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ABSTRACT

This paper presents a novel compact modeling techniquerfor |

ear(ized) active analog circuits. The new method is baseal ren

cently proposed genersldomain hierarchical modeling and anal-

ysis method. In this work, based on the characteristics afogn
circuits, we propose a constrained linear least squaralasthod
to optimize the order reduced admittance matrices witheetsio

margin for early stage verification. Second, active cicoigy gen-
erate energy, which means they are not passive. Thus no@assi
reduction and passive enforcements are required. But trsepie-
sponses of many active circuits like opamps are importattieys
determine the stability of the circuits due to internal oteemal
feedback loops [9]. But existing model order reduction apphes
only match the magnitude (or real and imaginary) part of ihe c

both magnitude and phase responses up to the given frequencycuit responses. Explicit matching of phase response isetesi

range. Theoretically we show that the hierarchical reductioes
not change the reciprocity property of the linear circuir Bnalog
active circulits, which typically are non-reciprocal, sottle order-
reduced circuit admittance matrices after hierarchicdlicgon.
We propose a novel general multi-port, non-reciprocal netwe-
alization method. The resulting modeling algorithm caretakthe
SPICE netlists of active circuits and generate high-figeltmpact
macro models of the active circuits with easily controlleodal ac-
curacy and complexity. The experimental results on two p@ass
active filters demonstrate effectiveness of the proposgatisthm.

1. INTRODUCTION

Model order reduction for passive interconnect circuits ien in-
tensively studied in the past due to increasing compleXityana-

sitic layouts of digital circuits. Many efficient algoritreave been

proposed to reduce the interconnects modeled as RC/RCLI{RLC

circuits such as Krylov subspace projection based methti?|s3]
17,7, 11] and local node reduction based methods [2, 15,, 1,614
18].

For linear or linearized active circuits like filters, opasrgic., which
dominate many analog, mixed-signal and radio-frequené&) (R-
cuits, less studies have been done to reduce those actua€rnd
realize the reduced circuit matrices using compact modglsdn
the other hand, simulation of analog, mixed-signal and Réuis
is a very time-consuming process. For instance, RF cirguitis-
tion is an extremely time-consuming process due to very somgi-
lation time to accommodate both the fastest and the slomesstin

the input signals [10]. As more analog, RF components are man

ufactured on-chip using the latest digital VLSI technobsyi8],
parasitics which are associated with many digital circaits also
needed to be considered in the integrated analog, RF @rclliis
leads to increasing sizes of analog, RF circuits and makesriRi-
lation a more challenging task. As a result, reduction andpact
modeling of circuits with both passive and active circursianpor-
tant for fast mixed-signal and RF circuit design and verifaa

Active circuits are different from passive circuits in sesl@espects.
First many active circuits are nonlinear in nature. But tbégn
exhibit linearity when input signals are small so that therap
tional points do not change significantly. Such linearizeduits
are good enough for predicting many useful characteristiche
analog and RF circuits such as gain, noise figures, bandwidite
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analog circuit modeling in addition to the magnitude maighin
frequency domain. Third, active circuits typically donave the

reciprocity property'. Mathematically a reciprocal network has
a symmetric matrix, which has been exploited by many exstin
reduction approaches for RLCK circuits by iterative apphes.
But this is not the case for general active circuits, which make
those methods less efficient. Also the reduction processidmot
change the reciprocity property of the circuit during théugtion
process. But this is not the case for most of projection beesdwaic-
tion algorithms like PRIMA [12] except for the recent work].[4
Also how to realize general non-reciprocal (non-symmgtider-
reduced circuit matrices remains a less studied problem.

