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Abstract—In this article, we propose a new parallel matrix
solver, which is very amenable for Graphic Process Unit (GPU)
based fine-grain massively-threaded parallel computing. The
new method is based on the graph-based symbolic analysis
technique to generate the computing sequence of determinants in
terms of determinant decision diagrams (DDDs). DDD represents
very simple data dependence and data parallelism, which can
be explored much easier by GPU massively-threaded parallel
computing than existing LU-based methods. The new method
is based on the hierarchical determinant decision diagrams
(HDDDs). Inspired by the inherent data parallelism and sim-
ple data dependence in the evaluation process of HDDD, we
design GPU-amenable continuous data structures to enable fast
memory access and evaluation of massive parallel threads. In
addition to parallelism in DDD graph, the new algorithm can
naturally explore data independence existing in Monte Carlo and
frequency domain analysis. The resulting algorithm is a general-
purpose matrix solver suitable for fine-grain massive GPU-based
computing for any circuit matrices. Experimental results show
that the new evaluation algorithm can achieve about two orders
of magnitude speedup over the serial CPU based evaluation and
more than 4× speedup over numerical SPICE-based simulation
method on some large analog circuits.

1. Introduction

As the VLSI technology marches into nanometer scale, the
real circuit parameters will differ from what they are designed
to be due to process variations. This situation becomes worse
as technology continues to scale to 90 nm and below owing
to the increasing process-induced variability [1], [2]. For
example, due to an inverse-square-root-law dependence with
the transistor area, the mismatch of CMOS devices nearly
doubles for each process generation less than 90 nm [3],
[4]. To consider the impacts of process variations on circuit
performance, Monte-Carlo based statistical approach is the
most reliable solutions to this problem. But the prohibitive
computational costs of Monte Carlo method prevents it from
solving large analog circuits.

Modern computer architecture has shifted towards designs
that employ multiple processor cores on a chip, so called
multi-core processor [5], [6]. The graphic processing unit
(GPU) is one of the most powerful many-core computing
systems in mass-market use. For instance, the state-of-the-
art NVIDIA Kepler K40 GPU with 2880 cores has a peak
performance of over 4 TFLOPS versus about 80–100 GFLOPS
of Intel i7 series Quad-core CPUs [7], [8]. In addition to
the primary use of GPUs in accelerating graphics rendering
operations, there has been considerable interest in exploit-
ing GPUs for general purpose computation (GPGPU) [9].
Meanwhile, the introduction of new parallel programming
interfaces for general purpose computations, such as Compute
Unified Device Architecture (CUDA) [10], Stream SDK, and
emerging OpenCL [10], [11], [12], and especially emerging
OpenACC [13] compilers, have made GPUs powerful and
attractive choice for solving large engineering problems.
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Parallelization on GPU platforms is an emerging strategy to
improve the efficiency of general analysis techniques. Within
the past several years, a number of GPU-based parallel circuit
simulation techniques have been proposed. They include on-
chip power grid analysis methods [14], [15], [16], [17], [18],
fast thermal analysis [19], logic simulation [20] and general
SPICE simulation [21], [22], where only the device model
evaluation has been parallelized on GPUs. Traditional SPICE-
like numerical simulators based on sparse LU decomposition
turn out difficult to be parallelized on GPUs due to inherent
data dependence and irregular memory access. A GPU-based
sparse LU solver based on the G/P left-looking algorithm [23]
has been proposed, which shows the limited benefits on GPU
platforms for sparse LU factorization. Recently a GPU-based
statistical analysis method based on the DDD structure has
been proposed with promising results [24]. But this method
cannot handle large analog circuits as it uses the flat-DDD
structure.

In this article, we propose a new parallel matrix solver,
which is very amenable for Graphic Process Unit (GPU)
based fine-grain parallel computing. The new method is based
on the graph-based symbolic analysis technique to deter-
mine the computing sequence of determinants in terms of
determinant decision diagrams (DDDs). DDD represents very
simple data dependence and data parallelism, which can be
explored much easier by GPU massively-threaded parallel
computing than existing LU-based methods. The new method
is based on the hierarchical determinant decision diagrams
(HDDDs), which essentially allows the analysis of arbitrarily
large circuit. We design novel data structures to represent the
HDDD graphs in the GPUs to enable fast memory access of
massive parallel threads for computing the numerical values
of DDD graphs. In addition to parallelism in DDD graph,
the new algorithm can naturally explore parallelism existing
in Monte Carlo and frequency domain analysis. The resulting
algorithm is a general-purpose matrix solver suitable for fine-
grain massively-threaded parallel computing for any circuit
matrices. Experimental results show that the new evaluation
algorithm can achieve about one to two orders of magnitude
speedup over the serial CPU based evaluations and more than
4× speedup over numerical SPICE-based simulation method
on some large analog circuits with some examples giving 25×
speedup.

