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SUMMARY

In this article, we propose H 2-based finite element (FE) solver for transient thermal analysis of high-
performance integrated circuits (ICs). H2-matrix is a special subclass of hierarchical matrix or H-matrix,
which was shown to provide a data-sparse way to approximate the matrices and their inverses with almost
linear space and time complexities. In this work, we show that H2-based mathematical framework can also
be applied to FE-based transient analysis of thermal parabolic partial differential equations. We show how
the thermal matrix can be approximated byH2-representations with controlled error. Then, we demonstrate
that both storage and time complexities of the new solver are bounded byO Nð Þ, where N is the matrix size.
The method can be applied to any thermal structures for both steady and transient analysis. The numerical
results from 3D ICs demonstrate the linear scalability of the proposed method in terms of both memory
footprint and CPU time. The comparison with existing product-quality LU solvers, CSPARSE and
UMFPACK, on a number of 3D IC thermal matrices, shows that the new method is much more memory
efficient than these methods, which however prevents the demonstration of the potential speedup of the
proposed method over those methods. Copyright © 2014 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Elevated on-chip temperature has become a top concern for high-performance microprocessor and
integrated circuits (ICs) design as more devices are integrated on a chip. As the power density
continues to increase, the excessively high temperature spots would adversely lead to performance
degradation, increased cooling costs, reduced reliability, and signal integrity issues for high-
performance ICs and microprocessors [1–4]. Thus, accurate and efficient thermal modeling and
analysis are vital for the thermal-aware VLSI design [5–7] to improve performance, reliability, power
reduction as well as online temperature regulation techniques [3,8].

Traditional thermal analysis solves the partial thermal diffusion equations using numerical approaches
such as the finite difference method (FDM) [9, 10] and the finite element method (FEM) [11, 12]. The FE
discretization of thermal initial-value problems typically leads to a large sparse FE system, which can be
solved by iterative and direct methods. The iterative methods are usually efficient. However, the
convergence of the iteration highly depends on an appropriate preconditioner, which is often problem-
*Correspondence to: Sheldon X.-D. Tan, Department of Electrical and Computer Engineering, University of California,
Riverside, CA 92521, USA.
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dependent. For LU-based direct method, it typically is more expensive for both memory and computation
with super-linear time complexity [13]

There exists a general mathematical framework called the hierarchical matrix (H-matrix) framework
[14–16], which enables a highly compact representation and efficient numerical computation of the
matrices (dense or sparse). The H-matrix method splits a large matrix into a hierarchy of blocks, which
are approximated by low-rank matrices in factored form. Storage requirements of LU decomposition
and matrix inverse using H -matrix arithmetics have been shown to be of almost linear complexities
O N logNð Þ and O N log2N

� �
, where N is the size of the matrix. H-matrix was shown to be well suited

for data-sparse representation of dense or sparse matrices arising in FEM or for the approximation of
the inverse to the FE matrices for elliptic partial differential equations (PDEs). These matrices are not
necessarily sparse, but they are data-sparse in the sense that these matrices can be described by only
few data. The H-matrix structure has been used in solving electrostatic and magneto-static problems
in which the resulting electromagnetic wave PDEs are hyperbolic [17]. Recently, we proposed an
FE-based method for transient thermal analysis of high-performance ICs, which is a parabolic problem,
based on the H-matrix representation [18, 19]. We approved that the H-matrix based approach can still
work for the parabolic problems. We also demonstrated that the H -matrix representation method for
thermal analysis of high-performance ICs can reduce the original dense storage O N2

� �
to the sparse

storage O N logNð Þ.
Later on,H2-matrices were further proposed [20–22], which are a specialized subclass of hierarchical

matrices. It was shown that H2-matrices can be stored by linear space complexities. The resulting
H 2-matrix operations such as addition, multiplication, LU factorization, and even inverse can
be performed in almost linear complexity. The nested structure is the key difference between general
H -matrices and H 2-matrices, because it permits an efficient reuse of information across the entire
cluster tree. The H 2-matrix structure has been used to solve the elliptic PDEs [21, 22], integral
equations [20], and recently for solving electromagnetic wave PDEs [23, 24].

It has been shown that theH2-matrix method can significantly reduce storage requirements for large
problems arising from integral equations and elliptic PDEs. This article presents anH2-based FE linear
solver that allows us to construct anH2-matrix without storing the entire original matrix. The main idea
of the H2-matrix method is to approximate submatrices and combine them by row-index and column-
index cluster spaces to form approximations of larger matrices until the entire thermal matrix has been
treated. TheH2-LU decomposition can be computed in the algebra of hierarchical matrices with almost
liner complexity and with the same robustness as the existing LU-based CSPARSE [25] and
UMFPACK [26] solvers. Low-precision approximations of the H 2-representation can be used to
precondition iterative solvers. Using the H2-matrix method, the storage requirements could be far
less than modern direct solvers such as CSPARSE and UMFPACK, which will be shown later in
the numerical results of Section 5.

In this article, theH2-matrix technique is applied to solve both steady and transient thermal analysis
problems using FE-based approaches. For heat diffusion PDEs, the steady state PDEs are elliptic, while
the transient PDEs are parabolic [9]. Not many works have been reported for H2-matrix FE-based
solvers for parabolic PDEs so far as most of works focused on either elliptic or hyperbolic PDEs. In
this article, we propose an H2-matrix-based FE linear solver, which employs a refined representation
of thermal matrices. We will show the H 2-representation possesses a nested structure, which can
be used to reduce the storage requirements of hierarchical matrices. With the multilevel structure of
H2-matrices, the proposed H2-based solver can reduce the dense storage to the O Nð Þ sparse storage.
The contributions of this article are summarized as follows:

• We show that theH2-matrix techniques can be used to simulate the transient thermal model, which
is described by a parabolic PDE. We demonstrate that the thermal matrix built from the thermal
model by the FEM can be represented by an H2-matrix.

• We demonstrate that good approximates could be constructed with an upper bound on the error in
the Frobenius norm. This error bound is related to the small singular values of a Gram matrix,
which is used for the H2-representation of the thermal matrix.

• We reveal that the inverse of the thermal matrix generated from the FE model of the dynamic
heat equation can be also approximated as an H2-representation. It is shown that for very large
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2015; 43:1953–1970
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scale thermal systems, the memory of the H2-based solver can be bounded by O Nð Þ, where N is
the matrix size.