In this paper, we propose a general reduction and macrodingde
technique of the linear or linearized active circuits. Oewrre-
duction process is based on the recent hierarchical mailtit pe-
duction algorithm, which allows reduction and realizatafrboth
passive and active circuits up to very wide frequency raiitgs
Our new contributions of this work are as follows: (1) Theere
ically, we show that the hierarchical model order reductibd]
does not change the reciprocity property of the circuity P(acti-
cally, we apply a constrained linear least square basethizatiion
method to match both magnitude and phase responses of the ad-
mittance in the reduced matrix after the hierarchical rédador
modeling active circuits. (3) We propose a general multi-pet-
work realization process to realize any multi-port non-gytric
circuit matrices for macromodeling of non-reciprocal eetcir-
cuits based on relaxed one-port Foster’s canonical formarkt
synthesis technique. The resulting modeling algorithmgemer-
ate high-fidelity multi-port macromodels of any linear getnet-
works with easily controlled model accuracy and complenijbyto
the given frequency range.

The paper is organized as follows. Section 2 reviews theahier
chical multi-point modeling technique and also shows tagcally

that the hierarchical reduction does not change the rezappyop-
erty of the circuit matrices. Section 3 presents the optitiin
process for matching both magnitude and phase responses of a
mittances in the reduced circuit matrix up to the given fiertpy
range. In section 4, we describe the realization procesoof n
symmetrical admittance circuit matrices. The experimensults
and conclusions are presented in section 5 and sectionkaes
tively.

1A reciprocal network is one in which the power losses are the
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tion [20].



2. HIERARCHICAL MULTI-POINT

MODEL ORDER REDUCTION

The generas-domain hierarchical model order reduction method[18]
is a general model order reduction technique that can béeaitol

any linear networks (passive or active). Considering a iscint

with some internal structures and terminals, the circuitknowns—
the node-voltage variables and branch-current variabéesbe

partitioned into three disjoint groups, xB, andxR, where the su-
perscriptd, B, Rstand for, respectivelynternal variables bound-
ary variables and theestof variables. Assume that modified nodal
analysis (MNA) is used for circuit matrix formulation. Withis,
the system-equation sktX = b, can be rewritten in the following
form (Schur decomposition):

YL Mm'B 0 X b'
MB!' mBB MBR xB — LB (l)
0 MRB MRR XR bR

The matrix,M", is theinternal matrix associated with internal vari-
able vectox' .

Hierarchical reduction is to eliminate all the variablesinand to
transform (1) into the following reduced set of equations :

e e [ =[5 ]

MRB bR
wheremgs — MB8 _ M8 (M'")-1M'B andb®* = b8 —MB' (M")~1b'. Suppose
that the number of internal variablegtjsand the number of bound-
ary variables isn. Assumingdet(M") # 0, Then each matrix ele-
ments in the modifieMBB andbB can be written in the following
expanded forms:

MBR
MRR

xB
xR

@)

BB _ det(A[1,....mu|l,....mV])

o det(All) ’ ®

whereu,v =1,...,| and element in the RHS can be written in the
following form:

det(AlL, ., mulL,...,m+b)
det(AT) ’

Bx
by =

4
where,M[1,...,m ull,...,m,Vv] is the submatrix that consists of ma-
trix M'', which actually isM[1, ...,m|4,...,m], plus rowu and col-
umnyv of matrix A; M[1,...,m,u[1,...,m| +b' is the submatrix that

consists of matrixM'" plus rowu of matrix M and the right hand
side columrb'.

Hierarchical node reduction algorithm is to compute the aelw
mittancesaS%* and new right-hand side elemelt* in terms of
order-limited rational functions afhierarchically.

However, like AWE methods, it suffers the numerical proldem
for computing high order terms due to polynomial divisiofihie
multi-point hierarchical method has been proposed to iallevthis
problem [13], where multiple expansions along real or caxpl
frequency axis are performed and poles obtained from difiieex-
pansion poles are combined to get more accurate models aer w
frequency ranges.

Given a reciprocal network and its symmetric circuit adamitte
matrix, the reduced circuit matrix is still symmetric afteierar-
chical reduction. On the other hand, given non-symmetricudi
matrix of a non-reciprocal circuit, the reduced circuit mais still
not symmetric. Therefore, we have the following result:

THEOREM 1. The hierarchical reduction method process does
not change the reciprocity property of a linear circuit.

