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Abstract—Time-Domain worst case or performance bound
estimation for analog integrated circuits and interconnect cir-
cuits are crucial for both analog and digital circuit design
and optimization in the presence of process variations. In this
paper, we present a novel non-Monte-Carlo (MC) performance
bound analysis technique in time domain. The new method
consists of several steps. First the symbolic transient modified
nodal analysis (MNA) formulation of the circuit matrices of
(linearized) analog and interconnect circuits at a time step
is formed. Then the closed-form expressions of the interested
performance in terms of variational parameters of the circuit
matrices of (linearized) analog and interconnect circuits are
derived via a graph-based symbolic analysis method. Then time-
domain performance response bound of current time step are
obtained by a nonlinear constrained optimization process subject
to the parameter variations and variational circuit state bounds
computed from the previous time step. We study the bounds
computed by the proposed against the different sigma bounds
by the standard MC method, which shows that the proposed
method is more efficient for computing high sigma bounds than
the MC method. Experimental results show that the new method
can deliver order of magnitudes speedup over the standard Monte
Carlo simulation on some typical analog circuits and interconnect
circuits with high accuracy.

1. Introduction

At the nano-scale, circuit parameters are no longer truly
deterministic and most of the quantities of practical inter-
ests present themselves as probability distributions. Circuit
designers must now contend with these variations and un-
certainties to ensure the robustness of their circuit designs.
Traditional corner-based verification can’t meet the accuracy
requirements. For statistical analysis of digital and analog
integrated circuits under process variations, Monte-Carlo (MC)
based statistical simulation are the most popular methods due
to their advantage of generality and high accuracy [1], [2].
However, MC method is expensive and slow especially for
rare events (high sigma estimations) as more samplings are
required, which will lead to the bottleneck of analog circuit
optimization. Many fast Monte Carlo methods have been pro-
posed to improve the efficiency of classical Monte Carlo meth-
ods. Existing approaches include importance sampling [3],
Latin hypercube sampling based method [4], [5], and quasi
Monte Carlo based method [2], [6]. However, the importance
sampling method is circuit specific, Latin hypercube sampling
does not work for all the circuits, and quasi Monte Carlo
method suffers the high-dimensional problems [5].
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At the same time, some alternative non Monte Carlo meth-
ods have been proposed for statistical analysis. Among them,
performance bound analysis methods emerged as attractive
techniques for statistical analysis and yield estimation. Those
techniques hold the promises that they are more scalable for
high sigma and high dimensional statisitical analysis problems
compared to existing Monte-Carlo method approaches. Bound-
ing or worse case analysis of analog circuits under parameter
variations has been studied in the past for fault-driven testing
and tolerance analysis of analog circuits [7]-[9]. Recently,
some frequency domain performance bound methods were
proposed in [10]-[13] to compute the lower and upper bounds
of transfer function’s magnitude and phase. The work in [10]
applied a control-based method [14] to obtain the performance
bounds in frequency domain, and [11] applied an optimization
based method to compute the bounds in time domain, in
which the whole circuit equations are treated as constraints,
which can be very expensive to enforce the constraints. This
method has been improved by [12] where symbolic analysis
approach was applied to derive exact transfer functions and
affine interval method was used to compute variational transfer
functions. However, the affine interval method can lead to
over conservative results. This work has been extended to
compute the time-domain performance bounds based on the
frequency domain bounds [13]. Recently analog performance
bound analysis in frequency domain based on the optimization
method and symbolic analysis techniuqge was proposed in [15].

In this paper, we present a novel non-Monte-Carlo perfor-
mance bound analysis technique in time domain. The new
contributions of the paper lies in the following aspects:

« First, we develop a new general time-domain performance
analysis method, which consists of several steps: First the
time-domain symbolic modified nodal analysiss (MNA)
formulation of ( linearized) analog and interconnect cir-
cuits at a time step is formed. Then the closed-form
expressions of the interested performance in terms of
variational parameters of the circuit matrices of (lin-
earized) analog and interconnect circuits are dervied via
a graph-based symbolic analysis method. Then time-
domain performance response bounds of current time
step are obtained by finding the max/min values via a
nonlinear constrained optimization process subject to the
parameter variations and variational circuit state bounds
computed from the previous time step.

e Second, we further study the bounds computed by the



proposed method againt the different sigma bounds by
the standard MC method, which shows that the pro-
posed method is more efficient for computing high sigma
bounds than the MC method, which will increase rapidly
(almost exponentially) with increasing sigma. In contrast,
the run time of the proposed method will remain the
almost the same as it only deals with different parameter
bounds with the same number of parameters.