The numerical results from a 3D IC demonstrate the linear scalability of the proposed method in terms
of both memory footprint and CPU time. The comparison with existing product-quality LU solvers,
CSPARSE, and UMFPACK, on a number of 3D IC thermal matrices, shows that the new method is
much more memory efficient than these methods. Because those methods fail to work on some large
examples on the given workstation, we cannot perform the CPU time comparisons on larger examples
and thus cannot demonstrate the potential speedup of the proposed method over those methods.

The rest of this article is organized as follows. In Section 2, we introduce the basics for the FE model
of the 3D thermal equation. In Section 3, we discuss the H2-representation of the thermal matrix and
analyze the error for thisH2-representation. In Section 4, theH2-matrix arithmetics in linear complexity
are described. Section 5 presents some numerical results, and Section 6 concludes this article.
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2. REVIEW OF FE-BASED THERMAL ANALYSIS

The transient heat conduction equation [27] for the circuit, package, and board levels is given by

ρCp
∂T →r ; tð Þ

∂t
¼ ∇� κ →r; Tð Þ�∇T →r; tð Þ½ � þ g →r; tð Þ; (1)

with the Robin’s boundary condition κ →r; Tð Þ∂T
→
r; tð Þ

∂ni ¼ hi T
→r; tð Þ � Tað Þ . In Equation (1), T is the

temperature (K), ρ is the density of the material (kg/m3), Cp is the mass heat capacity (Jkg� 1K� 1), κ is
the thermal conductivity (Wm� 1K� 1), and g is the heat energy generation rate (W/m3). In the
boundary condition, ni is the outward direction normal to the boundary condition i, hi is the heat-
transfer coefficient (Wm� 2K� 1), and Ta is the ambient temperature surrounding the thermal systems. If
hi=0, the boundary condition is adiabatic; otherwise, it is convective. Note that the thermal
conductivity κ differs for different materials and also depends on the temperature. In our work, we
assume that κ is constant for each material. Then, Equation (1) can be written as

κ
∂2T
∂x2

þ ∂2T
∂y2

þ ∂2T
∂z2

� �
þ g ¼ ρCp

∂T
∂t

: (2)

The corresponding boundary condition is given by

T ¼ Tb on S1;

κ
∂T
∂x

n1 þ
∂T
∂y

n2 þ
∂T
∂z
n3

� �
þ q ¼ 0 on S2;

κ
∂T
∂x

n1 þ
∂T
∂y

n2 þ
∂T
∂z
n3

� �
þ h T � Tað Þ ¼ 0 on S3;

8>>>>><
>>>>>:

and the initial condition T=T0 at t=0, where n1, n2, and n3 are surface normals, q is the heat flux and h
is the heat transfer coefficient.

By the Galerkin FEM [11], the temperature is discretized over space asT x; y; z; tð Þ ¼
XN
i¼1

φi x; y; zð ÞTi tð Þ,

where φi(x,y, z) are the shape functions, N is the number of nodes on the element, and Ti(t) are the nodal
temperatures. For simplicity, let Φ= [φ1φ2⋯φN], T= [T1T2⋯TN]

T, and

B ¼

∂φ1
∂x

∂φ2
∂x

⋯
∂φN
∂x

∂φ1
∂y

∂φ2
∂y

⋯
∂φN
∂y

∂φ1
∂z

∂φ2
∂z

⋯
∂φN
∂z

2
6666664

3
7777775
:
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By using the FE discretization, we will have the following discretized equation:

C
∂T
∂t

þ GT ¼ f; (3)

where the capacity matrix C, the conductance matrix G, and the thermal load f are given by

C ¼ ∫ΩρCpΦTΦdΩ;

G ¼ ∫Ω κBTBdΩþ ∫S hΦTΦdS;

f ¼ ∫Ω gΦTdΩ� ∫S2 qΦTdS2 þ ∫S3 hTaΦTdS3:

8>>><
>>>:

(4)

For the steady state analysis of Equation (3), the time-dependent term ∂T
∂t equals to zero. Thus, Equation (3)

can be reduced to GT= f. For the transient response analysis of Equation (3), the FDM can be applied to
compute this result. By using the backward difference method [9], Equation (3) can be approximated by
the following linear system:

Gþ C
Δt

� �
Tnþ1 ¼ fnþ1 þ C

Δt
Tn; (5)

where Δt is the time discretization step, Tn + 1 and fn + 1 are the approximations of the temperature vector
T and the thermal load vector f at time tn + 1, respectively.
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3. H2-MATRIX FOR FE-BASED THERMAL ANALYSIS

When analyzing the transient thermal problem of high-performance ICs, the resulting FE model with
high order is sometimes too expensive to solve. It is essential to seek more efficient algorithms for
computational purpose. In this section, we present H2-matrix representations for the capacity matrix,
the conductance matrix, and the thermal matrix.

3.1. Introduction of H2-matrix

The hierarchical matrix (H -matrix) was introduced in treating elliptic PDEs. It enables a compact
representation of dense matrices using low rank approximation. For an H -matrix, its certain off-
diagonal block Hb (how to determine the block will be shown later) with dimension m× n can be
written as Hb=VW

T. V and W have dimensions of m×q and n× q, respectively, where q is much
smaller than m and n. This low rank approximation is made by interpolating the first integration
variable of the kernel function of the original dense matrix. If the kernel function is smooth in the
first variable, the interpolation will have good accuracy and resulting in the accurate and efficient
sparse approximation of the H-matrix against the original dense matrix. The H-matrix reduces the
original dense storage O N2

� �
to the sparse storage O NlogNð Þ.

Recently, new advances in hierarchical matrix research bringH2-matrix. The basic idea ofH2-matrix
is that instead of only interpolating the first integration variable of the kernel function integration, two
integration variables are interpolated together to make the low rank approximation matrix even more
compact. Different from the H -matrix case, for H2-matrix, its certain off-diagonal block Hb with
dimension m× n can be written as Hb=VSW

T, and V, S, and W have the dimensions m× r, r× r,
and n× r, respectively, where r is much smaller than m and n. With the new low rank approximation
technique, the H2-matrix further reduces the dense storage to the O Nð Þ sparse storage.