Proof Sketch: We first show that given a symmetric circuit matrix,
the reduced circuit metric is also symmetric. This can fobgd
using Eq.(3) again. We first study a circuit with circuit niatk.
The circuit has one subcircuit with circuit matii&!' . Assume that
original circuit matrix is symmetric (its subcircuit is alsymmet-

ric, i.e. bothM andM!! are symmetric) due to reciprocity.

After reduction, the reduced circuit matrix becomesia m ma-
trix where each matrix element at ramand columnv is shown in
Eq.(3). We then look at the element at rgwnd columru, which
is
o8- detM([1,...,mv|1,....mu])
u detM') J

Notice that matrixM is symmetric, so the row in Eq.(3) are col-
umnu in Eq.(5) are same. This is true for columiin Eq.(3) and
row vin Eq.(5). As a result we have

®)

M[L,...,mv|1,....,mu] = M[1,...,mu[l,...mv]"

(6)
det(M[1,...,mv|1,...,mu]) = detM[1,....mul1,...mV]T) (7)
Hence,a% = aB8* and reciprocity is preserved in the reduced
circuit matrix when one subcircuit is reduced. In the hiehézal
reduction, we reduce one subcircuit at a time and the redciced
cuit matrix is still symmetric after reduction. So the reddcircuit
matrix after all the subcircuits are reduced is still synmicet

For non-symmetric circuid, the rowu in Eq.(3) are columm in
Eq.(5) are not same in general. This is true for colunim Eq.(3)
and rowv in Eq.(5). HenceaB%" is no longer the same a&§5*.

The resulting reduced circuit matrix is not symmetric algthis
completes the proof of this theory.

3. OPTIMIZATION CONSIDERING MAG-
NITUDE AND PHASE RESPONSES
3.1 Motivation for considering both phase and

magnitude responses
Existing model order reduction tools typically match themitd
tance responses in terms of magnitudes (or real and imggiaas).
But for active circuits, phase responses are also impoasitiey
are related to the stability of the active circuits as martivacir-
cuits have internal feedbacks. Fig.1 shows the optimizeditad
tance response &fi»(s) of reduced two-port admittance matrix of
MA725 opamp circuit without considering matching phases.aks ¢
be seen, the phase part discrepancy are quite large at lqueiney
range even the magnitudes are matched perfectly. This edduc
2 x 2 circuit model will give incorrect phase responses, whigym
result in unstable or oscillating response of the wholeegysin
time domain under some input stimulus in given frequencgean
As a result, we have to explicitly match the phase responsagiu
the optimization process shown below.

3.2 Constrainted Least Square Based Opti-

mization

After the multi-point hierarchical model reductionngport order

reduced admittance matrix of the original circuit is getexlaas
shown in Eq.(8),

Y11(9) Yin(9)

; ; ®)

Yn1(s) Yon(s)

where, each of the rational admittan¢ecan be represented in the
partial fraction form as shown in Eq.(10). The hierarchicuilti-
point reduction process typically finds all the dominanggsdh the
given frequency ranges for each admittance, but theiruesidhay
not be accurate due to multi-point expansions. As a resalheed
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Figure 1: The admittanceY,1 response ofuA725 Opamp with-
out considering phase

to adjust the residues so that admittance responses mallakithie

the exact ones in both magnitude and phase. This can be done b

the constrained least square optimization process.

Assume that we have obtained the admittance matrix of a oeder
duced systenY (s) with a set ofT frequency sampling points. Let
Yo.q(s¢) be the exact values of the admittance at the efyiry) at
thekth frequency point, which can be obtained by the exact hierar
chical symbolic analysis [19].

Let’s first consider the magnitude only. Then the optimzaprob-
lem is to determine the residues of poles such that the failpw
least square cost function is minimized:

T

min(kzll\\?p.,q(&) ~Voa(s13) ©9)

In order to format the optimization problem, we need to resvri
each rational function at the ent(p, q) of the admittance matrix
in the following partial fraction form:

N "
rcn rc
+3 +
n:l(s— PG, S— Pc:

where we hasz-palr conjugate polepc, andM real polesprm.

