius reduction considering term de-cancellation for
the given two example circuits during the DDD evaluation
under different set of variations. Var, Nom, Den represents
process variation, nominator and denominator, respectively.
As can been seen from the table, the average radius reduc-
tion amount is 144% and 64% for nominators and denomi-
nators, respectively, and the reduction effect grows with the
increasing of process variation. As a result, symbolic de-
cancellation can indeed significantly reduce the pessimism
of affine arithmetic.

Second, we present the performance of our proposed method.

For the low-pass filter example, we introduce 3 noise symbols
€ as the local variation source for the VCCS, resistor and
capacitor inside linear op-amp model shown in Fig. 5(b).
And we introduce another 4 noise symbols e for other de-
vices of the filter as global variation. For the cascode op-
amp example, we introduce 3 noise symbols € for the VCCS,
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resistor and capacitor inside the small signal model for each
MOSFET transistor as local variation source and introduce
another 6 noise symbols ¢ for other devices in the op-amp
as global variations. The total number of noise symbols for
each testing circuit is shown in the 8" column in Table 3.
As an DDD expression is exactly symbolic and does not have
any approximations, it is proved to be accurate compared
with SPICE (which uses the simple linearized device mod-
els). In our experiments, we compare our result with the
Monte Carlo simulations using DDD. We tested our algo-
rithm on different global/local variation pairs as is shown
in column 9. We introduce the bound range, which is the
average value of the result of the bound of the Monte Carlo
simulation divided by the bound of the proposed method.

Shown in Fig. 6 and Fig. 7 are the two results for compar-
ison for the proposed and the Monte Carlo method under
10% global, 10% local variation and 5% global, 10% local
variation, in which Affine DDD is our proposed method
and the Nominal is the response of the circuit without pa-
rameter variation. During all our simulations, we found
that the bound calculated by Kharitonov’s functions in our
method is always the conservative bound compared with
Monte Carlo. However, further investigation are needed to
obtain tighter bound using affine arithmetic. We chose the
Monte Carlo samples to be 10000. The speed up of the new
method compared with Monte Carlo is shown in column 12
in the Table 3. The average speed up is 90X for given cir-
cuits.

Table 2: Summary of coefficient radius reduction

with cancellation.
Var. Ave. Max. Min.

Nom. Den. | Nom. Den. | Nom. Den.

5% 59% 27% | 252% 53% 16% 5.5%
10% | 139% 62% | 301% 123% 3% 12%
15% | 234% 103% | 516% 305% 56% 21%

Bode Diagram of CMOS Lowpass Filter

10 T T
g 0
[}
3 -10t Monte Carlo
g, Nominal
S 0} |-~ Affine DDD
-30 i i i
10° 10 10° 10° 10
0 -
-20 1
F
T -401 Monte Carlo
© R
@ _got Notmnal
f ‘‘‘‘‘ Affine DDD
-80f =
-100 : : :
10° 10 10° 10° 10

Frequency (Hz)

Figure 6: Bode diagram of the CMOS lowpass filter.

5. CONCLUSIONS
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Table 3: Summary of DDD information and performance of the proposed method.
1 2 3 | 4 5 | 6 | 7 8 9 10 | 11 12
circuit complex DDD s-expanded DDD number | global/local | bound range | speed up
NumP | DenP | |[DDD| | NumP | DenP | |[DDD)] of € variation mag pha to MC
Low-pass 5 8 31 7 70 32 7 5% / 10% | 95.1% | 93.8% 115
10% / 10% | 92.5% | 91.9% 101
Cascode 76 216 153 4143 | 13239 561 30 5% / 10% | 83.9% | 84.3% 77
10% / 10% | 81.1% | 80.2% 68
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