3.2. Construction of H2-matrix

The H2-matrix [20] enables a data sparse representation with high accuracy for matrices, which often
arise in modeling of complex physical processes. To define an H2-matrix, we have to consider a tree
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2015; 43:1953–1970
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structure. Let t be the vertex of the tree T , then we denote by S(t) the set of sons of t. If S(t) =Φ, t is a
leaf of T . For simplicity, L Tð Þ and r Tð Þ denote the set of leaves and the root of T , respectively. Given
the index set I ={1, 2,⋯,N}, we define the cluster tree T I satisfying the following conditions: (i)

I∈T  and (ii) if t∈T I has no leaf, then t ¼ ∪
�

s∈S tð Þ
s , where the notation ˙ ˙ denotes the disjoint

union. If we define the sets I l
i ¼ i� 1ð Þ2p�l þ 1;⋯; i2p�l

� 	
, where I 0

1 ¼ I , 0≤ l≤ p, and 1≤ i≤ 2l,
obviously these sets form a cluster tree T I of height p. The superscript l indicates the level of the
tree T I . In the following, we denote by |I | the cardinality of the set  and call the vertex of the
tree T I a cluster.

To build an H2-matrix H∈ℝ Ij �j Ij j for the entire FE model, we need to introduce the concept of
admissibility condition, where I ={i1, i2,⋯, iN} is the re-ordered index set containing the indices of
the basis functions φi or nodes in global domain Ω with the total number of N unknowns. For any
two clusters r and s of the tree T I , the admissibility condition is defined as follows:

min diam Ωrð Þ; diam Ωsð Þf g≤ η dist Ωr;Ωsð Þ; (6)

where Ωr and Ωs⊆Ω contain the supports of all the basis functions subject to r and s, diam(�) is the
Euclidean diameter of the subsets, dist(�,�) is the Euclidean distance of two subsets, and η is a
positive constant. Given two clusters r and s satisfying the admissibility condition (6), the
corresponding matrix block can be represented as an H2-matrix. According to the definition of the
H2-matrix in [20], the admissible matrix block has a factorized form

Hr�s ¼ VrSr�sWT
s ; (7)

where Vr∈ℝ rj j�kr , Sr�s∈ℝkr�ks , and Wr�s∈ℝ sj j�ks , in which kr and ks are less than |r| and |s|.
Because rank VrSr�sWT

s

� �
≤ rank Sr�sð Þ≤min kr; ksf g, an H2-matrix is also a hierarchical matrix. The

families Vrð Þr∈T I
and Wsð Þs∈T I

are row and column cluster basis for the tree T I , which are used for
an H2-representation.

As an example, let us consider one-dimensional structure. The node index set I ={1, 2,⋯, 8} with
corresponding domain [0, 1] is shown in Figure 1. In Figure 2, we show the corresponding block
cluster tree for p=3. The root of the block cluster tree is I × I . The clusters that are admissible in
Figure 2 are connected with red line and stored as leaves of the block cluster tree. No admissible
clusters are found in other levels. The construction of block cluster tree defines the H -matrix
Figure 1. One-dimensional FEM mesh.

Figure 2. The block cluster tree for p= 3.

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2015; 43:1953–1970
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3.3. H2-matrix for the thermal capacity matrix

In order to convert an arbitrary matrix into an H2-form, we need to construct the corresponding basis.
For the heat capacity matrix C in Equation (4), because of its special property, orthogonal cluster basis
can be built to simplify the conversion process. Before we approximate the matrix C into anH2-matrix,
we first state and prove the following result.

Theorem 1
The heat capacity matrix, C= ∫Ω ρCpΦTΦdΩ is a hierarchical matrix.

Proof
Given two admissible clusters r, s⊆I, according to the structure of C, we can see that there exist four
matrices Ki and Li for the matrix Cr × s such that

Cr�s ¼ K1LT
1 þK2LT

2 ¼ K1 K2½ � L1 L2½ �T:

From the previous expression, we know that

rank Cr�sð Þ≤min rank K1 K2½ �ð Þ; rank L1 L2½ �ð Þf g;

which implies that the matrix C is a hierarchical matrix. □
We now represent the capacity matrixC as anH2-matrix. For the two admissible clusters r and s, we can

see from theorem 1 that the matrix Cr × s has the factorization Cr�s ¼ KCLT
C , where KC∈ℝ rj j�kH and

LC∈ℝ sj j�kH . To get a suitable row cluster basis for the matrix Cr × s, we need to compute the Gram
matrix Cr�sCT

r�s ¼ KC LT
CL

� �
CK

T
C . From [16], the computation of all matrices LT

CLC requires a total

complexity of O k2HpN
� �

, where p is the height of the tree. Performing a singular value matrix

decomposition on the matrix KC LT
CLC

� �
KC yields KC LT

CLC
� �

KC ¼ VCΣ2
CV

T
C , where VC∈ℝ rj j�kH

and ΣC ¼ diag σC;1; ⋯ ; σC;kH
� 	

∈ℝkH�kH in which σC;1≥⋯≥σC;kr≫σC;krþ1≥⋯≥σC;kH ≥ 0. Thus, we
can compute the row cluster basis VC,r for the matrix Cr × s as VC;r ¼ VC rj j�kr



 . A similar process of
computing the row cluster basis can be used to build the column cluster basis for the matrix Cr × s.
Concretely, we compute the following full singular decomposition:
Figure 3. H2-matrix structure of 1D example.
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CT
r�sCr�s ¼ KC LT

CLC
� �

KC ¼ WCΣ2
CW

T
C;

where WC∈ℝ sj j�kH . Assuming that σC;1≥⋯≥σC;ks≫σC;ksþ1≥⋯≥σC;kH ≥0, then the column cluster
basis WC;s ¼ WC sj j�ks



 . Finally, the coupling matrix SC,r × s for the H2-representation of the matrix

Cr × s can be defined by SC;r�s ¼ VT
C;r KCLT

C

� �
WC;s . This representation has an upper error bound,

which can be seen from the following theorem.