Experimental results show that the new method can deliver one
or two order of magnitudes speedup over standard Monte Carlo
simulation on some typical analog circuits and interconnect
circuits with very high accuracy.

2. New time-domain performance bound
analysis technique

We first present the whole algorithm flow of the proposed
new performance bound analysis algorithm in Alg. 1. Basically
the proposed method consists of three major computing steps.
The first step is to set up the symbolic circuit matrices in
the time domain based on the companion models of the
dynamic elements (Step 2). The second step is to compute
the variational closed form expressions of interesting states
from the variational circuit parameters, which will be done
via DDD-based symbolic analysis method (Step 3). Third, we
compute the time-domain response bounds via a constrained
nonlinear optimization process in each time step (Step 6-
7). We will present the computing steps in the following
subsections.

Algorithm 1 New time-domain performance bound analysis

Input: Circuit netlist, bounds of selected parameters.
Output: Conservative performance bound of interests

1: Convert the circuit C and L elements into companion

models

2: Generate symbolic expression of closed form expressions

for interesting nodes

3: for each time step do  // Perform transient analysis

. Set bounds on process variational parameters.

5. Set bounds on the voltage or current states from results
of optimization of last time step.

6:  Run nonlinear constrained optimization (9) which uses
closed form function as the objective. To find upper
bound and lower bound.

7. Save bound information for the optimization of next
time step.

8: end for

9: Output the bound of voltage or current on every time step.

A. Symbolic transient analysis for analog circuits

In this subsection, we review a graph-based transient sym-
bolic analysis for obtaining the exact symbolic closed form ex-
pressions of analog circuits. Graph-based symbolic technique
is a viable tool for calculating the behavior or characteristic of
analog circuits [16]. The introduction of determinant decision
diagrams based symbolic analysis technique (DDD) allows
exact symbolic analysis of much larger analog circuits than
all the other existing approaches [17], [18]. Furthermore, with

hierarchical symbolic representations [19], exact symbolic
analysis via DDD graphs essentially allows the analysis of
arbitrary large analog circuits.

Existing symbolic analysis was mainly formed in the fre-
quency domain to build the symbolic transfer functions [20].
Symbolic analysis in time domain is less investigated and will
be explored in this paper. To better illustrate the proposed
method, we would like to walk through one simple example.
Fig. 1 shows a simple RC ladder circuit. To perform the tran-
sient analysis, we first convert capacitance into its companion
models (using the Back-Euler method) as shown in Fig. 2.
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Fig. 1: RC ladder circuit
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Fig. 2: RC ladder with companion models for capacitances

The corresponding modified nodal analysis (MNA) formu-
lation of the circuit in time-domain at time step n + 1 can be
written as:

Yi(n+1) =i(n+1) (1)
where Y is the MNA matrix given by
1 1 1
R _'_1R°1 L, 2 01
0 & 7 T s
and
vi(n+1)
tn+1) = |va(n+1) 3)
vz(n +1)
and
. il(n + 1) + icl (TL)
in+1)= iea(n) @)
icg(n)
e Ry = S oy = G oy = S i) = PR
ie2(n) = UQ(Z):CQ s ie3(n) = % and At is the time step

size.
Then the unknown nodal voltage are solved using Cramer’s
rules. det(Yi( )
et(Y;(n +
i )= ——F—F— 5
vi(n +1) det(Y) (5)
where Y;(n + 1) is the matrix formed by replacing the ith
column of Y by vector i(n + 1).
DDD is a very powerful tool to compute the symbolic de-
terminant. Once the characteristics of circuits are presented by



DDDs, evaluation of DDDs, whose CPU time is proportional
to the size of DDDs, will give exact numerical values.

We view each entry in the circuit matrix as one distinct
symbol, and rewrite its system determinant in the left-hand
side of Fig. 3. Then its DDD representation is shown in the
right-hand side.
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Fig. 3: A matrix determinant and its DDD representation.

Once a DDD has been constructed, the numerical values of
the determinant it represents can be computed by performing
the depth-first type search of the graph and performing one
multiplication and addition at each node, whose time com-
plexity is linear function of the size of the graphs (its number
of nodes). The computing step is called Evaluate(D) where
D is a DDD root. With proper node ordering and hierarchical
approaches, DDD can be very efficient to compute transfer
functions of large analog circuits [17], [19].