N M rrm
m

) (10)

For a given frequency poirg, we define

A= (s ay (s ai(so an(s) 1 Sk(l]l)
and
x=[ % X G Y Yo Yo Il (12)
For each pole lying on real axis splane, we have
r 1
= 13
am(Sk) P——— (13)

andx, is the residue corresponding pgben. In the case of com-
plex poles, we have

o€ = 1 . 1 o, 0
S— P& s—pG M s—pa 8- pG;
and consequentby; andxrﬁ+l are the real parts and imaginary parts
of the conjugate residues of the complex poles respectively

(14)

ForT frequency points, we define

A \4
Ajin = { i:’]e‘l((A)) } Nin = { Iﬁ((?)) } (15)
We then can rewrite Eq.(9) as
min(HAIinX—YIinH%) (16)

In this way, all the variables (the real and imaginary paitesidues)
are real variables and the optimization is done in the reaitrar
domain.

Now we consider the phase constraints. Phase essentialig is
ratio of the real and imaginary parts of complex number. Nalyn

it will be automatically matched if magnitude is matched wheth
real and imaginary parts are not small. But this is not the ed®en
both of them are very small numbers. There are two aspeckeof t
ratio: one is the sign of the ratio and the other is the valuthef
ratio. We first consider the sign constraint. Let’s define

Yp = diag(Yiin) 17

wherediag(Yjin ) means generating a diagonal matrix from a vector
Yin and

Diin = YoAlin (18)
);hen the phase sign constraint becomes
Diinx>0 (19)

Then we consider the ratio value constrain, which requiiasthe
ratio between real and imaginary parts of the optimized ertbé
same as the exact one. Let'’s define

_ im(Y)
Y = dlag({ re(Y) D (20)
and
Giin = liin Y1 Alin (21)
where
1 .- 0 -1 --- 0
I”n_lg TR ] (22)
O --- 1 0 - -1
then the phase value constraint becomes
O“nXZO (23)

Finally, we have the following constrained linear leastaguopti-
mization problem:

min(|| AjinX— Yiin|[3)

subjectto Djjnx > 8 (4)

inX=

The resulting problem is solved by MATLAB's Least Squarel too
package in our work.

4. MULTI-PORT NON-RECIPROCAL
CIRCUIT REALIZATION

In this section, we show how to realize a general non-symimetr
(non-reciprocalh x n admittance matrix into a macro-model in the
form of RLC and controlled elements, which can be accepted by
general SPICE like simulators in both frequency and time aom
simulation.

4.1 Relaxed one-port realization

We start with one-port network realization. For a one-pooisi
with driving-point admittance function, we use a generadifos-
ter's canonical form [20] to directly synthesize the adenmitte func-
tion.



After optimization, the new elemeM((s) in the reduced admittance
matrix can be rewritten in Eq.( 25).

M r N yC (I C_yC i
Y(8) =Y t+Yo+ Y Xm | S ( n il | X ”*11)
=1S—Pm & S—PG S— PG,

(25)
The admittance function in Foster’s canonical-form canHhent

Rm_|1 Rm M Rn_1 Rn_N
Gs] Csg
Y(s)—~ T Lm_| Lm_| Ln_1 Ln_N
Gn_1 Gn_N
Cn]1 Cn/N

Figure 2: One-port Foster admittance realization.

synthesized by an equivalent circuit shown in Fig. 2 withfile
lowing equations to determine values of R, L, C, G elements:

Gs :Y(), Cs :Yoo,
Rmm:i, Lm_m:f%;
Xn Xn
Ln.n= %, Ln_nCn.n|pcy|?> = RnnGnn+1,
Gnn 7><Cnre(pcn) +X54im(pcn)
cnn xS ’
RN Xgre(pcn) + X5 4im(pen)
Lnn = X —2re{pcn} (26)

In our approach, weelaxthe requirement that all the RLC elements
are positive as we do not need to physically realize thoseiits:
Instead, we allow negative resisters, inductors, and ¢apacAs

a result, the realization process can be done in straighdforway
without any approximation, i.e. the realized circuit andhittance

is one-to-one mapping and reversible.

