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ABSTRACT

To cope with an increasing complexity when analyzing analog mis-
match in sub-90nm designs, this paper presents a fast non-Monte-
Carlo method to calculate mismatch in time domain. The local
random mismatch is described by a noise source with an ezxplicit
dependence on geometric parameters, and is further expanded by
stochastic orthogonal polynomials (SOPs). This forms a stochas-
tic differential-algebra-equation (SDAE). To deal with large-scale
problems, the SDAE is linearized at a number of snapshots along
the nominal transient trajectory, and hence is naturally embedded
into a trajectory-piecewise-linear (TPWL) macromodeling. The
TPWL is improved with a novel incremental aggregation of sub-
spaces identified at those snapshots. Experiments show that the
proposed method, isTPWL, is hundreds of times faster than Monte-
Carlo method with a similar accuracy. In addition, our macromodel
further reduces runtime by up to 25X, and is faster to build and

more accurate to simulate compared to existing approaches.

1. INTRODUCTION

Transistor mismatch is the primary obstacle to reach a high-
yield rate for analog designs in sub-90nm technologies. For exam-
ple, due to an inverse-square-root-law dependence with the tran-
sistor area, the mismatch of CMOS devices nearly doubles for ev-
ery process generation less than 90nm [1,2]. Since the traditional
worst-case or corner-case based analysis is too pessimistic to sac-
rifice the speed, power, and area, the statistical approach [2-6]
thereby becomes a trend to estimate the analog mismatch. Same
as the process variation, there are two types of mismatch. One is
systematic (or global spatial variation) and the other is stochastic
(or local random variation). This paper is focused on the stochas-
tic one. Analog circuit designers usually perform a Monte-Carlo
(MC) analysis to analyze the stochastic mismatch and predict the
statistical functionality of their designs. As MC analysis requires
a large number of repeated circuit simulations, its computational
cost is expensive. Moreover, the pseudo-random generator in MC
introduces numerical noises that may lead to errors.

There are many non-Monte-Carlo methods (2, 4, 6] developed
recently for the stochastic mismatch analysis. [4] first calculated
dc sensitivities with respect to small device-parameter perturba-
tions and scaled them as desired mismatches. [2] extended [4] by
modeling dc mismatches as ac noise sources. The mismatch, de-
fined in a transient simulation, is converted back from the power
spectral density (PSD) in frequency-domain. The speed of these
equivalent mismatch simulations is hundred times faster than the
Monte-Carlo approaches but the accuracy remains a concern.

Recently, SiISMA [6] studied the mismatch within the frame-
work of the stochastic differential-algebra-equation (SDAE) sim-
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ilar to deal with the transient noise [7]. Due to the introduction
of the random variable into the DAE, it is unknown if the deriva-
tive is still continuous. Moreover, designers’ top interest is the
mismatch of the channel current in CMOS transistors. SiSMA
thereby modeled the mismatch as a stochastic current-source and
formed a SDAE. As such, by assuming that the magnitude of
the stochastic mismatch is much smaller than the nominal case,
SiSMA linearized the nominal SDAE at dc with the stochastic
current source. The obtained dc solution is used as an initial con-
dition (ic) for the transient analysis. As the stochastic current
source is only included during dc, this assumption may not hold
to accurately describe the mismatch during the transient simula-
tion. Moreover, to avoid an expensive Monte-Carlo simulation,
SiSMA calculated the mismatch by the extraction and analysis of
a covariance matrix. It would be slow to analyze the covariance
matrix for thousands of devices. In addition, the entire circuit is
analyzed twice and is computationally expensive for large-scale
problems. Therefore, there is still a need to develop a fast tran-
sient mismatch analysis that requires improvements in two-fold:
a different non-Monte-Carlo method and an efficient macromodel
by the nonlinear model order reduction.