B. Variational symbolic closed-form expressions for transient
states

To find the performance bounds of specific transient state
variable, say v;(n+1) at time step n+1, DDD graphs are built
for det(Y;(n + 1)) and det(Y'), we will obtain the following
closed form symbolic expression for v;(n + 1),

vi(n+ 1) = fi(pla' .- apmavl(n)v' . 'avk(n)) =
fri(P1,- - s Dm,v1(0), ... vg(n))
Jai(p1s- - pm)

(6)

where functions  f, ;(p1,...,Pm,v1(n),...,vx(n)) and
fai(p1,-..,pm) are represented by DDD graphs and
Pl,...,Pm are m circuit variables and v1(n),...,vi(n) are
the state variables computed from previous time step n. Notice
that v;(n + 1) = fi(p1,...,Pm,v1(n),...,vk(n)) describes
nonlinear functions in terms of py,...,pm, v1(n),...,vp(n).
All the variables at current time step n + 1 have variational
bounds:

Pit < Pi < Piu @)
vi(n) < vi(n) < vi(n) (®)

Note that the variational bounds of state variable v;(n) are
obtained form the previous time step n. In our presentation,
we assume that the external voltage or current sources do not
have variations to simplify our presentation. But this is not the
limitation of the proposed method and we can trivially add this
into our method.

To compute the numerical value of v;(n+ 1) for given spe-
cific values of v;(n + 1) = fi(p1,-.., Pm,v1(n), ..., vx(n)),
this can be done by DDD Evaluation operation, which tra-
verses the DDD in a depth-first style and performs one
multiplication and one addition at each node.

Get back to the illustrative example, for voltage at node ¢
at time step n + 1, v;(n + 1), we have

vi(n+1) = f;(C1,C4,Cs, R1, Ra, R3,v1(n), v2(n), v3(n))

C. Variational bound analysis in time domain

To find the performance bounds subject to the parame-
ter variations at time step n + 1, we formulate the bound
computing problem into a nonlinear constrained optimization
problem. We use the lower bound of the voltage of node ¢
on time step n + 1 for an example. The symbolic expression
of the voltage of nodel, which has been obtained by DDD
symbolic analysis, is used as the nonlinear objective function
to be minimized:

minimize vi(n+1)(x) = fi(x) )
subject to Xlower < X < Xuppers
where x = [p, V], in which, p = [p1,...,pm] represents

the circuit parameter variable vector, which is subjected to
the optimization constraints [Piower, Pupper]- Il circuit design,
foundries and cell library vendors supply these constraints. On
the other hand, v = [v1(n),...,vr(n)] represents the nodal
voltage on the last time step, which are determined by the
results of optimization of the last time step. Hence, after (9) is
solved by an optimization engine, the lower bound of the v; on
(n+ 1)th time step is returned and then serves as constrained
condition for the optimization of voltage on (n + 2)th time
step.

The nonlinear optimization problem with simple upper and
lower bounds given in (9) can be efficiently solved by several
methods such as active-set, interior-point, and trust-region al-
gorithms [21]-[23]. All those methods are iterative approaches
starting with an initial feasible solution. In this work, we use
the active-set method [23], as it turns to be the most robust
nonlinear optimization method for our application. Active-
set method is a two-phase iterative method that provides an
estimate of the active set (which is the set of constraints that
are satisfied with equality) at the solution. In the first phase,
the objective is ignored while a feasible point is found for the
constraints. In the second phase, the objective is minimized
while feasibility is maintained. In this phase, starting from
the feasible initial point x(, the method computes a sequence
of feasible iterates {x;} such that x;.; = x; + apdy and
f(xg+1) < f(xx) via methods like quadratic programming,
where dj is a nonzero search direction and «y is a non-
negative step length.

Since the responses at two neighboring time step are usually
close to each other, the starting point x for nth time step can
be set using the solution on (n — 1)th time step. This strategy
tends to reduce the time required by the optimization to search
its minimal or maximal point in the whole variable space, and
thus speedup the calculation time of the bound analysis.

We remark that the active-set method is still a local op-
timization method, which finds the local optimal solutions.
But find the true bound may come with more or much higher



computing costs by performing many tries. In our approach,
we still perform one optimization. Our experimental results
show that the proposed method gives conservative bounds for
given sigma values compared with Monte Carlo methods for
the examples used.

