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Abstract— This paper proposes a new thermal nonlin-
ear modeling technique for packaged integrated systems.
Thermal behavior of complicated systems like packaged
electronic systems may exhibit nonlinear and temperature
dependent properties. As a result, it is difficult to use a
low order linear model to approximate the thermal behav-
ior of the packaged integrated systems without accuracy
loss. In this paper, we try to mitigate this problem by
using piecewise linear (PWL) approach to characterizing
the thermal behavior of those systems. The new method
(called ThermSubPWL), which is the first proposed approach
to nonlinear thermal modeling problem, identifies the lin-
ear local models for different temperature ranges using the
subspace identification method. A linear transformation
method is proposed to transform all the identified linear
local models to the common state basis to build the contin-
uous piecewise linear model. Experimental results validate
the proposed method on a realistic packaged integrated
system modeled via the multi-domain/physics commercial
tool, COMSOL, under practical power signal inputs. The
new piecewise models can lead to much smaller model or-
der without accuracy loss, which translates to significant
savings in both the simulation time and the time required
to identify the reduced models compared to applying the
high order models.

I. Introduction

Temperature has become a major concern and constraint for
high performance packaged integrated system design as more
devices are integrated on a chip [1, 2, 3]. Thermal manage-
ment and related design problems continue to be identified
by the Semiconductor Industries Association Roadmap [4] as
one of the key challenges during the next decade for achieving
the projected performance goals of the industry. Thus, ac-
curate and efficient thermal modeling and analysis is vital for
the thermal-aware circuit, chip and package designs to improve
performance, reliability, power reduction, and online tempera-
ture regulation techniques [5, 6, 7].

For thermal modeling of packaged integrated systems, exist-
ing works on HotSpot [8, 7] attempts to solve this problem by
generating the compact thermal model in a bottom-up man-
ner based on processor and package structures. However, such
compact models may suffer from accuracy loss, and have to be
calibrated with hardware if more accurate models are required.
Recently, top-down behavioral thermal modeling methods have
been proposed using the matrix pencil method [9] and the sub-
space identification method [10]. All those methods assume
that that packaged integrated systems are linear for thier ther-
mal behaviors.

However, we show that thermal systems are fundamentally
nonlinear as thermal conductivities of silicon and package ma-
terials are temperature dependent. To mitigate this problem,
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we apply the piecewise linear (PWL) scheme to characterize
the thermal behavior of complicated thermal systems. Our
experiments show that the nonlinear effects in the thermal
systems are typically mild and weak but are still significant
enough to warrant the PWL modeling. PWL method can lead
to smaller models and reduced modeling costs compared to
high order model approximation. This is important as the costs
of identifying and simulating the reduced models will grow at
least quadratically, it is very critical to reduce the model order
to maintain the efficiency gain from the reduced order model-
ing. The new modeling algorithm, ThermSubPWL, partitions
the temperature into a number of ranges and perform modeling
to identify the linear local models for each temperature range
using ThermSubCP method. A linear transformation method,
which avoids the existing multi-transition requirement, is pro-
posed to transform the identified linear local-models to the
common state basis to build the continuous piecewise linear
model. To the best knowledge of the authors, the proposed
method is the first work addressing the nonlinear thermal mod-
eling problem. Experimental results validate the proposed
method on a realistic packaged integrated system modeled by
the multi-domain/physics commercial tool, COMSOL, under
practical power signal inputs. The new piecewise linear mod-
els can lead to much smaller model order without accuracy
loss, which translates to significant savings in both the simula-
tion time and the time required to identify the reduced models
compared to the simple modeling method by using the high
order models.

This paper is organized as follows. Section II reviews the
thermal modeling problem for packaged electronic systems.
Section III introduces the new piece-wise thermal modeling
method, which shows how each local model is built with proper
power inputs and how the transition matrices are generated
to give a continuous linear model. The experiment results of
ThermSubPWL are presented in section IV. Finally, Section ??
concludes the paper.