To this end, this paper introduces a fast non-Monte-Carlo mis-
match analysis by an incremental and stochastic trajectory piece-
wise linear macromodel, namely isTPWL method. First, we de-
velop a transient mismatch model and its macromodeling. We lin-
earize the SDAE along a number of snapshots on a nominal tran-
sient trajectory, and add the stochastic current source (for mis-
match) at each snapshot as a perturbation. This is more accurate
than considering the mismatch through an ic condition [6]. Along
the snapshots of the nominal transient trajectory, we further ap-
ply an improved trajectory-piecewise-linear (TPWL) model order
reduction [8-10] to generate a stochastic nonlinear macromodel,
and apply it for a fast transient mismatch analysis along the full
transient trajectory. Our approach applies an incremental aggre-
gation on those local tangent subspaces, linearized at snapshots.
It reduces the computational complexity of [10] yet improves the
accuracy of [8]. As shown by experiments, our isTPWL method is
5 times more accurate than the work in [8] and is 20 times faster
than the work in [10] on average. In addition, utilizing nonlinear
macromodels reduces the runtime by up to 25 times compared to
the use of the full model during the mismatch analysis.

Next, in order to efficiently solve the SDAE without applying
the Monte-Carlo iterations or analyzing the expensive co-variance
matrix [6], we describe the stochastic variation by a spectral
stochastic method based on stochastic orthogonal polynomials
(SOPs) and form an according SDAE [11]. The SOPs have been
applied to deal with the linear interconnection variation in [12].
Our paper is the first to study how to apply SOPs for nonlinear
analog circuits during a non-Monte-Carlo mismatch analysis. Ex-
periments show that compared to the Monte-Carlo method, our
method is 1000 times faster with a similar accuracy.

The rest of the paper is organized in the following manner. In
Section 2, we present the background of the mismatch model and
the nonlinear model order reduction. In Section 3, we discuss a
transient mismatch analysis in SDAE, including a perturbation
analysis and a non-Monte-Carlo analysis by the SOP expansions.
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We develop an incremental and stochastic TPWL model order
reduction for mismatch in Section 4. We present numerical results
in Section 5, and conclude the paper in Section 6.

2. BACKGROUND
2.1 Mismatch Model

The mismatch model and analysis is the key to a precision ana-
log circuit design such as ADC/DACs. There are global mismatch
and local mismatch. The local mismatch is the most difficult one
to analyze and hence it is the focus of this paper.

The local mismatch is stochastic and process-parameter depen-
dent. Most CMOS mismatch models are based on the Pelgrom’s
work [3] that relates the local mismatch variance of one electri-
cal parameter (such as the channel current I5) with geometrical
parameters (such as the area A) by a geometrical dependence

equation
KB

— 1
for two devices closely laid out, i.e. a local variation. Note that
A =W - L is the area of a width W and length L, and x° is an
extracted constant depending on the operating region (.

For other transistors such as diode, BJT and etc. and to con-
sider process parameters other than the geometry, a more general
purposed mismatch model can be derived through a so-called
backward propagation of variance (BPV) method [5]. For ex-
ample, the base-current I, depends on the emitter area, sheet
resistance and base current density. The BPV model then relates
the local mismatch of an electrical property e with those process
parameters p; by a first-order sensitivity equation
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Based on the above mismatch model, we introduce a non-
Monte-Carlo transient mismatch analysis for a large number of
transistors in Section 3.

2.2 Nonlinear Model Order Reduction

The nominal nonlinear circuit is described by the following
differential-algebra-equation (DAE)

fla,i,t) = Bu(t), ®3)

where x (2 = dx/dt) is the state variable including nodal voltage
and branch current, f(z,z,t) is to describe the nonlinear i — v
relation, and u(t) is the external sources with a topology matrix B
describing how to add them into the circuit. The time to solve (3)
comes from three parts: device evaluation, matrix factorization,
and time-step control and integration. When the circuit size is
large or when devices are latent in most of time, the portion of
runtime mainly comes from the matrix factorization. Under this
condition, the use of model order reduction to reduce the circuit
size is effective to reduce the overall runtime and hence can be
applied in a transient mismatch analysis as well.

