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Abstract: In this paper, a new consensus problem of multi-agent systems with switching topology in finite-time domain is
investigated. The problem can be formulated as a time-optimal control problem of a switched system with unknown weight pa-
rameters and switching times. By applying a time transform method and an inequality transform technique, we transform the fast
convergence consensus into a canonical optimal parameter selection problem, which can be solved by a nonlinear optimization
method. One illustrative example is given to show the effectiveness of the proposed method.
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1 Introduction

Recently, distributed cooperative control for multi-agent
systems has received significant attention due to its potential
applications in various areas such as formation control [1, 2],
flocking problem [3, 4], proportional task allocation [5] etc.
As a typical collective behavior, the consensus of multi-
agent has become an active research topic. For example,
the consensus problems of multi-agent systems with switch-
ing topology and directional communications were studied
in [6-9]; The optimality properties of consensus algorithms
were investigated in [10-13]. A comprehensive survey can
be found in [14] and [15].

As practical situations create demands for faster conver-
gence and better disturbance rejection, it is often required
that consensus can occur in finite time. Therefore, finite-
time consensus is more appealing and has attracted the at-
tention of researchers. In [16], Wang and Xiao presented one
framework for constructing finite-time consensus protocols,
which were given as the continuous state feedback form for
both the bidirectional interaction case and the unidirectional
interaction case. Further, Xiao and Wang et al. "l gave
some finite-time consensus results for the case of unidirec-
tional and intermittent links. In [18], Jiang et al. analytically
established the explicit expression of the consensus state for
the entire group and proved that the agents of the group un-
der a particular type of nonlinear interaction can reach the
consensus state in finite time with fixed and switching undi-
rected topologies. In [19], Sayyaadi et al. also presented
a simple distributed continuous-time protocol to guarantee
finite-time consensus in weighted directed/undirected and
fixed/switching networks. The stability of the system and the
solvability of the consensus algorithm were proved for net-
work topologies containing a spanning tree. In [20], Khoo et
al. investigated leader-follower finite-time consensus control
of multi-agent networks with input disturbances by using ter-
minal sliding mode control scheme. A new terminal sliding
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mode surface was proposed to guarantee finite-time consen-
sus under fixed topology. In [21], Wang et al. presented
a finite-time control law for continuous multi-agent system
moving with obstacle avoidance, which ensures that all the
agents can pass the obstacles on their way and archived con-
sensus of relative position in finite time.

Although much work has been done for finite-time con-
sensus problem and optimality issue in consensus algorithms
has also been studied in literature, the existing methods sel-
dom consider the optimal consensus problem for multi-agent
systems in finite time domain. In this paper, we investigate
the fast convergence consensus (FCC) problem for finite-
time multi-agent systems. Usually, with moving of the net-
work, the topology structure of the multi-agent system is dy-
namic. Therefore, we focus on the multi-agent system with
the switching topology in this paper. We first model the FCC
problem as an optimal control problem with the continuous
state inequality constraints, where the weight parameters and
the switching points of the topology structure need to be de-
termined to achieve the minimum convergence time by using
the given consensus protocol. Due to the variable switch-
ing points and the continue state inequation constraints, the
classical optimization method is difficult to solve. As a
result, a time transform method called time scaling trans-
form (TST)??), is then used to map the variable switching
times into fixed points and a constraint transcription method
(23 is applied to approximate the continue state inequality
constraints by a sequence of standard inequality constraints.
Thus we end up with a series of canonical optimal param-
eter selection problems, which can be solved by nonlinear
optimization techniques.

The remainder of this paper is organized as follows. In
section 2, some concepts in graph theory and finite-time con-
sensus problems are introduced. Then the fast convergence
consensus problem for finite-time multi-agent system is for-
mulated in Section 3. In section 4, we develope the param-
eterization optimization method to solve the FCC problem.
In section 5, a numerical example is given to illustrate our
results. Finally, we draw conclusions in Section 6.



2 Background and Definition

To solve the coordination problems and to model the in-
formation exchange between agents, graph theory is intro-
duced first. Let G = {V, ¢, A} be a weighted digraph, where
V = {v1,va,...,v,} is the vertex set, and vertex v; corre-
sponds to agent i. £(G) C {(vi,v;) : 4,5 € I,} is the set
of edges, where I,, = {1,2,...,n}. The set of neighbors of
vertex v; is denoted by N; = {v; : (vj,v;) € €}. Inan
undirect graph, (i,7) € ¢ implies (j,4) € . The weighted
adjacency matrix A is defined as a;; > 0 if (j,4) € ¢, and
a;; = 0 otherwise. We assume a;; = 0 forall 7 € I,,.

Let z; denote the state of agent 7, ¢ € I,,, and suppose that
agent ¢ possesses the following dynamics

(1) = uq(t) ey

with the initial condition:
.0
zi(to) = (2)

where u; is the state of the feedback, called protocol, to be
determined by the state information received by agent 7 from
its neighbors. We say that nodes of a network have reached
consensus if and only if x; = x; for all 4,5 € I,i # j.
It is said that a protocol u; solve the finite-time consensus
problem if for any initial states, there exist a time ¢* and
a real number « such that z;(t) = & for t > ¢* and for
all j € I,/'. A common finite-time consensus algorithm
studied in [16] is given as follows:

u; = Z a;sign(x; — x;)|ax; — 4|7, ©)
JEN;
where 0 < o < 1,4 # j, | - | represents the absolute value,

and sign(+) is the sign function defined by

1, r>0
sign(r)=¢ 0, r=0
-1, r<O0.

