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ABSTRACT
This paper presents a novel compact modeling technique for lin-
ear(ized) active analog circuits. The new method is based ona re-
cently proposed generals-domain hierarchical modeling and anal-
ysis method. In this work, based on the characteristics of analog
circuits, we propose a constrained linear least square based method
to optimize the order reduced admittance matrices with respect to
both magnitude and phase responses up to the given frequency
range. Theoretically we show that the hierarchical reduction does
not change the reciprocity property of the linear circuit. For analog
active circuits, which typically are non-reciprocal, so dothe order-
reduced circuit admittance matrices after hierarchical reduction.
We propose a novel general multi-port, non-reciprocal network re-
alization method. The resulting modeling algorithm can take in the
SPICE netlists of active circuits and generate high-fidelity compact
macro models of the active circuits with easily controlled model ac-
curacy and complexity. The experimental results on two low-pass
active filters demonstrate effectiveness of the proposed algorithm.

1. INTRODUCTION
Model order reduction for passive interconnect circuits has been in-
tensively studied in the past due to increasing complexity of para-
sitic layouts of digital circuits. Many efficient algorithms have been
proposed to reduce the interconnects modeled as RC/RCL/RLCK
circuits such as Krylov subspace projection based methods [12, 3,
17, 7, 11] and local node reduction based methods [2, 15, 1, 14, 16,
18].

For linear or linearized active circuits like filters, opamps etc., which
dominate many analog, mixed-signal and radio-frequency (RF) cir-
cuits, less studies have been done to reduce those active circuits and
realize the reduced circuit matrices using compact models [5]. On
the other hand, simulation of analog, mixed-signal and RF circuits
is a very time-consuming process. For instance, RF circuit simula-
tion is an extremely time-consuming process due to very longsimu-
lation time to accommodate both the fastest and the slowest tones in
the input signals [10]. As more analog, RF components are man-
ufactured on-chip using the latest digital VLSI technologies [8],
parasitics which are associated with many digital circuitsare also
needed to be considered in the integrated analog, RF circuits. This
leads to increasing sizes of analog, RF circuits and makes RFsimu-
lation a more challenging task. As a result, reduction and compact
modeling of circuits with both passive and active circuits are impor-
tant for fast mixed-signal and RF circuit design and verification.

Active circuits are different from passive circuits in several respects.
First many active circuits are nonlinear in nature. But theyoften
exhibit linearity when input signals are small so that the opera-
tional points do not change significantly. Such linearized circuits
are good enough for predicting many useful characteristicsof the
analog and RF circuits such as gain, noise figures, bandwidth, noise

∗This work is funded by NSF CAREER Award CCF-
0448534, NSF Grant OISE-0451688 and UC Regent’s Faculty
Fellowship(04-05).

margin for early stage verification. Second, active circuits may gen-
erate energy, which means they are not passive. Thus no passive
reduction and passive enforcements are required. But the phase re-
sponses of many active circuits like opamps are important asthey
determine the stability of the circuits due to internal or external
feedback loops [9]. But existing model order reduction approaches
only match the magnitude (or real and imaginary) part of the cir-
cuit responses. Explicit matching of phase response is desired in
analog circuit modeling in addition to the magnitude matching in
frequency domain. Third, active circuits typically don’t have the
reciprocity property1. Mathematically a reciprocal network has
a symmetric matrix, which has been exploited by many existing
reduction approaches for RLCK circuits by iterative approaches.
But this is not the case for general active circuits, which will make
those methods less efficient. Also the reduction process should not
change the reciprocity property of the circuit during the reduction
process. But this is not the case for most of projection basedreduc-
tion algorithms like PRIMA [12] except for the recent work [4].
Also how to realize general non-reciprocal (non-symmetric) order-
reduced circuit matrices remains a less studied problem.