Theorem 2
For the matrix Cr × s and its H2-representation form, we have

Cr�s � VC;rSC;r�sWT
C;s

��� ���
F
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXkH
i¼min kr ;;ksf gþ1

2σ2C;i

vuut :

Proof
According to the definition of the Frobenius norm, we have

Cr�s � VC;rSC;r�sWT
C;s

��� ���2
F

¼ Cr�s � VC;rVT
C;rCr�sWC;sWT

C;s

��� ���2
F

¼ Cr�s � VC;rVT
C;rCr�s þ VC;rVT

C;r Cr�s � Cr�sWC;sWT
C;s


 ���� ���2
F

≤ Cr�s � VC;rVT
C;rCr�s

��� ���2
F
þ VC;rVT

C;r

��� ���2
2

Cr�s � Cr�sWC;sWT
C;s


 ���� ���2
F

≤ Cr�s � VC;rVT
C;rCr�s

��� ���2
F
þ CT

r�s �WC;sWT
C;sC

T
r�s

��� ���2
F
:

Based on the aforementioned singular value decompositions of the matricesCr�sCT
r�s andC

T
r�sCr�s, we

can compute the singular value decompositions of the matrices Cr × s andC
T
r�s asCr�s ¼ VCΣCUT

1 and
CT

r�s ¼ WCΣCUT
2 , respectively, where U1∈ℝ sj j�kH and U2∈ℝ rj j�kH are both unitary matrices. Now we

can see that

Cr�s � VC;rSC;r�sWT
C;s

��� ���2
F

≤ VCΣCUT
1 � VC;rVT

C;rCr�s

��� ���2
F
þ WC

P
CU

T
2 �WC;sW

T
C;sC

T
r�s

��� ���2
F

≤ VCΣCUT
1 � VCj rj �krj VCjTr �krjj VCΣCUT

1

��� ���2
F

þ WCΣCUT
2 �WCj sj �ksj WCjTs �ksjj WCΣCUT

2

��� ���2
F

¼ VC � VCj rj �krj VCjTr �krjj VC


 �
ΣCUT

1

��� ���2
F
þ WC �WCjs �ksj WCjTs �ksjj WC


 �
ΣCUT

2

��� ���2
F

≤
XkH

i¼krþ1

σ2C;i þ
XkH

i¼ksþ1

σ2C;i≤
XkH

i¼min kr ;;ksf g þ1

2σ2C;i;

which indicates our claim. This completes the proof. □
We can conclude that the truncation of the singular values related to the singular value decompositions

of the Gram matrices does not change theH2-representation form of the heat capacity matrix. Theorem 2
shows that there exists a global error bound for thisH2-representation method. The truncation of the small
nonzero improper singular values may lead to an inaccurate approximation.
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2015; 43:1953–1970
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3.4. H2-matrix for the thermal conductance matrix

In this section, we look at the problem of the H2-representation, the thermal conductance matrix G in
Equation (4). Note that the matrix G has the same structure as the matrix C. Similar to theorem 1, we
can also prove that the matrix G= ∫ΩκBTBdΩ+ ∫ShΦTΦdS is a hierarchical matrix.

Now, we make use of the aforementioned method to compute theH2-representation of the matrix G.
Given two admissible clusters r and s, because of the hierarchical structure of the matrix G, there
exist two matrices KG∈ℝ rj j�kH and LG∈ℝ sj j�kH such that Gr�s ¼ KGLT

G . Taking a singular

value decomposition of the matrix Gr�sGT
r�s , we get Gr�sGT

r�s ¼ VGΣ2
GV

T
G , where VG∈ℝ rj j�kH and

ΣG ¼ diag σG;1; ⋯ ; σG;kH

� 	
∈ℝkH�kH . Similarly, performing the singular value decomposition of the

matrix GT
r�sGr�s yields GT

r�sGr�s ¼ WGΣ2
GW

T
G , where WG∈ℝ sj j�kH . We also assume that

σG;1 ≥⋯≥ σG;min kr ;;ksf g≫σG;min kr ;;ksf gþ1 ≥⋯≥ σG;kH ≥ 0. Therefore, by truncating the small singular values,

the row and column orthogonal cluster basis can be constructed as VG;r ¼ VG rj j�kr



 and WG;s ¼ WG sj j�ks



 ,

respectively. The corresponding coupling matrix SG,r× s can be given by SG;r�s ¼ VT
G;r KGLT

G

� �
WG;s .

Similar to the result stated in theorem 2, there is a global error bound for the H2-representation
Gr�s ¼ VG;rSG;r�sWT

G;s.

3.5. H2-matrix for the transient thermal matrix

We now proceed to compute the H2-representation for the thermal matrix Gþ C
Δt. For simplicity, we

denote by H the thermal matrix, that is, H ¼ Gþ C
Δt. From Equation (4), we can see that

H ¼ ∫Ω κBTBdΩþ ∫S hΦTΦdSþ 1
Δt
∫Ω ρCpΦTΦdΩ;

which implies that the structure of the matrix H is the same as the matrix G. Therefore, the matrix H is
also a hierarchical matrix. Following the computation process discussed in the previous section, we can
compute the row and column orthogonal cluster basis for the H2-representation of the matrix H. The
aforementioned technique tries to directly approximate the matrix H as an H 2-representation by
computing its corresponding cluster basis and coupling matrix. However, if the H2-representations
of the matrices G and C have been computed, then we can compute the H2-representation of the
matrix H by using the cluster basis and coupling matrices of the matrices G and C. The following
theorem is the computation process toward the goal of this representation.

Theorem 3
Suppose that the matrices G and C have been represented as the H2-matrices. Then the matrix H also
has an H2-representation Hr�s ¼ VH;rSH;r�sWT

H;s for the admissible clusters r and s.

Proof
Without loss of generality, suppose that for two arbitrary clusters r and s, the matrices Cr × s and Gr × s

can be represented as Cr�s ¼ VC;rSC;r�sWT
C;s and Gr�s ¼ VG;rSG;r�sWT

G;s, respectively, then we have

Hr�s ¼
1
Δt
Cr�s þGr�s

¼ 1
Δt
VC;rSC;r�sWT

C;s þ VG;rSG;r�sWT
G;s

¼ 1
Δt
VC;r VG;r

� � SC;r�s 0

0 SG;r�s

" #
WT

C;s

WT
G;s

2
4

3
5:

Let VH;r ¼ VC;r

Δt VG;r

� �
, SH,r × s=diag{SC,r × s,SG,r × s}, and WH,s= [WC,s WG,s], then it has

Hr�s ¼ VH;rSH;r�sWT
H;s , which indicates an H 2-representation of the matrix H. This completes

the proof. 

We are therefore led to a methodology for theH2-representation of the matrixH by the proof process
of theorem 3. To build anH2-representation of H, one might compute the row and column cluster basis
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2015; 43:1953–1970
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and coupling matrices of the matrices G and C. There exists a global error bound for this
representation, which can be stated as the following result.