2. Review of hierarchical DDD (HDDD)-based
symbolic analysis

The new parallel direct solver is based on a hierarchical
DDD graph-based technique [25]. The DDD technique em-
ploys directed binary decision diagram to represent a deter-
minant where the paths in the graph represent the product
terms from the determinant. By exploiting the sparsity of
circuit matrices and the sharing within symbolic expressions
in a systematic manner, DDD enables symbolic analysis of
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much larger analog circuits than previous symbolic methods.
However, the capability of DDD was limited, since the number
of nodes in the DDD data structure grows exponentially with
the size of a circuit. This bottleneck was resolved by the
introduction of HDDD technique [26], which highly reduced
the size of DDD by dividing a circuit in different levels.

Here we give a brief review of the HDDD technique. The
system equation of a linearized time-invariant analog circuit
can be represented by the modified nodal analysis approach
in the following general form:

Ax = b (1)

where A represents the circuit matrix, x is the vector of circuit
unknown variables—node voltage and branch current, and b
is the vector of external sources. Now we divide the circuit
into two parts—a subcircuit and the rest of the circuit.

Then (1) can be rewritten in the following form:




AII AIB

ABI ABB ABR

ARB ARR









XI

XB

XR



 =





BI

BB

BR



 (2)

Here, the circuit unknown variable x is divided into three
disjoint sets—XI , XB , and XR, where the sup-scripts I , B, R
represent, respectively, internal variables, boundary variables
and the rest variables. The circuit matrix A and the external
source vector b are divided accordingly. The internal variables
are the node voltages and branch currents of the subcircuit,
the boundary variables are those shared by the subcircuit and
the rest of the circuit, and the rest variables are only related to
the rest of the circuit. Using Schur decomposition to eliminate
internal variables XI , we can transform (2) to:

[

ABB∗ ABR

ARB ARR

] [

XB

XR

]

=

[

BB∗

BR

]

, (3)

where
ABB∗ = ABB

− ABI(AII)−1AIB , (4)

and
BB∗ = BB

− ABI(AII)−1BI . (5)

Suppose the length of XB is m and the length of XR is l,
then elements in ABB∗ can be expanded as:

aBB∗

u,v = aBB
u,v −

1

det(AII)

m
∑

k1,k2=1

aBI
u,k1

∆II
k2,k1

aIB
k2,v (6)

where u, v = 1, ..., l and ∆II
k2,k1

= (−1)k2+k1det(Ak2,k1
).

We call aBB∗

u,v a compound element, which can be obtained

by the reduction of an original part aBB
u,v and a composite part

1
det(AII)

∑m

k1,k2=1 aBI
u,k1

∆II
k2,k1

aIB
k2,v . The determinant ∆II

k2,k1

within a nonzero term aBI
u,k1

∆II
k2,k1

aIB
k2,v is called a valid

cofactor of the subcircuit. det(AII) is called the system
determinant of the subcircuit.
Similarly, elements in BB∗ can be expanded as

bB∗

u = bB
u −

1

det(AII)

m
∑

k1,k2=1

aBI
u,k1

∆II
k2,k1

bI
k2

, (7)

where u = 1, ..., l. The foregoing process is called subcircuit
suppression. Given a practical circuit and a good partition of
it, ABI and AIB are usually very sparse and l is usually much

1,2

II
D

IIA

Fig. 1. Multi-Root DDD representation for AII and ∆II
1,2

smaller than m. This implies that only a few nonzero terms
of aBI

u,k1
∆II

k2,k1
aIB

k2,v and aBI
u,k1

∆II
k2,k1

bI
k2

will be generated,
thus the efficiency of HDDD technique is guaranteed. (6) and
(7) show that to decide the value of an element in the sup-
pressed MNA, we need to first evaluate the system determinant
det(AII) and the valid cofactors ∆II

k2,k1
. According to [25],

every determinant can be represented by a DDD. Since all
these DDDs are related to the same subcircuit, there are a
lot of internal sharing among the DDDs. As a result, we can
represent all the determinants of the subcircuit in a compact
data structure called multi-root DDD.