II. Outline of thermal modeling problem

We first present how the power inputs are modeled in our
problem. A microprocessor chip is partitioned into p = n × m
power grids as shown in Fig. 1, where each square power grid
has a power source as an input and its measured temperature
at its adjacent 4 corners as outputs. We can abstract this
power grid model into a discrete linear system with p = n×m
power inputs and q temperature outputs as shown in Fig. 2.
The n × m power input distribution at one time instance is
defined as a power map, which can be measured or computed
practically.

In general, the abstracted p-input and q-output thermal sys-
tem could be represented as

x(t + 1) = F (x(t), u(t))

y(t) = G(x(t), u(t)), (1)

where F (x) and G(x) both are nonlinear vector functions of
state variable vector x(t) and input signal vector u(t). In our
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Fig. 2. The abstracted model system and correlated power
inputs

problem, the input vectors u(t) ∈ R
p×1 are the measured power

input traces and output vectors y(t) ∈ R
q×1 are the tempera-

ture responses.
Existing approaches typically assumes that thermal systems

in Fig. 1 is linear. As a result, (1) can be rewritten as the
standard linear state transition form:

x(t + 1) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t), (2)

where A ∈ R
l×l is a stable matrix, l is the number of states.

B ∈ R
l×p, C ∈ R

q×l, and D ∈ R
q×p. With s input samples

u(ti) and s output samples y(ti) where i = 1, 2, . . . , s, the
problem at hand is how to generate state matrices A, B, C,
and D, where D is typically considered as a matrix of zeros.

Existing behavioral thermal modeling method works well
when the system is linear and can be described by (2). How-
ever, thermal behavior of packaged electronic systems is typ-
ically nonlinear due to the temperature-dependent properties
of the packaging materials [11]. Fig. 3 shows the tempera-
ture dependence of thermal conductivity of Si and Cu. Fig.
4 shows if we excite a chip package system shown in Fig. 1
with a sinusoid power input, we can clearly observe the har-
monic components, which evidently indicates the nonlinearity
of underlying thermal system although the nonlinear compo-
nents are mild and weak. But such mild nonlinear behaviors,
however, can still lead to significant loss of accuracy when low
order is used as shown in Fig. 5.

To mitigate this problem, in this work, we propose to use lin-
ear models to represent the thermal behavior of the packaged
electronic systems under different temperature ranges (piece-
wise linear model approach), thus this allows significant accu-
racy improvement by using just low order models.

III. Piecewise linear thermal modeling approach –

ThermSubPWL

In this section, we present the new thermal modeling tech-
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Fig. 3. Temperature dependence of the thermal conductance
(a) Silicon (b) Copper
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Fig. 4. Frequency domain response of the thermal system
under sinusoid input with frequency of 0.5HZ (a) baseband
spectral (b) 1st order harmonics (c) 2nd order harmonics (d)
3rd order harmonics

nique (ThermSubPWL) to handle the nonlinearity of the ther-
mal package.

A. Local models for partitioned temperature ranges

As shown in Fig. 4, thermal systems for packaged micro-
processors show weakly nonlinearity. If we still use the linear
models to characterize the system, we observed that we have
to use higher order to get good approximation. Such approxi-
mate models of course will not show any nonlinear effects. But
they will use more poles or states to emulate the effects of non-
linearity on thermal responses of those systems. So we will end
up with much higher orders for the thermal models, which will
hurt the performance of the thermal analysis. Such analysis
also loses the nonlinear effects of the original systems.

To mitigate this problem and reduce the model order, in
this section, we partition the temperature range into a number
of sub-ranges and then we build the state space linear models
for each temperature sub-ranges by the subspace identificatoin
method [12] with sufficient training (to satisfy the persistently
exciting condition) and these local models are then used to
build piecewise linear thermal model for the whole thermal
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Fig. 5. Accuracy loss of the temperature response of the
identified 4-th order linear model

system.
We notice that one issue with a such piecewise linear ther-

mal modeling scheme is that temperature is location dependent
across a whole package. There may existing temperature gra-
dients among different locations. To mitigate this problem,
we use the average temperature of any instance time to guide
model switching. The thermal gradients in a well-designed chip
is typically well managed and reduced by the online thermal
management techniques [13, 14]. Even with some degrees of
thermal gradients, the local models should be still valid as it is
a localized model and should be valid for a temperature range.