In this paper, we propose a general reduction and macro-modeling
technique of the linear or linearized active circuits. Our new re-
duction process is based on the recent hierarchical multi-point re-
duction algorithm, which allows reduction and realizationof both
passive and active circuits up to very wide frequency ranges[13].
Our new contributions of this work are as follows: (1) Theoret-
ically, we show that the hierarchical model order reduction[18]
does not change the reciprocity property of the circuits. (2) Practi-
cally, we apply a constrained linear least square based optimization
method to match both magnitude and phase responses of the ad-
mittance in the reduced matrix after the hierarchical reduction for
modeling active circuits. (3) We propose a general multi-port net-
work realization process to realize any multi-port non-symmetric
circuit matrices for macromodeling of non-reciprocal active cir-
cuits based on relaxed one-port Foster’s canonical form network
synthesis technique. The resulting modeling algorithm cangener-
ate high-fidelity multi-port macromodels of any linear active net-
works with easily controlled model accuracy and complexityup to
the given frequency range.

The paper is organized as follows. Section 2 reviews the hierar-
chical multi-point modeling technique and also shows theoretically
that the hierarchical reduction does not change the reciprocal prop-
erty of the circuit matrices. Section 3 presents the optimization
process for matching both magnitude and phase responses of ad-
mittances in the reduced circuit matrix up to the given frequency
range. In section 4, we describe the realization process of non-
symmetrical admittance circuit matrices. The experimental results
and conclusions are presented in section 5 and section 6, respec-
tively.

1A reciprocal network is one in which the power losses are the
same between any two ports regardless of direction of propaga-
tion [20].



2. HIERARCHICAL MULTI-POINT
MODEL ORDER REDUCTION

The generals-domain hierarchical model order reduction method[18]
is a general model order reduction technique that can be applied to
any linear networks (passive or active). Considering a subcircuit
with some internal structures and terminals, the circuit’sunknowns—
the node-voltage variables and branch-current variables—can be
partitioned into three disjoint groupsxI , xB, andxR, where the su-
perscriptsI, B, Rstand for, respectively,internal variables,bound-
ary variables and therestof variables. Assume that modified nodal
analysis (MNA) is used for circuit matrix formulation. Withthis,
the system-equation setMX = b, can be rewritten in the following
form (Schur decomposition):





MII MIB 0
MBI MBB MBR

0 MRB MRR









xI

xB

xR



 =





bI

bB

bR





. (1)

The matrix,MII , is theinternalmatrix associated with internal vari-
able vectorxI .

Hierarchical reduction is to eliminate all the variables inxI , and to
transform (1) into the following reduced set of equations :

[

MBB∗ MBR

MRB MRR

][

xB

xR

]

=

[

bB∗

bR

]

, (2)

whereMBB∗ = MBB−MBI (MII )−1MIB andbB∗ = bB −MBI (MII )−1bI . Suppose
that the number of internal variables ist, and the number of bound-
ary variables ism. Assumingdet(MII ) 6= 0, Then each matrix ele-
ments in the modifiedMBB andbB can be written in the following
expanded forms:

aBB∗
u,v =

det(A[1, ...,m,u|1, ...,m,v])
det(AII )

, (3)

whereu,v = 1, ..., l and element in the RHS can be written in the
following form:

bB∗
u =

det(A[1, ...,m,u|1, ...,m]+bI )

det(AII )
, (4)

where,M[1, ...,m,u|1, ...,m,v] is the submatrix that consists of ma-
trix MII , which actually isM[1, ...,m|1, ...,m], plus rowu and col-
umnv of matrix A; M[1, ...,m,u|1, ...,m]+bI is the submatrix that
consists of matrixMII plus rowu of matrix M and the right hand
side columnbI .

Hierarchical node reduction algorithm is to compute the newad-
mittancesaBB∗

u,v and new right-hand side elementbB∗
u in terms of

order-limited rational functions ofs hierarchically.

However, like AWE methods, it suffers the numerical problems
for computing high order terms due to polynomial divisions.The
multi-point hierarchical method has been proposed to alleviate this
problem [13], where multiple expansions along real or complex
frequency axis are performed and poles obtained from different ex-
pansion poles are combined to get more accurate models over wide
frequency ranges.