Theorem 4
For the thermal matrix H and its H2-representation form, we have

Hr�s � VH;rSH;r�sWT
H;s

��� ���
F
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXkH
i¼min kr ;;ksf gþ1

2
σ2C;i
Δt

þ σ2G;i

 !vuut :

Proof
According to the H2-representations of the matrices Cr × s and Gr × s, we obtain

Hr�s � VH;rSH;r�sWT
H;s

��� ���2
F

¼ 1
Δt

Cr�s � VC;rSC;r�sWT
C;s


 �
þ Gr�s � VG;rSG;r�sWT

G;s


 �����
����
2

F

≤
1
Δt

Cr�s � VC;rSC;r�sWT
C;s

��� ���2
F
þ Gr�s � VG;rSG;r�sWT

G;s

��� ���2
F
:

Applying theorem 2 on the previous inequality, we get

Hr�s � VH;rSH;r�sWT
H;s

��� ���2
F
≤

XkH
i¼min kr ;;ksf gþ1

2σ2C;i
Δt

þ 2σ2G;i:

This completes the proof.
The previous theorem leads to a global error result for the H2-representation of the matrix H. Note

that, as aforementioned, this bound is in terms of the small singular values of the matrices Gr�sGT
r�s

and Cr�sCT
r�s . This error result is analogous to the error result of theorem 2. In the following, we

present a general procedure for calculating the H2-representation of the thermal matrix H using the
H2-representations of the matrices G and C. We summarize the algorithm as follows:

Step 1. For the clusters r and s, we compute the hierarchicalH-matrix representation asGr�s ¼ KGL
T

G.
Step 2. We perform the singular value decompositions on the Gram matrices Gr × sGr × s andG

T
r�sGr�s

as Gr�sGT
r�s ¼ VGΣ

2

GV
T

G and GT
r�sGr�s ¼ WGΣ2

GW
T
G, respectively.

Step 3. For the capacity matrix C, we compute its hierarchical representation as Cr�s ¼ KCLT
C and

compute the singular value decompositions of the Gram matrices Cr�sCT
r�s and CT

r�sCr�s as
Cr�sCT

r�s ¼ VCΣ2
CV

T
C and CT

r�sCr�s ¼ WCΣ2
CW

T
C, respectively.

Step 4. For the matrices G and C, we compute their row and column cluster basis asVG;r ¼ VG rj j�kr



 ,

WG;s ¼ WG sj j�ks



 , VC;r ¼ VC rj j�kr



 , and WC;s ¼ WC sj j�ks



 , respectively. The corresponding

coupling matrices are given by SG;r�s ¼ VT
G;r KGLT

G

� �
WG;s and SC;r�s ¼ VT

C;r KCLT
C

� �
WC;s.

Step 5. For the thermal matrix H, we compute itsH2-representation asHr�s ¼ VH;rSH;r�sWT
H;s, where

VH;r ¼ VC;r

Δt VG;r

� �
, SH,r × s=diag{SC,r × s,SG,r × s}, and WH,s= [WC,s WG,s].
rticles are governed by the applicable C
rea
4. H2-MATRIX-BASED LU DECOMPOSITION

In this section, we show that the inverse of the thermal matrix can be represented as anH2-matrix, and
the H2-representation possesses a nested structure. Particular emphasis is on the H2-LU factorization
and its complexity analysis.
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2015; 43:1953–1970
DOI: 10.1002/cta

tive C
om

m
ons L

icense



1962 H.-B. CHEN ET AL.

 1097007x, 2015, 12, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cta.2051 by U

niversity O
f C

alifornia R
iverside, W

iley O
nline L

ibrary on [23/06/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reat
4.1. Inverse of the thermal matrix

Because the inverse of the thermal matrix H is rather expensive, we need to develop an algorithm that
computes an approximation to the inverse of H without the need to invert H. Let the matrix H be given
in 2× 2 block form

H ¼
H11 H12

H21 H22

� �

with the submatrixH11 regular. Thus, the inverse ofH can be computed by use of the following equation:

H�1 ¼
H�1

11 þH�1
11 H12S�1H21H�1

11 �H11H12S�1

S�1H21H�1
11 S�1

" #
;

where S ¼ H22 �H21H�1
11 H12. If the inverses H�1

11 and S� 1 are already done, then only multiplications
and additions of submatrices are required to be performed. This process only requires computing the
inverse of H11 and S, which is much faster than computing the whole inverse of H.

To solve the system (5), one does not need the whole inverse but only an algorithm to perform
matrix vector multiplications. In that case, it is sufficient to compute a Cholesky or LU
decomposition of the matrix H. Before introducing the H 2-LU factorization, we show that the
matrix H� 1 has an H2-matrix format because of the H2-matrix structure of the matrices G and C.
This result can be seen from the following theorem.

Theorem 5
Suppose that the matricesG� 1 andC� 1 can be represented asH2-matrices, then the matrixH� 1 also has
an H2-representation.

Proof
Given two arbitrary clusters r, r, s⊂I, we assume that the matricesG� 1 andC� 1 have theH2-representations
G�1

r�s ¼ VG�1;rSG�1;r�sW
T
G�1;s

and C�1
r�s ¼ VC�1;rSC�1;r�sW

T
C�1;s

, respectively. Because the matrices G
and C are both nonsingular, we have

H�1 ¼ G�1 �G�1 C
Δt

� ��1

þG�1

 !�1

G�1:

Let J ¼ G�1 C
Δt

� ��1 þG�1

 ��1

G�1. By the arithmetic process of matrix multiplication, we know that
the matrix J is a hierarchical matrix. Using the aforementioned conversion of a hierarchical
matrix to an H2-matrix, it is easy to verify that there exists an H2-representation for the matrix J. Let
Jr�s ¼ VJ;rSJ;r�sWT

J;s , where VJ,r and WJ,s are the row and column cluster basis, respectively, the
matrix SJ,r × s is the corresponding coupling matrix. According to H�1

r�s ¼ G�1
r�s � Jr�s , we arrive at

H�1
r�s ¼ VH�1;rSH�1;r�sW

T
H�1;s, where the coupling matrix is defined as SH�1;r�s ¼ diag SG�1;r�s; SJ;r�s

n o
and the row and column cluster basis are given by VH�1;r ¼ VG�1;r VJ;r

h i
and WH�1;s ¼

WG�1;s WJ;s

h i
. This completes the proof.