Model order reduction is basically to find a small dimensioned
subspace that can represent the original state space with a pre-
served system response. This can be usually realized in the view
of a coordinate transformation. For linear circuits, the coordinate
transformation can be described by a linear mapping

z:VTa:, z=Vz,

where a small dimensioned projection matrix V (€ N x ¢, ¢ <<
N) can be constructed from the first few dominant bases spanning
a space of moments (or derivatives of transfer functions) [13,14].

There are many model order reductions [8-10, 15] developed
for nonlinear circuits as well. Similarly, there can be a nonlinear
mapping defined by a function ¢

2= o), z=¢"'(2).

For the simplicity of illustration, we assume an ordinary differen-
tial equation (ODE) form below

@ = f(x,t) + Bu(t)
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for the DAE in (3). Since

,_ dode _ do do
z = d.l‘ dt - (d.l‘f(x7t))+ (de)u(t)v
we have
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As such, if we can find a lower-dimensioned mapping function ¢
(€ N x q), the original nonlinear system can be reduced within a
tangent subspace spanned by d¢/dz (or called manifold).

The work in [10] related the above nonlinear mapping func-
tion ¢ with a trajectory piecewise linear (TPWL) method [8].
It leads to a local two-dimensional (2D) projection [10]. Since
such a local 2D-projection is constructed from local tangent sub-
spaces, it maintains a high accuracy. However, it could be com-
putationally expensive to project and store when the number of
local tangent subspaces is large. On the other hand, the TPWL
method [8] approximated the nonlinear mapping function ¢ by ag-
gregating those local tangent subspaces with the use of a global
singular-value-decomposition (SVD). This results in a global one-
dimensional (1D) projection. Obviously, the global 1D-projection
leads to an efficient projection and runtime. On the other hand,
the accuracy of the TPWL model order reduction is limited be-
cause the information in the dominant bases of each local tangent
subspace are lost during the global SVD [10]. In Section 4, we
introduce an incremental aggregation that can balance the speed
and accuracy. In addition, we also extend the nonlinear model
order reduction to consider the stochastic mismatch.

3. STOCHASTIC TRANSIENT MISMATCH
ANALYSIS

3.1 Stochastic Mismatch Current

Directly adding the stochastic mismatch £ as a parameter into
the state variable z of (3) would lead to a difficulty that f(z, %, &)
may not be differentiable. Similar to SiSMA [6], we model the
mismatch as a current source i(z, £) added at the right-hand-side

(rhs) of (3)
[z, #,t) = Fi(z, §) + Bu(t). ()
Here, F is the topology matrix describing how to connect i into
the circuit.
Based on the BPV equation (2), the stochastic current source
i has a form of

i(z,6) = n(x) Y9 (p)&- (6)
l

Here, ¢; is a random variable associated with a stochastic distri-
bution W (&;) for the parameter p;. n(z) describes the biasing-
dependent condition (depending on z, i), provided from a nom-
inal transient simulation. g?(p;) is a constant for the parameter
p; at operating region 3. For example, for one CMOS transistor
with respect to the parameter area A, £ 4 is one Gaussian random
variable, g&(A) is k7 /+/A and n(z) becomes Iy. In general, g° (p;)
can be either derived based on the analytical device equations or
can be practically characterized from measurements [5].

3.2 Perturbation Analysis

Assuming that the impact of the local mismatch is small, (5)
can be solved by treating the rhs-term for mismatch as a per-
turbation to the nominal trajectory z(9 (¢) of the circuit. Here,
z(0)(t) is the nominal state variable or solution of the nonlinear
circuit equation below

P, 1) = Bu(t). (M
With a first-order Taylor expansion of f(z,,t) in (5), it leads
to
8-fl(x7 x'? t)
Ox
= Fin(2(©), €) + Bu(t).