Given a reciprocal network and its symmetric circuit admittance
matrix, the reduced circuit matrix is still symmetric afterhierar-
chical reduction. On the other hand, given non-symmetric circuit
matrix of a non-reciprocal circuit, the reduced circuit matrix is still
not symmetric. Therefore, we have the following result:

THEOREM 1. The hierarchical reduction method process does
not change the reciprocity property of a linear circuit.

Proof Sketch: We first show that given a symmetric circuit matrix,
the reduced circuit metric is also symmetric. This can foundby
using Eq.(3) again. We first study a circuit with circuit matrix M.
The circuit has one subcircuit with circuit matrixMII . Assume that
original circuit matrix is symmetric (its subcircuit is also symmet-
ric, i.e. bothM andMII are symmetric) due to reciprocity.

After reduction, the reduced circuit matrix becomes am×m ma-
trix where each matrix element at rowu and columnv is shown in
Eq.(3). We then look at the element at rowv and columnu, which
is

aBB∗
v,u

det(M[1, ...,m,v|1, ...,m,u])

det(MII )
, (5)

Notice that matrixM is symmetric, so the rowu in Eq.(3) are col-
umnu in Eq.(5) are same. This is true for columnv in Eq.(3) and
row v in Eq.(5). As a result we have

M[1, ...,m,v|1, ...,m,u] = M[1, ...,m,u|1, ...,m,v]T (6)

det(M[1, ...,m,v|1, ...,m,u]) = det(M[1, ...,m,u|1, ...,m,v]T) (7)

Hence,aBB∗
u,v = aBB∗

v,u and reciprocity is preserved in the reduced
circuit matrix when one subcircuit is reduced. In the hierarchical
reduction, we reduce one subcircuit at a time and the reducedcir-
cuit matrix is still symmetric after reduction. So the reduced circuit
matrix after all the subcircuits are reduced is still symmetric.

For non-symmetric circuitM, the rowu in Eq.(3) are columnu in
Eq.(5) are not same in general. This is true for columnv in Eq.(3)
and rowv in Eq.(5). Hence,aBB∗

u,v is no longer the same asaBB∗
v,u .

The resulting reduced circuit matrix is not symmetric also.This
completes the proof of this theory.

3. OPTIMIZATION CONSIDERING MAG-
NITUDE AND PHASE RESPONSES

3.1 Motivation for considering both phase and
magnitude responses

Existing model order reduction tools typically match the admit-
tance responses in terms of magnitudes (or real and imaginary parts).
But for active circuits, phase responses are also importantas they
are related to the stability of the active circuits as many active cir-
cuits have internal feedbacks. Fig.1 shows the optimized admit-
tance response ofY12(s) of reduced two-port admittance matrix of
µA725 opamp circuit without considering matching phases. As can
be seen, the phase part discrepancy are quite large at low frequency
range even the magnitudes are matched perfectly. This reduced
2×2 circuit model will give incorrect phase responses, which may
result in unstable or oscillating response of the whole system in
time domain under some input stimulus in given frequency range.
As a result, we have to explicitly match the phase response during
the optimization process shown below.

3.2 Constrainted Least Square Based Opti-
mization

After the multi-point hierarchical model reduction, an-port order
reduced admittance matrix of the original circuit is generated as
shown in Eq.(8),

Ŷ(s) =







Ŷ1,1(s) · · · Ŷ1,n(s)
...

. . .
...

Ŷn,1(s) · · · Ŷn,n(s)






(8)

where, each of the rational admittanceŶi j can be represented in the
partial fraction form as shown in Eq.(10). The hierarchicalmulti-
point reduction process typically finds all the dominant poles in the
given frequency ranges for each admittance, but their residues may
not be accurate due to multi-point expansions. As a result, we need
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Figure 1: The admittanceY21 response ofµA725Opamp with-
out considering phase

to adjust the residues so that admittance responses match well with
the exact ones in both magnitude and phase. This can be done by
the constrained least square optimization process.

Assume that we have obtained the admittance matrix of a orderre-
duced system̂Y(s) with a set ofT frequency sampling points. Let
Ỹp,q(sk) be the exact values of the admittance at the entry(p,q) at
thekth frequency point, which can be obtained by the exact hierar-
chical symbolic analysis [19].