4.2. Construction of nested cluster basis in H2

We now show that for the clusters r and s, theH2-representationHr�s ¼ VrSr�sWT
s possesses a nested

structure [20]. For simplicity, let kr= ks= kl, where kl is a function of the level l, then we getVr∈ℝ rj j�kl,
Sr�s∈ℝkl�kl , and Ws∈ℝ sj j�kl . Let Vr ¼ vr;1 vr;2 ⋯ vr;kl

� �
and Ws ¼ ws;1 ws;2 ⋯ ws;kl

� �
. Based on the

matrices Vr and Ws, we define an R-matrix in the form
Xkl
i;j¼1

vr;i;ws; j

� �
, where vr;i;ws; j

� �
¼ vr;iwT

s; j

with column vectors vr,i and row vectors wT
s;j . Corresponding to the vectors vr,i and ws,j, the row-
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2015; 43:1953–1970
DOI: 10.1002/cta
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index and column-index cluster spaces can be defined as V rð Þ ¼ span vr;i : 1≤ i≤ kl
� 	

⊆ℝ rj j and

W sð Þ ¼ span wr;j : 1≤ j≤ kl
� 	

⊆ℝ sj j , respectively. The corresponding R-matrices for the clusters r
and s belong to the following tensor vector space:

S r�sð Þ ¼ span vr;i;ws; j

� �
: 1≤ i;j ≤ kl

� 	
¼ V rð Þ�W sð Þ:

If V rð Þ and W sð Þ have been computed, then it requires k2l coefficients to represent an R-matrix
spanned by the space S r�sð Þ.

Let r be not a leaf of the tree T I . Its sons are denoted by r1 and r2. From [20], we can compute the

restriction operatorsTrz;r
v z ¼ 1; 2ð Þ such that vr;i ¼

Tr1;r
v vr;i

Tr2;r
v vr;i

� �
. Similarly, for the vectors ws,j, we define

the restriction operators Tsz;s
w such that ws;j ¼

Ts1;s
w ws; j

Ts2;r
w ws; j

� �
. Let vrz;i ¼ Trz;r

v vr;i and wsz; j ¼ Tsz;s
w ws;j, then

for these spaces V rzð Þ, V rð Þ,W szð Þ, andW sð Þ, we get V rzð Þ ¼ Trz;r
v V rð Þ andW szð Þ ¼ Tsz;r

w W sð Þ. From
the earlier equalities, it is easy to see that we can define the coefficients αrz;ri; j and βsz;sj;i such that

Trz;r
v vr;i ¼

Xklþ1

j¼1

αrz;ri; j vrz;i; T
sz;r
w ws; j ¼

Xklþ1

i¼1

βsz;sj;i wsz;i:

In practice, we need not to store the vectors vr,i and ws,j explicitly. Instead, one can only store the
coefficients αrz;ri;j and βsz;sj;i . According to the nested structure, efficient algorithms can be constructed
by re-using information across the cluster tree.

4.3. H2-LU factorization

For the 3D FE-based thermal extraction, to solve the system (5) we need not to compute the inverse of
the H2-matrix H. It is effective to perform LU decomposition on the matrix H. Note that the thermal
matrix H is symmetric and positive semidefinite. Therefore, we can define anH2-LU decomposition as
the formH ¼ LH2UH2, where the matricesLH2 areUH2 are stored in the hierarchal matrix. Without loss
of generality, suppose that the thermal matrix H can be partitioned into 2× 2 submatrices. Thus, we
assume that the matrices LH2 and UH2 can be written as follows:

LH2 ¼
L11 0

L21 L22

� �
; UH2 ¼

U11 U12

0 U22

� �
:

For the admissible block, theH2-LU decomposition of the matrixH can recursively be realized from
the following procedure:

Step 1. Compute the matrices L11 and U11 by performing theH2-LU decomposition on the matrix H11.
Step 2. Compute the matrix U12 by solving the linear system L11U12 =H12.
Step 3. Compute the matrix L21 by solving the linear system L21U11 =H21.
Step 4. Compute the matrices L22 and U22 by performing the H2-LU decomposition of the matrix

H22�L21U12.

In the earlierH2-LU computation process, we need to solve a lower triangular system L11U12 =H12,
where L11 and H12 are the input matrices with the hierarchical structure, an upper triangular system
L21U11 =H21 with the hierarchical input matrices L21 and H21. It should be pointed out that for the
inadmissible block, a normal full LU decomposition can be performed straightforwardly. After the
thermal matrix H is factorized as H ¼ LH2UH2 , the linear system (5) can be solved in the following
two steps:
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2015; 43:1953–1970
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Step 1. Compute Xn + 1 by solving the lower triangular systemLH2Xnþ1 ¼ Ynþ1, whereYnþ1 ¼ fnþ1 þ
C
ΔtT

n.
Step 2. Compute Tn + 1 by solving the upper triangular system U2Tnþ1 ¼ Xnþ1.

Let Xnþ1 ¼
Xnþ1

1

Xnþ1
2

" #
and Ynþ1 ¼

Ynþ1
1

Ynþ1
2

" #
, then using the H2-matrix arithmetics, we get Xnþ1

1 by

solving the system L11Xnþ1
1 ¼ Ynþ1

1 and Xnþ1
2 from the system L22Xnþ1

2 ¼ Ynþ1
2 � L21Xnþ1

1 .