3. Numerical results and discussions

In this section, we show experimental results of the pro-
posed method on interconnect circuits and analog circuits.
The DDD symbolic tool generates the exact transfer function
expressions first [17], and all the follow-up optimization based
bound calculation and yield estimation are done in MATLAB.
The nonlinear constrained optimizations are solved by the
fmincon function in MATLAB’s Optimization Toolbox [24].
All running time are sampled from a Linux server with a
2.4 GHz Intel Xeon Quad-Core CPU, and 36 GB memory.

We compare proposed method with standard Monte Carlo
analysis in terms of running time and accuracy using two
examples. In all the examples, we assume that variational
parameter has Gaussian distributions with the standard de-
viation o. Their variational bound (3-sigma bound) will be
[-30 4+, 30 + u] where p is the mean of the random process.

A. An interconnect RC tree circuit example

The first example is an interconnect RC tree example, which
is driven by a voltage source as shown in Fig. 4.

The variational parameters are [?; = 0.19,7=1,2,3,C; =
0.1pf, 7 = 1,2,3. All parameters have 10% variations, which
means that, for proposed method, the constrained condition
is (1 —=5%) #* psta < p < (1 + 5%) * pstq, for Monte Carlo
analysis, 0 = 1/6 x 10% * pstq (3-sigma bound), in which, p
represents the value of a certain varational parameter, and ps:q
is the standard value of the parameter.

Fig. 5 shows the transient step response 3-sigma bound of
voltage of node 8 with that from the proposed method and
simulation result from 5000 MC runs. This figure shows that
the bounds from proposed method could safetly cover the
curves from the Monte Carlo simulation. Fig. 6 shows 3-sigma
bounds from 2000 MC runs, 5000 MC runs and the proposed
method at 0.5 ns.
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Fig. 4: A RC tree circuit

We have several observations: First, the bounds given by the
proposed method matches with that given by the MC method
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Fig. 5: The bounds of V8 obtained from 5000 MC runs and
the proposed method on the RC tree circuit
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Fig. 6: Comparison of bounds of V8 from 2000 MC runs, 5000
MC runs and the proposed method on the RC tree circuit

very well. Since all of parameters take 3-sigma bounds, the
bounds computed by the proposed method should be close to
3-sigma bounds as well. If the output bounds are Gaussian,
then 3-sigma will cover 99.730% area under the probability
density function (pdf) of Gaussian distribution, which means
we need to take at least 370 MC runs to have event to reach
the bound.

Table I compares the runtime, voltage values of the proposed
method and that of the Monte Carlo method and also shows
the error ratio of 2000 MC runs, 5000 MC runs. The table
also shows that, our proposed method has 8.3x speedup over
5000 MC run simulation.

TABLE I: Comparison between the methods on lower bounds
of V8 at t=0.5ns for the RC tree circuit

Method Samplings#  CPU(sec)  Voltage(V) % Error
Monte Carlo 2000 573.383 0.915 0.55
Monte Carlo 5000 1490.798 0912 0.22

Proposed Method 1 180.432 0.910 N/A

To further study the bounds computed by the proposed
method, we compared 3-sigma bounds given by 15K, 30K,
50K MC runs. Fig. 7a shows the 3-sigma upper bound of V8
from the 15K, 30K, 50K runs of MC simulation and that from
our proposed method around 0.5ns. In this figure, we observe
that 3-sigma bounds given by 30K and 50K now go outside
the bound of the proposed method.

Fig. 7b shows the 3-sigma lower bound of V8 from 15K,
30K, 50K runs of MC simulation and the bound give by the
proposed method. In this case, we observe that the the bound
by the proposed method contain ALL the bounds by different
MC runs. This is a very interesting observation.
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Fig. 7: Comparison of 3-sigma upper and lower bounds of V8
from 15K MC runs, 30K MC runs, S0K MC runs and the
proposed method on the RC tree circuit at 0.5ns

One possible explanation for the Fig. 7a and Fig. 7b is
that the performance function may not be monotonic function
for the some of parameter variables (called non-monotonic
parameters here). In other words, the min/max values of
performance function may not be reached at the edges of the
bounds of those parameters. So the 3-sigma bound already
includes the values to reach the min/max values of the func-
tions. This can explain Fig. 7a, in which the maximum value
is reached when most of variational parameter values found
are not at edges of the bound. As a result, new approach
will find more conservative bounds as those non-monotonic
parameters reach their min/max values already. For Fig. 7b,
on the other hand, the minimum value is reached when many
variational parameters are at edges of the bound. However, it is
almost impossible for all variational parameters are at edge of
bounds at the same time considering the Gaussian distribution
especially when the number of variational parameter is large.
Therefore, the bound computed by new approach close to the
true bound and more MC run can only get closer to the bound,
but can’t go beyond the true bound. As a result, we can see
the new method tend to find the true bound more efficient than
the MC method, especially for performance functions which
achives min/max values when many parameters are at edge of
bounds, as it requires quite a great amount of samplings to
possibly get the maxmum or minimum.