Let’s first consider the magnitude only. Then the optimization prob-
lem is to determine the residues of poles such that the following
least square cost function is minimized:

min(
T

∑
k=1

‖Ŷp,q(sk)−Ỹp,q(sk)‖
2
2) (9)

In order to format the optimization problem, we need to rewrite
each rational function at the entry(p,q) of the admittance matrix
in the following partial fraction form:

Ŷ(s) = sŶ∞ +Ŷ0 +
M

∑
m=1

rrm

s− prm
+

N

∑
n=1

(
rcn

s− pcn
+

rc∗n
s− pc∗n

) (10)

where we haveN-pair conjugate polespcn andM real polesprm.

For a given frequency pointsk, we define

Ak = [ ar
1(sk) · · · ar

M(sk) ac
1(sk) · · · ac

2N(sk) 1 sk ]
(11)

and

x = [ xr
1 · · · xr

M xc
1 · · · xc

2N Y0 Y∞ ]T (12)

For each pole lying on real axis ofsplane, we have

ar
m(sk) =

1
sk− prm

(13)

andxr
m is the residue corresponding poleprm. In the case of com-

plex poles, we have

ac
n =

1
sk− pcn

+
1

sk− pc∗n
,ac

n+1 =
j

sk− pcn
−

j
sk− pc∗n

(14)

and consequentlyxc
n andxc

n+1 are the real parts and imaginary parts
of the conjugate residues of the complex poles respectively.

ForT frequency points, we define

Alin =

[

re(A)
im(A)

]

, Ylin =

[

re(Ỹ)
im(Ỹ)

]

(15)

We then can rewrite Eq.(9) as

min(‖Alinx−Ylin‖
2
2) (16)

In this way, all the variables (the real and imaginary parts of residues)
are real variables and the optimization is done in the real number
domain.

Now we consider the phase constraints. Phase essentially isthe
ratio of the real and imaginary parts of complex number. Normally
it will be automatically matched if magnitude is matched when both
real and imaginary parts are not small. But this is not the case when
both of them are very small numbers. There are two aspects of the
ratio: one is the sign of the ratio and the other is the value ofthe
ratio. We first consider the sign constraint. Let’s define

YD = diag(Ylin) (17)

wherediag(Ylin ) means generating a diagonal matrix from a vector
Ylin and

Dlin = YDAlin (18)

then the phase sign constraint becomes

Dlinx≥ 0 (19)

Then we consider the ratio value constrain, which requires that the
ratio between real and imaginary parts of the optimized one is the
same as the exact one. Let’s define

YI = diag

([

im(Ỹ)
re(Ỹ)

])

(20)

and

Clin = IlinYI Alin (21)

where

Ilin =





1 · · · 0 −1 · · · 0
...

...
...

...
. . .

...
0 · · · 1 0 · · · −1



 (22)

then the phase value constraint becomes

Clinx = 0 (23)

Finally, we have the following constrained linear least square opti-
mization problem:

min(‖Alinx−Ylin‖
2
2) subject to Dlinx≥ 0

Clinx = 0 (24)

The resulting problem is solved by MATLAB’s Least Square tool
package in our work.

4. MULTI-PORT NON-RECIPROCAL
CIRCUIT REALIZATION

In this section, we show how to realize a general non-symmetric
(non-reciprocal)n×n admittance matrix into a macro-model in the
form of RLC and controlled elements, which can be accepted by
general SPICE like simulators in both frequency and time domain
simulation.

4.1 Relaxed one-port realization
We start with one-port network realization. For a one-port model
with driving-point admittance function, we use a generalized Fos-
ter’s canonical form [20] to directly synthesize the admittance func-
tion.



After optimization, the new elementY(s) in the reduced admittance
matrix can be rewritten in Eq.( 25).