For example, assume that AII =


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
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ABR = [q], ARB = [r], and ARR = [w]. Then the system
determinant of the subcircuit is
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∣
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(8)

and there is only one valid cofactor, which is

∆II
1,2 = (−1)det(AII

1,2) = (−1)

∣

∣

∣

∣

∣

c e 0
0 g h
0 i j

∣

∣

∣

∣

∣

. (9)

Now a multi-root DDD for det(AII) and ∆II
1,2 shown in

Fig. 1 is constructed. The value of 1-terminal is 1, and that
of 0-terminal is 0. Each node ai in the figure represents a
symbolic expression D(ai) defined recursively as:

D(ai) = ai · sign(ai) · Dai
+ Dai

, (10)

where Dai
and Dai

represent, respectively, the symbolic
expressions of the nodes pointed by the 1-edge and 0-edge
of ai. According to this recursive relationship, we can get the
value of each root by traversing all the nodes of the multi-root
DDD in a depth-first manner.
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Fig. 2. Example of a circuit hierarchy

For a large circuit hierarchy with more than one subcircuit,
e.g. Fig. 2, the circuit suppression process is performed
recursively by visiting the circuit hierarchy in a bottom-up
fashion. Note that if any subcircuit has two or more children
overlapping in the boundry, Eq.(6) need to be modified to
following general form:

aBB∗

u,v = aBB
u,v −

n
X

p=1

(
1

det(AIIp )

mp
X

k1,k2=1

a
BIp

u,k1
∆

IIp

k2,k1
a

IBp

k2,v
) (11)

where n is the number of children subcircuits that contribute
to the composite part of aBB∗

u,v . Values with subscript “p”
correspond to the pth child. Eq.(7) can be updated analogously.
The rest of the paper bases on this general form.

3. The proposed HDDD-based parallel Monte
Carlo analysis method

In this section, we first provide an overview of how the
previous hierarchy DDD evaluation process can be paral-
lelized for Monte Carlo analysis of analog circuits, and how
to generate data structures amenable for GPU. A detailed
implementation on GPU will be shown in the next section.

In HDDD-based analysis, the circuit is represented in hier-
archy. To evaluate the whole circuit, we go through the circuit
hierarchy in a bottom-up fashion, as indicated by Eval Order
in Fig.2. Each subcircuit in the hierarchy is represented by
a multi-root DDD. To evaluate it, first we need to calculate
the numerical value of the corresponding MNA elements. The
original part of an MNA element is based on device value of
the current subcircuit. The composite part can be obtained by
subsituting the evaluation result of the children subcircuits’
multi-root DDDs to (11). Then, the MNA element value is
mapped to the multi-root DDD of the current subcircuit and
a depth-first traversal is performed.

Now consider the evaluation of a multi-root DDD at a single
frequency in a single Monte Carlo run. The data dependency
within a multi-root DDD is very simple: a node can be
evaluated when the value of all its children is obtained. If
several nodes satisfy this condition at the same time, we call
that they are at the same level. The level of a DDD node ai

can be determined as:

L(ai) = max(Lai
, Lai

) + 1. (12)

where Lai
and Lai

represent, respectively, the level of the
nodes pointed by the 1-edge and 0-edge of ai. Specifically,
we define the level of both 1-terminal and 0-terminal as -1.
The parallel scheme here is simple: nodes at the same level
can be evaluated at the same time. And the evaluation process
goes from the lowest level to the highest level.