4.2 Multi-port non-reciprocal realization

To realize a generalx n non-reciprocal admittance matrix, we pro-
pose a general complete-graph structure (in case of fullttatme
matrix) to realize the admittance matrix based on the onerpal-
ization. In the following, we first illustrate how a 2-porttaerk is
realized and then we extend this concept for germepairt network
realization.

Given a 2x 2 non-symmetric admittance matrix as shown as Eq.27,

y11(8) ylZ(S)}
Y21(8)  Y22(9)

whereyi2(s) # y21(s), the admittance matrix can be realized ex-

Y2x2(8) = { 27)

1 3 4 2

112 121

Fli2  AF + Fl21

Vi Nz V2

yl1 Eval~ y12 [ y21Ygvq y22

Figure 3: A general two-port nonreciprocal active realizaion.

actly by using the circuit template shown in Fig. 3, whereheac

branch admittance will be realized by the one-port Fosteqsn-
sion method shown in Fig. 2.

Notice that the non-symmetric admittance is realized via \voit-
age controlled voltage sources (VCVBY; andEV,, and two cur-
rent controlled current sources (CCG3), andFl,;. Both VCVS
and CCCS have the unit transfer gain. For instance, to eealiz
y12(s), which represents the transconductor that leads to the cur-
rent injected into node 1 due to voltage at node 2, the VEVS
first transforms the voltage at node \&) into the node 3\, =
V3). ThenVs drives the admittance » to generate the curreht2,
which then drives a CCCBl 15 to inject the same amount of current
into node 1. Realization of,1(S) can be explained in the similar
way.

For generah x n non-symmetric admittance matrix, we can realize
each pair of ports using the aforementioned two port re@diza
method until all the pair of ports are realized. The resgltimcuits
will have a complete graph structure (in case of full admita
matrix). But the non-symmetric property will be preservediadg
the realization process.

5. EXPERIMENTAL RESULTS

The proposed method has been implemented using C++ and MAT-
LAB. The CPU times are collected on a Linux workstation with
3.0GHz P-IV CPU and 512M memory. We present the results on
three examples.

The first example is a folded cascode CMOS OPAMP [6].
small-signal model contains 122 resistors, capacitord,vaitage
control current source. We perform the multi-point hiehacal
model order reduction up to 2MHz, which extracts 4 dominant
common poles for admittance matrix. We match the frequeipcy u
to 2MHz during the optimization. The synthesized circuliles

40 RLC, 2 VCVS and 2 CCCS controlled devices, which repre-
sents a 63.93% reduction ratio (63.93% circuit elementsbkas
suppressed) for this case.

Its

The resulting waveforms in frequency domain and companigtn
the original waveforms are shown in Fig. 4 fgn(s). As you can
see, the synthesized circuit matches the original cirariigetly up
to the 2MHz in all aspects of the frequency responses.
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=+ synthesized = synthesized
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Figure 4: Frequency response oY, of opamp model

Using this CMOS opamp, we design two low-pass active filters.
The first filter example is a tenth-order active Sallen-Keyotogy
low-pass filter shown in Fig. 5. After the reduction and reali
tion, there are 88 RLC elements, 2 VCVS and 2 CCCS dependent



sources in the synthesized circuit compared with 636 devitthe
original circuit, which represents 85.53% reduction ratde re-
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Figure 5: An active Sallen-Key topology low-pass filter

sulting waveforms in frequency domain and comparison with t
original waveforms are shown in Fig. 6 f#4(s). If the phase is
not explicitly considered in the optimization process, rigults are
shown in Fig. 7 forY»1(s). It can be seen that the phase part has :
noticeable discrepancy compared with the exact response. 0 > n