Y(s) = sY∞ +Y0 +
M

∑
m=1

xr
m

s− prm
+

N

∑
n=1

(
xc

n +xc
n+1 j

s− pcn
+

xc
n−xc

n+1 j

s− pc∗n
)

(25)
The admittance function in Foster’s canonical-form can be then

Ln_NLn_1

Cn_1 Cn_N

Rm_1

Lm_1
CsGs

Y(s)

Rm_M

Lm_M

Gn_1 Gn_N

Rn_1 Rn_N

Figure 2: One-port Foster admittance realization.

synthesized by an equivalent circuit shown in Fig. 2 with thefol-
lowing equations to determine values of R, L, C, G elements:

Gs = Y0, Cs = Y∞;

Rm m=
1

xr
m

, Lm m= −
prm
xr

m
;

Ln n =
1

2xc
n
, Ln nCn n|pcn|

2 = Rn nGn n+1,

Gn n
Cn n

= −
xc

nre(pcn)+xc
n+1im(pcn)

xc
n

,

Rn n
Ln n

=
xc

nre(pcn)+xc
n+1im(pcn)

xc
n

−2re{pcn}. (26)

In our approach, werelax the requirement that all the RLC elements
are positive as we do not need to physically realize those circuits.
Instead, we allow negative resisters, inductors, and capacitors. As
a result, the realization process can be done in straightforward way
without any approximation, i.e. the realized circuit and admittance
is one-to-one mapping and reversible.

4.2 Multi-port non-reciprocal realization
To realize a generaln×n non-reciprocal admittance matrix, we pro-
pose a general complete-graph structure (in case of full admittance
matrix) to realize the admittance matrix based on the one-port real-
ization. In the following, we first illustrate how a 2-port network is
realized and then we extend this concept for generaln-port network
realization.

Given a 2×2 non-symmetric admittance matrix as shown as Eq.27,

Y2×2(s) =

[

y11(s) y12(s)
y21(s) y22(s)

]

(27)

wherey12(s) 6= y21(s), the admittance matrix can be realized ex-

V2

+

FI21FI12 +

−
V1

I21I12

1 3 4 2
+

__

−

+

y11 y12 y21 y22EV1EV2

Figure 3: A general two-port nonreciprocal active realization.

actly by using the circuit template shown in Fig. 3, where each

branch admittance will be realized by the one-port Foster’sexpan-
sion method shown in Fig. 2.

Notice that the non-symmetric admittance is realized via two volt-
age controlled voltage sources (VCVS)EV1 andEV2, and two cur-
rent controlled current sources (CCCS)FI12 andFI21. Both VCVS
and CCCS have the unit transfer gain. For instance, to realize
y12(s), which represents the transconductor that leads to the cur-
rent injected into node 1 due to voltage at node 2, the VCVSEV2
first transforms the voltage at node 2 (V2) into the node 3 (V2 =
V3). ThenV3 drives the admittancey12 to generate the currentI12,
which then drives a CCCSFI12 to inject the same amount of current
into node 1. Realization ofy21(s) can be explained in the similar
way.

For generaln×n non-symmetric admittance matrix, we can realize
each pair of ports using the aforementioned two port realization
method until all the pair of ports are realized. The resulting circuits
will have a complete graph structure (in case of full admittance
matrix). But the non-symmetric property will be preserved during
the realization process.

5. EXPERIMENTAL RESULTS
The proposed method has been implemented using C++ and MAT-
LAB. The CPU times are collected on a Linux workstation with
3.0GHz P-IV CPU and 512M memory. We present the results on
three examples.

The first example is a folded cascode CMOS OPAMP [6]. Its
small-signal model contains 122 resistors, capacitors, and voltage
control current source. We perform the multi-point hierarchical
model order reduction up to 2MHz, which extracts 4 dominant
common poles for admittance matrix. We match the frequency up
to 2MHz during the optimization. The synthesized circuit includes
40 RLC, 2 VCVS and 2 CCCS controlled devices, which repre-
sents a 63.93% reduction ratio (63.93% circuit elements hasbeen
suppressed) for this case.