 

MNA element index 0 1 2 3 4 5 6 7 8 9 
 

MNA element value a b c d e f g h i j 
 

            

            
Node index 0 1 2 3 4 5 6 7 8 9 10 

MNA element 2(c) 6(g) 9(j) 8(i) 7(h) 0(a) 3(d) 5(f) 4(e) 2(c) 1(b) 

Left child index 1 2 -1 4 -1 6 1 8 2 10 1 

Right child index -2 3 -2 -2 -2 9 7 -2 -2 -2 -2 

Sign -1 1 1 -1 1 1 1 -1 1 -1 1 

Layer 3 2 0 1 0 5 3 2 1 4 3 

Fig. 3. Linear storage of multi-root DDD information

Traverse subcircuit MNA and multi-root DDD,

save information in continuous vectors and send to GPU

Assign random parameters to subcircuit devices

Calculate original part of MNA elements

Map value of MNA elements to multi-root DDD

Calculate composite part of MNA elements

Bottom-up evaluation of multi-root DDD

Save MC result

CPU

GPU

CPU

Fig. 4. The flow of GPU-based Monte Carlo analysis for a subcircuit

To make the evaluation process amenable to GPU, first we
need to store information of both subcircuit MNA and the
graph-based multi-root DDD into one-dimensional linearized
vectors. Fig. 3 shows the linearized vectors for the example in
Fig. 1. First a specific index is assigned to each MNA element,
and the value is stored in a vector. Then the multi-root DDD is
traversed, and each node in it is also assigned a unique index.
Specifically, we define the index of 1-terminal as -1, and that
of 0-terminal as -2. The left child index and the right child
index are, respectively, the indexes of the nodes pointed by
the its 1-edge and 0-edge. Besides, the sign and level of each
node are also stored in linear vectors.

After the linearized vectors are transferred from CPU to
GPU, the parallel statistical evaluation process of the corre-
sponding subcircuit starts, as Fig. 4 shows.

When the process finishes, the results are copied from GPU
to host memory. These results are later used in (11) by upper-
level subcircuits.

4. Implementation of HDDD-based parallel
Monte Carlo analysis on GPU

In this section, we explain in detail the parallel Monte Carlo
evaluation process within each subcircuit, as indicated by GPU
part in Fig. 4. The largest grid size in the latest NVIDIA
Tesla K40 is 2G × 64K × 64K blocks, and each block can
have as many as 1024 threads. The following implementation
conforms to these constraints.

A. Random number assignment on MNA elements

The first key process for HDDD-based Monte Carlo analysis
is to generate random device values according to the user-
specified distribution in SPICE netlist. On GPU, we use the
CURAND library to generate small deviations to nominal
device values, so that we can obtain 1600 different Monte
Carlo samples to simulate the effects of process variation. The

8B-2

721Authorized licensed use limited to: Univ of Calif Riverside. Downloaded on June 24,2026 at 07:49:28 UTC from IEEE Xplore.  Restrictions apply. 



MC_1

MC_2

MC_NMC

E_1

E_2

E_Ncelem

SC_1

SC_2

SC_Nsubckt

T_1

T_2

T_Nterm

´

´

m1

m2

D

1f 2f 3f nf...

...

...

... ...

One term 

controlled by

one block

Multiplication on one 

frequency point controlled 

by one thread

...
=

T_k

Fig. 5. First step of composite part calculation

stamping pattern from device value to MNA element is stored
in texture memory, so that fast memory access is enabled.

B. MNA element parallel computing in HDDD

The second key process in HDDD-based analysis is to
compute the values of MNA elements. We calculate original
part and the composite part of each element separately.

After the previous random number assignment, the complex
value of all the MNA elements’s original part at different
frequencies and different MC runs can be evaluated. This part
is relatively easy, and the details can be referred to [24]. Then
the GPU starts calculating the composite part. Note that not
all the elements are compound elements. Only those with a
non-zero composite part need to be calculated.

According to Eq.(11), the composite part can be calculated
in three steps. First, each valid term is obtained by multiplying

the three values in a
BIp

u,k1
∆

IIp

k2,k1
a

IBp

k2,v . Second, the contribution
of the pth child is obtained by adding up all the valid terms
related to it and dividing the sum by its system matrix. Third,
the contribution from all n children are summed up.

The first step has five levels of parallelism in total, as
shown in Fig. 5. NMC is the number of MC runs, Ncelem

is the number of compound elements that need to be calcu-
lated, Nsubckt is the maximum number of children subcircuits
contributing to a composite part, Nterm is the maximum
number of valid terms generated by a child subcircuit, and
n is the number of frequency points in analysis. m1, ∆ and

m2 represent, respectively, a
BIp

u,k1
, ∆

IIp

k2,k1
and a

IBp

k2,v in Eq.(11).
They are evaluation results of the children subcircuits. On
GPU, we launch a two-dimensional grid with a total number
of NMC × Ncelem × Nsubckt × Nterm blocks. This number
would not be very large given a good circuit partition with
a relatively small number of boundary nodes. For each block
within the grid, we launch 64 threads to evaluate different
frequency points in parallel, which practically achieves the
best performance.