In [16], the following convergence theorem is discussed.

Theorem 1 Suppose that G(A(t)) is undirected and the sum
of time-intervals, in which G(A(t)) is connected, is sufficient
large. If a;j(t) = aji(t) and 0 < «;;(t) < 1 foralli, j,t,
then protocol (3) solves the finite-time average-consensus
problem.

3 Problem Formulation

Since the convergence speed is an important issue for
finite-time consensus, in the following we will discuss the
fast convergence consensus problem, i.e., find the control
protocol, such that the system state arrives consensus within
the minimum time.

If the topology structure is fixed, the parameters designed
in control protocol (3) include {a;;} and {c;;},j € N;, and
1 € I,,. The FCC problem with fixed topology can be posed
as the following time optimal control problem:

Problem 1 Given the multi-agent system (1) and the ini-
tial condition (2), find parameter {a;;} and {a;;},j € N;
in consensus protocol u;,i = 1,2, ...,n, such that the cost

function
ty n
J:tf+/ > wi(t)dt 4)
to =1

is minimized subject to the following constraints

a;; >0 (5a)
0<ay <1 (5b)
aij = aj; (5¢)
oy = g, (5d)

where u; is given in equation (3).

Problem 1 is an optimal parameter selection problem,
which can be solved by some modified optimization method.
In this paper, we are interested to investigate the optimal con-
dition in case of a network with switching topology. In fact,
Problem 1 can be viewed as a special case of FCC problem
with the switching topology.

Let N be a given integer. Let the time period [to,? ]
is partitioned into N subintervals with the N + 1 partition
points which are denoted by tg,t1,...,txy With {1 < ti
and ty = ty. Define

Y =7=[t1,t2,....,tn]" € RV. (6)

We now approximate the control protocol (3) as follows:

N
U; = Z Zafjsign(xj — 171)|Ij — X

JEN; k=1

k
ain[tk,l,tk) (t)a

N
where X, . +,)(t) denotes the indicator function of the in-
terval [t;_1,t) described by

1 tel
xi(t) = { 0 elsewhere.
Let
b= [ad s ai(i—l)v aé(i—&-l)’ o ] ®)
a; = [(a)", (@), s () T]T ©))
and
A ={a]a = [aq, ag, ...,an]T € RM}, (10)
where
M =N -n(n-1). (11
Similarly, let
’Yzl' = [aélv "'7ai(i—1)7a’i(i+1)v ~-~aain]T 12)
Y= (D), ()T (13)
and
r= {7‘7 = [’711727 "'ap)/n]T S RM} (14)

We now state the FCC problem of the finite-time multi-
agent with the switching topology as follows:



Problem 2 Subject to the dynamical system (1) and initial
condition (2), find a combined switching vector and consen-
sus parameter vector (1 x a X y) € (T x A x ') such that
the cost function

ty M
J=t;+ / > ul(t)dt (15)
to =1

is minimized subject to

aij(x;(t) — zi(t)) > 0 (16a)
Qi > 0 (16b)
0<a;; <3 (16¢)
Qi = Qjj (16d)
Qi = Qg (]66)
where
N
wi= Y > ak (@ — m) X, (1), (17)
JEN; k=1

Remark 1 Constraint (16a) is necessary if control protocol
(7) is substituted by (17). However, the constraint (16a) shall
be satisfied for all t, which is difficult to deal with, therefore
in next section we will develop alogrithm to conquer it.

4 Solution Procedure

In Problem 2, the determined variables include weight
parameter vector v and «, and the switching vector .
This problem is an optimal parameter selection problem of
switched system, which is difficult to solve by common opti-
mization method due to the existing of the variable switching
times. We first transform the variable switching times into
fixed points by TST technique, then solve it by the sequence
quadratic programming method.

The transformation from ¢ € [tg,tf] to s € [0, V] is de-
fined by:

dt
d(j) = u(s) (18)
with initial condition
t(0)=0 (19)
and the terminal condition
t(N) = ty, (20)
where v(s), with possible discontinuity points at s =
1,---, N —1,is called a time scaling control, which is given
by
N
v(s) = 251‘)([1'71,2')(5) 2D
i=1

withd; >0,i=1,---,N.