Magnitude

10 10 10 10° 10° 10° 10* 10°
Frequency Frequency
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2 ¥ ¥ Figure 7: Frequency response of»1 of the Sallen-Key topology
: : low-pass filter without considering phase
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Figure 6: Frequency response of>; of the Sallen-Key topology : : : :
low-pass filter B0k
The filter's transfer function response is shown in Fig. 8g i 70 : : : :
shows the simulation in time domain with different excivas. For 10° 10% 10° 10° 10° 10%°
the left figure, the input signal is a sinusoidal signal wikiHE fre- Frequency [Hz]
guency. The outputs of the synthesized ones are almostiteca
the original circuit and the synthesized circuit. For ttghtifigure,  Figyre 8: Frequency response of the transfer function of the
the excite is also a sinusoidal function with 1MHz frequerithie Sallen-Key topology low-pass filter

outputs are still very close.

The second filter is shown as Fig. 10. This filter is a fifth-orele
liptic filter using the FDNP (frequency-dependent negatdsistor)
technique. It contains 507 both passive and active elemdrits
matching frequency is up to 1MHz and we find 8 dominant poles = °
in this range. There are 56 RLC elements, 2 VCVS and 2 CCCS
dependent sources in the synthesized circuit, which gi8ek786
reduction rate.

The frequency response of the original circuit and syn#sekcir-

cuit are shown in Fig. 11. From this figure, we notice that the
realized circuit’s response is almost the same as the atigiys-
tem form DC to 1MHz, but there are noticeable differencesiago
100MHz. This is expected as we only match the frequency up to
1MHz.

2 04 o065 08

[EREE VIR TIT) 05 Tl 15

T
Time [s] 10° x107

Figure 9: Transient response of the Sallen-Key topology low
As a result the original circuit can be replaced by the sysitteel pass filter with different excitations
model if the filter works in the frequency range from DC to 1M&dz
least) or 100MHz(at most). Over this frequency, the redlizie-
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Figure 11: Frequency response of the transfer function of te
low-pass FDNR filter

cuit will not match the original circuit well. The resultirigansient

waveforms are also shown in Fig. 12. We add the same signal to

the input of the original filter and the synthesized circaitiew the
output waveforms. The left figure is the result from a 1Khausin
soidal excitation. The outputs are almost same betweee tixes
filters. The right figure shows the result from a 2MHz sinuabid
signal. The time domain simulation is still good at this fregcy.

original
- - synthesized

— original
- - synthesized

Yoltage [v]
o

Voltage [V]

1 1
Time [s] Time [s]

x107 x10"

Figure 12: Transient response of the FDNR filter with different
excitations

6. CONCLUSION AND FUTURE WORK

In this paper, we have proposed a novel active circuit mogelnd
realization technique. The proposed method combines therge
multi-point ssdomain hierarchical model order reduction with con-
strained linear least square based optimization techrtigugen-
erate high-fidelity order-reduced multi-port admittancatmices in
terms of both magnitude and phase responses of all adnéteec
ments in the matrices. To realize the non-symmetric (naiprecal)
admittance matrices, we have proposed a general multiradrt

work realization method based on relaxed one-port Fostarisn-
ical form network synthesis technique. The resulting maader
reduction flow takes the SPICE netlist of active circuitsrni @ro-
duces the SPICE netlist of macro models out, which makesghe g
erated models very portable and flexible to be incorporatiéd w
other simulation tools. The experimental results have shthat
the proposed method can generate very high accurate madels f
number of active low-pass filters.

Unlike RLCK passive circuits, many analog, mixed-signal eadio-
frequency (RF) circuits exhibit non-ideal behaviors sushhar-
monic distortion, noise phenomena, input/output offsétage, sat-
uration voltages etc. Our future work will add these noraldze-
haviors to the order-reduced model to capture the non-laktadv-
iors of analog circuits.
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