The second step includes four levels of parallelism. Fig. 6
indicates that we can parallelize the evaluation of different MC
samples, different elements, different children’s contribution in
the composite part and different frequency points. “sys det”
is system determinant of the corresponding child subcircuit.
On GPU, we launch NMC × Ncelem × Nsubckt blocks and
64 threads. The threads add up all the valid terms of the
corresponding subcircuit, then divide the sum by the system
determinant at different frequency points.

MC_1

MC_2

MC_NMC

E_1

E_2

E_Ncelem

SC_1

SC_2

SC_Nsubckt

+

1f 2f 3f nf...

...

...

Controlled by

one block

Operation on one frequency point 

controlled by one thread

...
...+ +

T_1 T_2 T_Nterm

sys_det_k

=

SC_k

Fig. 6. Second step of composite part calculation
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+

1f 2f 3f nf...

...

Controlled by
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Operation on one frequency point 

controlled by one thread

... ...+ +

SC_1 SC_2 SC_Nsubckt

=

E_k

Fig. 7. Third step of composite part calculation

In the third step, parallelism is reflected in three levels.
As shown in Fig. 7, we launch NMC × Ncelem blocks and
64 threads within each block. Each thread sums up the
contribution of all the subcircuits to the corresponding element
at one frequency point.

After the three steps, we configure GPU as a NMC ×Nelem

grid. Nelem here is the total number of none-zero MNA
elements. Each block in this grid contains Nthreads threads. If
the MNA element is compound, the threads reduce its original
part by its composite part.

C. Evaluation of multi-root DDDs

The third key process for HDDD-based analysis is to
evaluate the multi-root DDD of the current subcircuit. Fig. 8
shows the evaluation process of the multi-root DDD in Fig. 1.
The GPU block number is NMC×Nnodes, i.e., number of MC
runs times number of nodes in multi-root DDD, and there are
64 threads per block. The layer-by-layer iteration process is

MC_1

MC_2

MC_NMC

1f 2f 3f nf

Each thread calculates one

frequency point

a

e

i

h

j

Each block represet one DDD

node in an MC run
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E
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a
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o
m
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Fig. 8. Level-wise evaluation of the Multi-Root DDD in Fig. 1
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Fig. 9. A low pass filter
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Fig. 10. The schematic of each block in the low pass filter

controlled by CPU due to data dependency. At each iteration,
one layer of nodes are evaluated. An active thread first reads
value of a node’s corresponding MNA element, then evaluates
the node according to (10) and information in Fig. 3.

If the number of Monte-Carlo runs or the number of
frequency points exceeds the limits of the GPU, the process
is repeated until all MC samples and frequency points are
evaluated. During the whole calculation process, coalesced
memory access is enabled, so the threads in a warp always
execute the same code path. As a consequence, the GPU kernel
launching always exhibits a highly data intensive pattern, and
the global memory traffic is efficiently reduced.

5. Experimental results and discussions

In this section, the performance of the proposed GPU solver
for Monte Carlo Analysis is discussed. We test the program on
several benchmark circuits, and compare its runtime with two
versions of solvers—the CPU version of HDDD and HSPICE.
All of our programs are implemented in C++, and the GPU
computation part is implemented with NVIDIA CUDA. The
programs run on a Linux server with 2.60 GHz Intel Xeon
E2670 CPU and 64 GB memory. The GPU card used is Tesla
K40 with 2880 CUDA cores and 12 GB global memory.

Our benchmarks include two sets of filter circuits and a
µA741 amplifier. The first set of filter circuit is shown in Fig. 9
and subcircuit of each block is shown in Fig. 10. The second
set is shown in Fig. 11. The subcircuit of each block is shown
in Fig. 12.

For the two sets of filters, the opamps at bottom level can
be configured as either the simple linear opamp in Fig. 13 or
the Miller opamp in Fig. 14.
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Fig. 11. A band pass filter
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Fig. 12. The subcircuit of the band pass filter
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Fig. 13. A linear opamp
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Fig. 14. A Miller Opamp

Besides the two sets of filters, the two-way partitioned
µA741 circuit in Fig. 15 is also used as benchmark. The small-
signal model of each bipolar is shown in Fig. 16.