4.4. Complexity analysis

According to Section 4.2 and [20], for theH2-representationH ¼ VH;rSH;r�sWT
H;s, we need to consider

the storage of the coupling matrices SH,r × s and the coefficients αrz;ri;j and βsz;sj;i , where r× s⊂I ×I . Let
P(l) = {r× s⊂I ×I : level(r× s) = l} for the block tree T I�I . It is easy to prove that |P(l)|≤ 2l. Hence,
the required storage for all block coupling matrices SH,r × s amounts to

X
r�s⊂I�I

krks ¼
Xp�1

l¼0

2lkrks ≤ max
r�s⊂I�I

krksf g
Xp�1

l¼0

2l ¼ max
r�s⊂I�I

krksf g 2p � 1ð Þ∼O Nð Þ;

which implies that the storage needed for all coupling matrices is bounded byO Nð Þ. For the storage of
the coefficients αrz;ri;j and βsz;sj;i , assuming that kl≤ τ1(p� l) + τ2, then we can see that the required storage
can be bounded by

X
r�s⊂I�I

klklþ1 ¼
Xp�1

l¼0

2lþ1klklþ1≤
Xp�1

l¼0

2lþ1 τ1 p� lð Þ þ τ2ð Þ τ1 p� l� 1ð Þ þ τ2ð Þ∼O Nð Þ:

From the aforementioned analysis, it can be seen that the total storage size of theH2-representation
can be bounded by O Nð Þ. Moreover, the H2-based matrix-vector multiplication algorithm also has
linear complexity, and the H2-LU factorization only requires O Nð Þ operations [23].
ttps://onlinelibrary.w
iley.com
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5. NUMERICAL RESULTS AND DISCUSSIONS

To test the proposed H2-based method, we consider a 3D-IC structure, which consists of two active
layers with through-silicon vias (TSVs) and microbumps connecting the layers shown in Figure 4.
All numerical results are computed in C based on the hierarchical matrices library [28] and run on
Linux server with a 2.4GHz Intel Xeon Quad-Core CPU and 36GB memory.

In order to construct an FE model, the Gmsh program can be used to generate the meshes [29]. To
show the effectiveness of theH2-preconditioning, we need to demonstrate the linear complexity of the
H2-LU factorization for the FE-based thermal matrices in terms of both memory space and CPU time.
Figure 4. A 3D IC model with TSV.

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2015; 43:1953–1970
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We discretize the 3D-IC structure into tetrahedral elements with four nodes in each element to generate
7239–825,875 unknowns for the thermal extraction. The simulation parameter η in Equation (6) is set
to be one for transient simulation. By using the admissibility condition (6), we can construct an
admissible block cluster tree T I�I for the transient thermal matrix H having the structure shown in
Figure 5(a). The constructing procedure maps the admissible block cluster tree to an H 2-matrix
shown in Figure 5(b).

To show the performance of the proposed solver, we compare it with the known CSPARSE method
[25], which represents the state-of-the-art of industry-strength sparse LU solver for general problems.
The H2-based solver is a direct method for solving large linear systems. The H2-matrix uses a refined
representation that employs a nested structure in order to reduce the storage requirement. We have
shown that the storage requirement of H 2-representation is of almost linear complexity. The
CSPARSE method is also a direct solver for solving sparse linear systems. The CSPARSE method
uses the compressed sparse row format, which is a popular, general-purpose sparse matrix
representation, to explicitly store column indices and nonzero values in arrays column indices and
data. Table I shows the comparison between the storage of H 2-matrix and the storage for the
CSPARSE method, as well as the comparison between the CPU time spent in H2-based arithmetics
and the CPU time computed for the CSPARSE method. We can see from Table I that the required
memory in the form of H 2-matrix is much lesser than that in the form of the CSPARSE
representation. If the size of the thermal matrix is large, the H2-LU factorization requires less CPU
time compared with the CSPARSE LU factorization. The advantage of computation time becomes
(a) (b)

Figure 5. (a) The thermal matrix H. (b) The H2-representation.

Table I. Numerical results for the three dimensional integrated circuit model with through-silicon via.

No. of
unknowns

Memory space CPU time

Error
LH2UH2�Hk k

Hk k

H2-matrix
(MB)

CSPARSE
(MB) Saved H2-matrix (s)

CSPARSE
(s) Speedup

7239 77.14 38.35 0.50 33.89 2.39 0.07 2.02e�8
12,300 175.43 97.78 0.56 82.42 8.75 0.11 5.54e�8
31,888 356.32 304.31 0.84 158.92 34.40 0.22 2.62e�8
49,687 494.38 554.8 1.12 205.63 75.54 0.37 5.82e�8
76,840 758.10 988.8 1.30 291.42 196.78 0.68 6.76e�9
124,344 1250.26 1871.9 1.44 502.75 493.05 0.98 6.49e�9
177,933 1851.67 2952.6 1.59 766.79 1089.74 1.42 5.23e�8
239,028 2591.40 4333.6 1.67 1091.75 1841.82 1.69 4.96e�8
354,099 4053.30 7109.8 1.75 1664.64 3838.58 2.31 2.66e�8
597,436 7355.99 13,474.2 1.84 2893.71 10,512.42 3.63 1.01e�7
825,875 11,345.39 Failed N/A 4568.44 Failed N/A 9.10e�7

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2015; 43:1953–1970
DOI: 10.1002/cta
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very obvious when the size of the thermal matrix is beyond 177,933 for LU factorization. The
CSPARSE method requires twice as much storage as the H2-matrix method when the matrix size is
beyond 597,436. Moreover, we find from our experiments that the direct LU factorization needs 30
times as much storage as the proposed method when the matrix size is 12,300, and the direct solver
fails to work when the size is beyond 49,687.

We also demonstrate the complexity from Table I and the theoretical complexity by Figure 6(a) and
Figure 6(b). It can be seen from these figures that the memory storage and CPU time for theH2-based
arithmetics match very well with the theoretical analysis. For the whole space complexity analysis,
because each thermal matrix H has the same structure for every time step, the total time for solving
the system (5) has a linear storage complexity. From Figure 6, we can see that the proposed method
has the obvious advantage in terms of memory space and computation time compared with the
CSPARSE method.

For the 3D TSV model, Figure 7 shows the transient responses of both the proposed method and the
CSPARSE method. Figure 7(a) shows the waveform simulation results computed by the two methods.
Figure 7(b) shows the relative error of the proposed method over the CSPARSE method. Clearly, the
H2-LU factorization also possesses high accuracy for the waveform simulation. In addition, it can be
seen from Table I that the CSPARSE solver fails to work when the size of the thermal matrix is beyond
0 1 2 3 4 5 6 7 8 9

x 10
5

0

2000

4000

6000

8000

10000

12000

14000

No. of Unknown

S
to

ra
g

e(
M

B
)

PROPOSED
CSPARSE

0 1 2 3 4 5 6 7 8 9

x 10
5

0

2000

4000

6000

8000

10000

12000

No. of Unknown

C
P

U
 T

im
e(

s)
PROPSED
CSPARSE

(a) (b)

igure 6. (a) Memory scalability comparison of LU factorization for the 3D IC model. (b) CPU time scal-
ability comparison of LU factorization for the 3D IC model.

ide, W
iley O

nline L
ibrary on [23/06/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com
F

0 100 200 300 400 500 600 700 800 900 1000
300

305

310

315

320

325

330

335

340

345

Simulation Time (s)

T
em

p
er

at
u

re
 (

K
)

PROPOSED

CSPARSE

0 100 200 300 400 500 600 700 800 900 1000
1

2

3

4

5

6

7

8

9

10

11 x 10
−8

Simulation Time (s)

R
el

at
iv

e 
E

rr
o

r

(a) (b)

Figure 7. (a) Thermal transient responses by the H2 and CSPARSE methods. (b) Relative error of the H2

method over the CSPARSE method.
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825,875, but the H2-based solver can work effectively for the same matrix and even a matrix greater
than that. From the simulation results, we can see that the H2-matrix method is more effective than
the CSPARSE method for the simulation of the 3D TSV model.