In order to obtain the local models for different temperature
ranges, we use stair-like input-output power-temperature data
sets to identify these models as Fig. 6 shows. For example, the
model Mi is identified during time interval [ti−1, ti+1], which
corresponds to the temperature range from [Ti−1, Ti+1]. Since
model Mi is identified with the temperature data ranging from
[Ti−1, Ti+1], the correct using of the subspace identification
method guarantees that the identified model is valid for this
temperature range.

To avoid the predictability issue and improve the accuracy of
the subspace identification method, we use independent power
map configurations as given by sinusoid distribution discussed
before to identify each local model for the corresponding tem-
perature range.

By using the stair-like input-output data, the linear mod-
els of the subsystems in different temperature ranges could be
accurately identified via the ThermSubCP method.

Note that, all the pairs of the two adjacent models, like Mi

and Mi+1, are identified with a shared portion of data, which
makes both models valid for the same temperature range, like
[Ti, Ti+1] shown in Fig. 6. The reason is that the transition
from one thermal model to another thermal model is gradual,
and this shared portion can facilitate determination of model
transformation matrices as will be discussed below.

ti-1 ti ti+1 ti+2

Ti

Ti-1

Ti+1

Ti+2

Temp.

time

Mi

Mi+1

Fig. 6. Identification of linear subsystems for different
temperature ranges

B. Determination of model transitions

The linear models for each subsystem could not be directly
combined to build the piecewise linear model for the thermal
system of the microprocessor package because these identified
models are not built on the same state variable basis. Hence,
linear transformations that transfer all these models to the
same basis needs to be found. In [15], the transitions are
assumed to be known at each time instance. Assuming the
model transition is abrupt at the transition time instance tk as
shown in Fig. 7, it can be proved that the state of model Ma

and state of model Mb is differed by a linear transformation
Tba as

xMb(tk) = TbaxMa(tk) (3)

where xMa(tk) is the state of model Ma at the transition time
instance tk, and xMb(tk) is the state of model Mb at the same
transition time. Hence, to determine the linear transformation
matrix Tba, multiple transitions are required to solve the linear
equations (4) in the sense of least squares as shown in [15].

[xMb(t1), xMb(t2), ..., ] = Tba[xMa(t1), xMa(t2), ..., ] (4)

Model M
a

t
i-1

t
i

t
i+1

Model M
b

Fig. 7. Abrupt model transition at known time instance
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Fig. 8. Model transition from Ma to Mb

However, in our thermal system modeling, if we have spe-
cific temperature value for transitions between two models, we
have to excite the states of the two models such that we have
many independent states of two models and transitions hap-
pens between the two models with those states. This will lead
to prolonged model identification process.

To mitigate this problem, we propose a transition region
concept in this paper. We observe that the temperature tran-
sition from one model to another model is in general a gradual
process as indicated in the time interval from ti to ti+1 shown
in Fig. 8, instead of an abrupt one that happens at a specific
time instance. We define a transition region as shown in Fig. 8
in which both local models are valid (in other words, a state
of model Ma will become a corresponding state of model Mb

at any given time in this region).
As discussed before, the subspace identification method guar-

antees that any two adjacent models are valid for a portion of
shared data sets from ti to ti+1 (even though in the simulation
we specify arbitrary Tth to determine the abrupt transition
from Ma to Mb as shown in Fig. 8), thus, the relationship of
the states for these two models within the range of the shared
data set could be written as (5)

xMb(ti : ti+1) = TbaxMa(ti : ti+1) (5)

2C-2

159



in which the matlab-like notation xMa(ti : ti+1) represents
the states of model Ma during ti to ti+1, and xMb(ti : ti+1)
represents the states of model Mb during ti to ti+1 as Fig. 8
shows.