The runtime information of all the benchmarks for 1600
Monte Carlo runs is listed in Table I. “lp lin” refers to the
low pass filter configured with the linear opamp in Fig. 13.
“lp pino” refers to the low pass filter configured with the
Miller opamp in Fig. 14. “bp lin” and “bp pino” refer to
the band pass filter configured with linear opamps and Miller
opamps respectively. “µA741” refers to the circuit in Fig. 15.
Although the test circuits are complex, we can see from the
second column that their HDDDs are not very large, which
is the major advantage of HDDD. The last three columns
represent, respectively, the runtime of the proposed GPU
solver, the CPU version of the solver and HSPICE. It is
clear that parallel solver outperforms its CPU counterpart by
two orders of magnitude, and the speedup over commercial
HSPICE is more than 4×. In several examples, the speedup
over HSPICE even exceeds 25×. We remark that HSPICE
is an optimally implemented product-quality simulator, while
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Fig. 15. The circuit schematic of µA741

Fig. 16. µA741 bipolar small signal model
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TABLE I
PERFORMANCE COMPARISON OF GPU, CPU AND HSPICE ON MONTE

CARLO ANALYSIS

circuit # freq # DDD GPU CPU HSPICE(s)
name points nodes time(s) time(s)
lp lin 512 182 0.97 96.2 69.5
lp pino 512 454 4.6 256.4 108.1
bp lin 832 173 6.17 272.1 28.4
bp pino 832 251 9.49 336.8 62.7
µA741 640 832 3.81 448.1 14.6

TABLE II
PERFORMANCE VARIATIONS OF THE GPU SOLVER GIVEN DIFFERENT

CIRCUIT PARTITIONS

partition # HDDD MNA HDDD total
scheme nodes evaluation evaluation GPU

time(s) time(s) time(s)
partition 1 832 2.71 1.12 3.81
partition 2 950 0.81 1.40 2.21
partition 3 1001 0.91 1.39 2.30
partition 4 1720 0.05 3.06 3.11

our solver is less optimized and has more potentials for further
improvement.

In our current implementation, the circuits are partitioned
beforehand. However, the GPU time in Table I can be impacted
by different circuit partition schemes. Table II shows a perfor-
mance comparison given four different partitions of the µA741
circuit in Fig. 15. Partition 1 is a two-level circuit hierarchy
and treats block I and II as children of the top level circuit.
The last line of Table I is based on this partition. Partition 2
treats block II as the top level circuit and block I as its child.
Partition 3 treats block II as child of block I. Partition 4 is a flat
circuit, combining block I and II in one level. We can see that
partition 2 is the fastest among the four and can achieve about
2× speedup over partition 1. From column 3 through column 5
of Table II, we can see the trade-off between MNA evaluation
time and HDDD evaluation time and how that impact the total
performance. As circuit hierarchy gets simpler, evaluation time
of HDDD increases since there are more nodes in HDDD.
On the other hand, the MNA element evaluation time reduces
since less compound elements are generated. So to achieve a
better performance, we need to strike a good balance between
the two. Table II indicates that balancing the size of each
subcircuit in the circuit hierarchy would be beneficial. It is
also helpful to reduce the number of boundary nodes. Given
that the not-so-good partition 1 already achieves more than 4X
speedup, there are good reasons to believe that the proposed
method will show even better performance if more intelligent
partitioning schemes are developed in the future.

6. Conclusion

A new parallel matrix solver amenable for Graphic Pro-
cess Unit (GPU) based fine-grain massively-threaded parallel
computing is proposed. The new method is based on the
hierarchical determinant decision diagram, which is capable
of representing very large scale analog integrated circuits
symbolically with low complexity. Inspired by the inherent
data parallelism and simple data dependence in the evaluation
process of HDDD, a set of GPU-amenable continuous data
structures are designed to enable fast memory access and
evaluation of massive parallel threads. Experimental results
show that the new evaluation algorithm can achieve about
two orders of magnitude speedup over the serial CPU based

evaluations and more than 4× speedup over numerical SPICE-
based simulation method on some large analog circuits.
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