In addition to the CSPARSE, we also did comparison with UMFPACK, which is a right-looking
multifrontal solver [26]. Our numerical simulation results show that for the given thermal matrices
in Table I, UMFPACK indeed is slightly faster than the H2-based solver. But the UMFPACK solver
fails when the thermal matrix size is greater than 597,436 because of memory failure. This indeed
shows the memory efficiency and scalability of the proposed method. UMFPACK is highly
optimized LU solver, and it has very small overhead compared with the H2-based solver. But as the
sizes of the problem increase, the proposed method will be faster because of its linear scalability and
amortization of its overhead over large problem sizes. We remark that CSPARSE and UMFPACK
fail to work on some large examples on the given workstation, we cannot perform the CPU time
comparisons on larger examples and thus cannot demonstrate the potential speedup of the proposed
method over those methods.

Another solver is the CHOLMOD [30], which is a Cholesky factorization solver. We did not
perform the comparison as the proposed H2-based solver is the general unsymmetric solver. It is
unfair to compare them directly. It was shown that the 3D ICs with microchannel-based liquid
cooling technique can lead to nonsymmetric matrices as the microchannel is modeled as voltage-
controlled current sources [31, 32]. Hence, CHOLMOD will not work for general thermal matrices.

In the following, we demonstrate the effectiveness of the proposed H2-based solver from a TSV
array model [33]. A two-layer stack structure is shown in Figure 8(a), which represents part of a 3D
stacked chip structure that can be meshed by the Gmsh program. The power sources are placed at
the bottom of the structure where there is no TSV as shown in Figure 8(a). By using the Gmsh
program, the tetrahedron meshes for the two-layer stack structure can be generated. Figure 8(b)
shows a tetrahedron mesh structure for the 3D TSV array. For the numerical simulation, the two-
layer chip structure is discretized into tetrahedral elements with four nodes in each element to
generate 5452–886,154 unknowns. The comparison of the complexities of the H 2-based LU
factorization and the CSPARSE solver is shown in Table II. We can see from the table that less
memory is required when the size of the thermal matrix exceeds 70, 496×70, 496. The CSPARSE
solver failed to work for the 886, 154×886, 154 thermal matrix but the proposed H2-matrix method
is still effective for this case. The complexities of the proposed solver from Table II are also
demonstrated by Figure 9(a) and Figure 9(b). It can be seen from these figures that the complexities
of the proposed H2-matrix method are almost linear.

The speedup of the proposedH2-matrix method over the LU-based method by the CSPARSE solver
is not very impressive for small thermal examples. For small cases, the proposed method may be even
slower. The reason is that theH2-matrix solver has pretty high upfront overheads as it needs to build the
hierarchical matrix and the nested cluster basis first from the existing thermal matrices. The CSPARSE
(a) (b)

Figure 8. (a) Two-layer stack structure with a TSV array. (b) 3D mesh for the two-layer stack structure.
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Table II. Numerical results for the through-silicon via array model.

No. of unknowns

Memory space CPU time

Error
LH2UH2�Hk k

Hk k

H2-matrix
(MB)

CSPARSE
(MB) Saved

H2-matrix
(s)

CSPARSE
(s) Speedup

5452 37.51 11.91 0.32 6.48 1.18 0.18 1.21e�8
11,115 105.67 42.69 0.40 26.76 7.36 0.28 5.42e�8
22,439 235.05 127.62 0.54 83.81 26.35 0.31 4.73e�8
32,525 351.68 271.34 0.77 170.84 72.41 0.42 6.15e�8
70,496 585.12 649.86 1.12 201.95 136.83 0.68 2.27e�8
129,445 1178.39 1401.74 1.19 403.28 346.31 0.85 7.35e�9
215,850 2162.17 3285.73 1.52 1246.35 1451.04 1.16 5.74e�8
486,260 5734.42 10,466.84 1.83 2987.62 4591.42 1.54 3.72e�8
886,154 11,554.07 Failed N/A 4775.49 Failed N/A 2.75e�8
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Figure 9. (a) Memory scalability comparison of LU factorization for the TSV array model. (b) CPU time
scalability comparison of LU factorization for the TSV array model.
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is well designed and industry-strength solver. The LU solver actually is very fast if the memory is
not limited as demonstrated by recent power grid analysis contest, where all the wining solvers are
LU-based solver [34, 35]. But for large examples, the proposed method starts to deliver increasing
speedups over the LU solver as shown in Tables I and II. The CSPARSE solver cannot work for
very large examples in our server with 32GB memory. The key difference between the two methods
is the growth rates of the CPU time and memory storage depending on the problem sizes, which
makes the H2-matrix solver much more attractive for attacking very large problem sizes for limited
computing resources.
line L
ibrary for rules of use; O
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 articles are governed by the applicable C
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6. CONCLUSION

In this article, we have proposed a new scalable transient thermal analysis technique, which shows
linear time and storage complexity. The new technique is based on the recently proposed H 2

mathematical framework, which exploits the data sparsity of many matrices from the FE-based
solutions of PDEs. We showed and proved that H2 techniques can be used to efficiently solve the
parabolic PDEs with controlled errors coming from the transient thermal analysis of ICs. The
numerical results from 3D ICs demonstrate the linear scalability of the proposed method in terms of
both memory footprint and CPU time. The comparison with existing product-quality LU solvers,
CSPARSE and UMFPACK, on a number of 3D IC thermal matrices clearly shows the memory
space advantage of the new method over these methods.
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