Hence, in this way, instead of requiring multiple model tran-
sitions with independent states as in [15], we explore the states
in the gradual transition region and compute the transforma-
tion matrix Tba by solving (5) in a least square sense. By
using Tba, we could transfer model Mb to the basis of model
Ma through

xMb(tk) = TbaxMa(tk) (6)

in which tk is the transient time points.
Following this method, we could calculate the transforma-

tion matrices between any two adjacent thermal models by (5),
and transform the model basis by (6). In this way, it is straight-
forward to transform all the identified local linear model to
the common basis. We illustrate this by a 3-local-model sys-
tem that has model Ma, Mb and Mc. It is straightforward to
transform other model stats into common model basis of Ma

by

xMb(tk) = TbaxMa(tk)

xMc(tk) = TcbTbaxMa(tk)
(7)

As a result, we can just use the common state xMa as the
local model states for all the local models. With the linear
local model built from different temperature range onto the
same state basis through linear transformations, the piecewise
linear model could smoothly switch from one model to another
model , which benefits the simulation accuracy.

IV. Implementation and numerical results

A. Modeling and simulation environment setup

The packaged microprocessor design used in this study is
shown in Fig. 9, where the convective boundary on the top of
heat sink models the convective cooling from the fan placed
above the processor. The aluminum heat sink is glued to the
copper integrated heat spreader (IHS) that is attached to sili-
con die through a thin layer of thermal interface material. The
materials and geometries of the major parts of the package are
shown in Table. I, and we partition the die area into 4 × 4
power grids as shown in Fig. 10, and each grid represents a
different function block.

DieIHS

Substrate

Heat sink

Convective surface

Fig. 9. Microprocessor chip package

To model the power consumption of these function blocks,
the input power sources are placed in these power grids and
we measure the temperature at the adjacent 4 corners of each
square power grid. As a result, we end up with 16-input and
25-output thermal system. The convection coefficient of 450
(W/(m2 ·K)) is used to model the convective air cooling effect
from the cooling fan on top of the chip package.

To build a more realistic package with right dimension and
materials, we applied COMSOL 4.1 [16] to build the pack-
age structures with on-chip power waveforms as inputs. The
thermal response was obtained by COMSOL using the finite

TABLE I
Material and geometry of the microprocessor

package

Parts Material Dimensions (mm)

Die Silicon 10 × 10 × 0.7
IHS Copper 31 × 31 × 1.5
Heat sink Aluminium 64 × 64 × 6.3
Substrate FR4 37.5 × 37.5 × 1.3

Fig. 10. Partitioned die area with power grids and
temperature points

element method under the input power maps we generated.
Fig. 11 shows the steady state temperature distribution under
a given power input on the constructed package and the chip.

Fig. 11. Steady state temperature distribution simulated by
COMSOL 4.1

The transient power input for each power grid (its magni-
tudes will be determined by the specific power map) is shown in
Fig. 12. At the model identification stage, PRBS (Pseudo Ran-
dom Binary Sequence) signals with stair-like shown in Fig. 12(a)
envelops are used as inputs to characterize the system parame-
ters; and in the validation phase, the input signals are from our
industry partner as shown in Fig. 12(b). PRBS signal has the
white-noise like spectrum so that it can excite all the thermal
system states.

B. Piecewise linear model identification and validation

In this case, the stair-like envelop contains 12 ’steps’ that
corresponds to 12 different ranges of input power intensity as
shown in Fig. 13. We could arbitrarily partition the data and
attribute them to different linear models that need to be iden-
tified with these data. At the beginning, we use ’scheme-1’
shown in Fig. 13 (a) to identify the linear models. In this
scheme, each model is identified based on two consecutive data
sets, and the adjacent models are built with one shared data
set. In this way, 11 models will be identified in total given
the 12 data sets, and the piecewise linear model is to be built
with these 11 local models. In order to avoid the predictability
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Fig. 12. Input power trace for model identification and
validation

issue as discussed before, for each range of the input power, 16
orthogonal configurations or power maps are generated.