To further study the behavior of the proposed method, we
perform 4-sigma bound analysis in which the bounds of each
parameters will be [—40 + p,40 + p]. Fig. 8a shows the 4
sigma upper bounds from 100K MC runs, 200K MC runs
and the proposed method at 0.1ns. Fig. 8b shows the 4-sigma
lower bounds from 100K MC runs, 200K MC runs and that
from proposed method at O.Ins. From the two figures we
can see, that in this case, the proposed method contain both
upper bounds and lower bounds from the MC runs (even with
200K MCQ). It means that 4-sigma upper bound computed by
our method is large than 4-sigma bounds of MC simulation.
On the other hand, for the lower bounds, we observe the
same results as 3-sigma bound results: the proposed method
is always lowest bound among all the methods.

As a result, it can be seen that the proposed method is more
efficient to find the high sigma bounds, as it takes almost the
same computational costs as computing low sigma bounds,
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Fig. 8: Comparison of 4-sigma upper and lower bounds of V8
from 100K MC runs, 200K MC runs and the proposed method
on the RC tree circuit at 0.1ns

TABLE II: Comparison between the methods on lower bounds
of Vout at t=1ms for the amplifier circuit

Method Samplings#  CPU(sec)  Voltage(V) % Error
Monte Carlo 2000 412.071 -0.942 3.7
Monte Carlo 5000 1112.597 -0.906 0.79

Proposed method 1 105.460 -0.899 N/A

than the standard MC methods, whose computational costs go
up almost exponentially with high sigma bounds.

B. An opamp circuit example

The second example is an opamp circuit with 7 MOSFETSs
as shown in Fig. 9a. To perform the bound analysis, we use
a linearized and simplified device models for the MOSFETSs
as shown in Fig. 9b. The variable parameters are M;.g,, =
1.5% 1075, M;.Cyq = 05fF, M1.Cys = 5fF, Ms.gm =
1.5x107°Q7 Y, My.Cyq = 0.5fF, M2.Cys = 5F f, Ms.rqs =
5%107Q, Mg.rqs = 5107 Q. Again all parameters have 10%
variations.

Fig. 10 shows the transient response 3-sigma bound of Vout
with sinusoidal wave input obtained from proposed method
and simulation result from 5000 MC runs. Fig. 11 shows the
3-sigma bounds from 2000 MC runs, 5000 MC runs, and the
proposed method at 1ms. In this case, we observe that the
bounds from proposed method is still conservative such that
it sill contain the bounds from all the MC runs. The possible
reasons have been explained before.

Table II compares the runtime, voltage values of the pro-
posed method and that of Monte Carlo method. It also shows
the error ratio of 2000 MC runs and 5000 MC runs. It can
been seen that the errors are quite small and get smaller as
we take more MC runs, which is the consistent with the MC
method.

The same table also shows that, our proposed method
has 10.6x speedup over 5000 samplings MC simulation. We
remark that, if high sigma (larger than 3 sigma) bounds, the
standard MC runs will increase rapidly (almost exponentially),
while the run time of the proposed method will remain the
almost the same as it only deal with different parameter
bounds with the same number of parameters. As a result, the
proposed method indeed overcome the high sigma issues with
the standard MC based method, which is the major advantage
of the proposed method over MC based methods.
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Fig. 9: The opamp circuit and its MOSFET model
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Fig. 10: The bounds from 5000 MC runs and the proposed
method on the amplifier circuit
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4. Conclusion

In this paper, we have presented a new non-Monte-Carlo
performance bound analysis technique in time domain. The
new method is based on the constrained non-linear opti-
mization and advanced symbolic analysis techniques. We
have shown that the proposed method is more efficient for
computing high sigma bounds than the standard MC method.
Experimental results have shown that the new method can de-
liver order of magnitudes speedup over standard Monte Carlo
simulation on some typical analog circuits and interconnect
circuits with very high accuracy.
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