Letd;,i=1,---, N, be referred to collectively as §, and
let A be the set of all such §. From (18) and (21), it is clear
that

i—1

t(s)—/osv(T)dT—Z(stréi(si+1) seli—1,4)

(22)

and N
HN) =" b (23)
=1

Define Z;(s) = x;(¢(s)). Then, the system (1) and the initial
condition (2) are changed into:

Zi(t) = 1(s) x v(s) 24)
and
#;(0) = 2. (25)
Here,
N k
ai(s) = > > k(@ — 2) xpoim(s).  (26)
JER; k=1

The constraint (16a) now is described as:
aij(Zj(s) — @i(s)) > 0. 27

With the transform (18) and (21), the cost function (15) is
converted to:

Zaf(s)v(s)ds. (28)

Now applying the TSC to Problem 2, we obtain the follow-
ing equivalent problem:

Problem 3 Given the dynamic system (24), with the initial
condition (25), find a combined vector (§ x o X v) € (A X
A x T') such that the cost function (28) is minimized, subject
to constraints (27) and (16b)-(16e).

The continuous state inequality constraint (27) is required
to be satisfied for all s, which is difficult to solve. Define
#(s,2(s)) = a;;(Zi(s) — &;(s)). Then constraint (27) can
be written as:

é(s,&(s)) = a;j(Zi(s) — z,(s)) < 0. (29)

By virtue of the inequality transform technique given in [23],
the continuous state inequality constraint (29) is approxi-
mated by

andvy >0, € > 0.
Problem 3 is now approximated by Problem 4 below.

Problem 4 For ¢ > 0 and v > 0, given dynamic system
(24) - (25), find the a combined vector (§ x o X v) € (A X
A x T') such that the cost function (28) is minimized, subject
to constraints (30) and (16b)-(16e).

Problem 4 is a standard optimal parameter selection prob-
lem, which can be solved by sequence quadratic program-
ming method. An algorithm is given below:



Algorithm 1

Step 1. We first choose an ¢ > 0 and a v > 0. Then, we
solve Problem 4 with such € and ~. Let (0€7* §%7*)
be the solution obtained.

Step 2. Then, we check if the continuous state inequality
constraint (29) is satisfied or not. If it is not satisfied,
we will reduce the value of y to 3 and return to solve
Problem 4 with +y taken as 3.

Step 3. We then reduce the value of € and repeat the pro-
cess until a satisfactory approximate optimal solution
is obtained.

Step 4. By using the transformation (18) and (21), we can
obtain the value of vector 7. Then Problem 2 is solved.

Remark 2 [23] shows that, under appropriate assumption,
for any € > 0, there exists a y(g) > 0 such that if (§ X a X
v) € (A x A xT) satisfies (30) withy, 0 <y < (), then
it satisfies the continuous state inequality constraint (29).
Thus, we see that the reduction step in Algorithm I will only
require a finite number of times before the continuous state
inequality constraint (29) is satisfied.

Remark 3 In this paper, we only consider the case that
a;; = aj; # 0. The general connected topology structure
will be discussed in the future work.

5 Simulation

A networked multi-agent system with n = 4 members
is considered in simulations. Agents are assumed to be
equipped with a communication system that allows them to
be in contact with their neighbors instantly and exchange
their state information without any delay. All simulations
are performed in MATLAB. The initial states of the agents
are chosen as: z(0) = [—5, —1, 3, 8]T. We consider the case
that topology structure changes two times during the whole
period. Suppose the switching times are ¢1 and ¢2. The con-
trol protocol is given as:

N
k
U; = Z Za’i’fj(mj - xi)aijx[tk—latk)(t)’ (31)

JEN,; k=1

where k = 1,2,3 and ¢ = 1,2,3,4. By using the pro-
posed method, we obtain the following results: The switch-
ing times are t; = 1.04, t5 = 3.72; The convergence time is
ty = 5.29; The cost function J = 26.9931. The parameter
matrix {a,;} and {c;;} in the three stages are respectively
given below:

0 022 0.36 0.62
022 0 052 0.79

1 _
{i} =1 036 052 0 019 (35)
0.62 0.79 0.19 0
0 047 085 0.41
) 047 0 0.35 0.55
loiid=1 085 035 0 051 (36)
041 055 051 0
0 027 035 0.19
5, | 027 0 075 012
{5} =1 035 075 0 030 (7

0.19 0.12 030 O

The state trajectories of agents under protocol (3) are
shown in Fig. 1 and the control protocols are shown in Fig.
2. From Fig. 1 we can see that all the agents reach the con-
sensus at 5.29s and the topology structure changes at 1.04s
and 3.72s.
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Fig. 1: The state trajectories of agents
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0 022 0.13 025
v 1022 0 032 018
{aj;} = 0.13 032 0 0.19 (32)
025 0.18 0.19 0
0 043 042 0.19
5y | 043 0 028 0.24
{aij} = 0.42 028 0 0.40 (33)
019 0.24 040 0
0 049 053 034
5, | 049 0 068 0.22
{5} =1 053 068 0 057 (34
| 0.34 0.22 057 0
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Fig. 2: The control protocols



6 Conclusion

This paper has developed a new finite-time consensus al-
gorithm for multi-agent systems with switching topology.
An optimal control problem of switched system was first
derived with the continuous state inequality constraints, in
which, the weight parameters and the switching points of the
topology structure are decision variables. An optimization-
based algorithm was obtained by the time scaling transform
technique and the constraint transcription method. A series
of normal optimal parameter selection problem has been ob-
tained and solved by the sequence quadratic programming
method. Simulation results demonstrated the effectiveness
of the proposed method.
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