By choosing 4-th order model, and using the subspace iden-
tification method, all the 11 linear models could be identified.
Applying the proposed method to determine the transforma-
tion matrices, all the linear models could be transformed to the
same basis. Since the piecewise linear model built up in this
way contains multiple local models, it is reasonable to parti-
tion the overall temperature range into the sub-ranges that the
local models correspond to. The simulation result in Fig. 14(a)
confirms that the temperature value predicted by the output
of the identified piecewise model (dash line) closely matches
the reference data (solid line).

In comparison, we also use different schemes of data parti-
tion. By using ’scheme-2’ and ’scheme-3’, we end up build-
ing the piecewise linear models with 6 local models and 4 lo-
cal models respectively. From the simulation, it clearly shows
the performance improvement as more linear local models are
used as shown in Fig. 14, and the output error information of
the identified system is summarized in Table II, where we list
the maximum of the mean errors (Max Mean error) among all
the ports over the entire transient simulation period. We can
clearly observe that, for the same order, the error reduces as
number of the linear models in use increases, which shows a
compelling evidence of using piecewise linear model for com-
pact thermal behavior modeling and simulation.

On the other hand, to make the linear model achieve com-
parable accuracy with the piecewise linear model, high order

model needs to be chosen. In our experiment, we used 20412
transient time points to identify the model. As summarized
in Table III, the time required to identify (ID time ) the high
order linear model (LM) is 627.1 seconds, while on the other
hand, the time required to identify all the piecewise linear mod-
els (PLM) is 63.8 seconds. Hence, the speedup factor for model
identification is 9.8 comparing with linear model. Also, we used
25412 time points in transient simulation, and the high order
linear model uses 22.2 seconds to conclude the simulation, and
the piecewise linear model uses only 7.88 second to conclude
the simulation, which is approximately 35% of the simulation
time of the high order linear model.

We remark that although in our case, order 15 of the linear
model is not significantly higher than the order 4 in a sense,
yet, the time required to identify the state space model through
subspace identification method increases significantly because
a large amount of input and output data are required to iden-
tify the state space model accurately. As a result, choosing low
order model to identify the targeted dynamic system leads to
substantial savings in subspace identification method, which
is important in the process of building and calibration a dy-
namic model in a dynamically changing environment. Also,
piecewise linear model achieves substantial savings in simula-
tion time because the lower order model is used in simulation.

M
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M
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M
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M11

Data set

M1

M2

M6

Data set

M
1
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M4
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M5
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(a)

(b)

(c)

Fig. 13. Data partition schemes for model identification (a)
scheme-1(11 local models) (b) scheme-2(6 local models) (c)
scheme-3 (4 local models)

TABLE II
Errors with different identified models (order: 4)

Num of linear models in use 11 6 4

Max mean error 2.1% 3.9% 5.9%

TABLE III
Comparison of model accuracy and cost

Comparison Items Error ID time simulation time

PLM (order:4) 2.1% 63.8 sec 7.88 sec

LM (order:15) 2.3% 627.1 sec 22.2 sec

V. Conclusion

This paper has proposed a new thermal nonlinear mod-
eling technique (ThermSubPWL) for packaged microproces-
sor systems. The new modeling algorithm, ThermSubPWL,
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Fig. 14. Transient view of one on-chip temperature response
of the piecewise linear models (PLM) built with different
number of local models

partitions the temperature into a number of ranges and per-
form modeling using ThermSubCP to identify the linear sub-
models for each temperature range. A linear transformation
method, which is based on newly proposed transition region
concept, is proposed to transform the identified linear local-
models to the common state basis to build the continuous

piecewise linear model. Experimental results have validated
the proposed method on a practical microprocessor package
modeled by commercial multi-domain/physics tool, COMSOL
V4.1, under practical power signal inputs. The new piecewise
models can lead to much lower model order without accuracy
loss, which translates to significant savings in model identifica-
tion time and simulation time compared to the time required
to identify the high order models as shown in our experiments.
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