The resulting waveforms in frequency domain and comparisonwith
the original waveforms are shown in Fig. 4 forY12(s). As you can
see, the synthesized circuit matches the original circuit perfectly up
to the 2MHz in all aspects of the frequency responses.
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Figure 4: Frequency response ofY12 of opamp model

Using this CMOS opamp, we design two low-pass active filters.
The first filter example is a tenth-order active Sallen-Key topology
low-pass filter shown in Fig. 5. After the reduction and realiza-
tion, there are 88 RLC elements, 2 VCVS and 2 CCCS dependent



sources in the synthesized circuit compared with 636 devices in the
original circuit, which represents 85.53% reduction rate.The re-

Vout

Vin
+

−

+

−

+

−

+

−

+

−

Figure 5: An active Sallen-Key topology low-pass filter

sulting waveforms in frequency domain and comparison with the
original waveforms are shown in Fig. 6 forY21(s). If the phase is
not explicitly considered in the optimization process, theresults are
shown in Fig. 7 forY21(s). It can be seen that the phase part has
noticeable discrepancy compared with the exact response.
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Figure 6: Frequency response ofY21 of the Sallen-Key topology
low-pass filter

The filter’s transfer function response is shown in Fig. 8. Fig 9
shows the simulation in time domain with different excitations. For
the left figure, the input signal is a sinusoidal signal with 1KHz fre-
quency. The outputs of the synthesized ones are almost the same of
the original circuit and the synthesized circuit. For the right figure,
the excite is also a sinusoidal function with 1MHz frequency. The
outputs are still very close.

The second filter is shown as Fig. 10. This filter is a fifth-order el-
liptic filter using the FDNP (frequency-dependent negativeresistor)
technique. It contains 507 both passive and active elements. The
matching frequency is up to 1MHz and we find 8 dominant poles
in this range. There are 56 RLC elements, 2 VCVS and 2 CCCS
dependent sources in the synthesized circuit, which gives 88.17%
reduction rate.

The frequency response of the original circuit and synthesized cir-
cuit are shown in Fig. 11. From this figure, we notice that the
realized circuit’s response is almost the same as the original sys-
tem form DC to 1MHz, but there are noticeable differences around
100MHz. This is expected as we only match the frequency up to
1MHz.

As a result the original circuit can be replaced by the synthesized
model if the filter works in the frequency range from DC to 1MHz(at
least) or 100MHz(at most). Over this frequency, the realized cir-
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Figure 7: Frequency response ofY21 of the Sallen-Key topology
low-pass filter without considering phase
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Figure 8: Frequency response of the transfer function of the
Sallen-Key topology low-pass filter
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pass filter with different excitations
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Figure 10: An active low-pass FDNR filter
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Figure 11: Frequency response of the transfer function of the
low-pass FDNR filter

cuit will not match the original circuit well. The resultingtransient
waveforms are also shown in Fig. 12. We add the same signal to
the input of the original filter and the synthesized circuit to view the
output waveforms. The left figure is the result from a 1Khz sinu-
soidal excitation. The outputs are almost same between these two
filters. The right figure shows the result from a 2MHz sinusoidal
signal. The time domain simulation is still good at this frequency.
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Figure 12: Transient response of the FDNR filter with different
excitations

6. CONCLUSION AND FUTURE WORK
In this paper, we have proposed a novel active circuit modeling and
realization technique. The proposed method combines the general
multi-point s-domain hierarchical model order reduction with con-
strained linear least square based optimization techniqueto gen-
erate high-fidelity order-reduced multi-port admittance matrices in
terms of both magnitude and phase responses of all admittance ele-
ments in the matrices. To realize the non-symmetric (non-reciprocal)
admittance matrices, we have proposed a general multi-portnet-

work realization method based on relaxed one-port Foster’scanon-
ical form network synthesis technique. The resulting modelorder
reduction flow takes the SPICE netlist of active circuits in and pro-
duces the SPICE netlist of macro models out, which makes the gen-
erated models very portable and flexible to be incorporated with
other simulation tools. The experimental results have shown that
the proposed method can generate very high accurate models for a
number of active low-pass filters.

Unlike RLCK passive circuits, many analog, mixed-signal and radio-
frequency (RF) circuits exhibit non-ideal behaviors such as har-
monic distortion, noise phenomena, input/output offset voltage, sat-
uration voltages etc. Our future work will add these non-ideal be-
haviors to the order-reduced model to capture the non-idealbehav-
iors of analog circuits.
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