8‘}0(];7 i? t)

F@®, 20 1) + -
oz

(x—2©) + (& —29)

(8)
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G2, 6Nz, + C@@,2Ng,, = Fin(29,8),  (9)
where
. Of(z,2,t)
G(x(0)7 1(0)) — T Iz:m(O),m-:i(O)
. Of(z,2,t)
c@, ) = s |I:I(0)’i:i(o) (10)

are the linearized conductive and capacitive components stamped
by the companion models in SPICE, and z,, = = — (9 is the
first-order perturbed mismatch response. Recall that I(0>(t) and
) (t) are a number of time-dependent biasing points along the
transient trajectory.

3.3 Non-MC Analysis by SOP Expansion

Next, instead of performing the expensive Monte-Carlo or the
correlation analysis, the perturbed SDAE (9) with the random
variable ¢ is solved through an expansion of the stochastic or-
thogonal polynomial (SOP) [11,12]. Different random processes
are related to the different orthogonal polynomial. The ‘Homo-
geneous Chaos’ can be used as the span of Hermite polynomial
functionals for a Gaussian process [11,12]. In this paper, we as-
sume that the random process parameters for the local mismatch
have a Gaussian distribution. Therefore, an according Hermite
polynomial (one variable)

(&) = [@1(8), 22(8), ®3(8), )T = [1,6,62 —1,..,]7  (11)
is used to construct the expansion basis to calculate the mean
and the variance of x, (t).

The stochastic state variable x, (t) is first expanded by

Tm(t) = Zai(t)q’i(f)- (12)

Note that for different random processes, many other orthogonal
polynomials can be selected as well based on a so-called Askey
scheme [11].

Then, when applying the inner-product of the residue error

G5 @) 37 ai(®)®i(€) + O, ) 3T i) ®i(6)

A9

Fn )3 6 (m)&
[
by the orthogonal basis ®;(§), it results in

< A®©), () >= /E A©)B;OW(EdE=0.  (13)

Here, W (&) is the probability distribution of the random variable
£. We assumed a Gaussian distribution of W (§) for all parameters
in this paper.
Without the loss of generality, for one random variable £ of one
geometrical parameter p, it is easy to verify that (13) leads to
ag=0, a2=0
G, 3 )a1 (1) + C@?, 3 )ar (t) = Fn(@)g? (p)  (14)

with a second-order expansion of z,, (£). The according standard-
deviation is thereby given by

Var < zm(€) >= a2Var(€) + a3Var(¢? — 1) = o.

The first-order SOP coefficient «(t) in (14) can be solved by
a Backward-Euler integration

1 1
(G + 5 Cr)an(ty) = +Cran(ty —h) + Fip (15)

where

Gr =G, 2, Ci=0@?,e), ir=n) ¢’ (m)
l
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are Jacobians and the mismatch current-source at the k-th time-
instant along the nominal trajectory z(9),

Clearly, a native application of the above perturbation-based
mismatch analysis is still slow, since Gy, Cy and ix have to be
evaluated during every time-step along the nominal trajectory.
Instead of linearizing along the full nominal trajectory, in Section
4, only K snapshots along the nominal trajectory are used in the
frame of a macromodeling.

3.4 One CMOS Transistor Example

For one CMOS transistor with a geometric parameter A and
the according Gaussian random variable £ 4, (14) becomes
Gt LCpar(t) = LCran(te — 1)+ (1
(G + 5 Cr)on(ty) = o Craa (ti )+\/Z (a)k
at the k-th time-step. Recall that G, Cy and (I4)r are the
nominal conductance (g4s), capacitance (cqs) and channel current
I evaluated at t, g°(A) is #°/v/A and n(x) becomes I5. Note
that x° is the extracted constant from Pelgrom’s model.

As such, the transient mismatch voltage (zm = a1(t)®1(£4))
of this transistor has a time-varying standard variance «q(t)?,
solved from the above perturbation equation. Usually, ° / VA is
about few percentages of the nominal channel current I;. More
importantly, for thousands of different typed transistors, we can
simultaneously solve the transient mismatch vector using (14)
with a generally characterized g”(p;) by the BPV model [5].

4. MACROMODELING FOR MISMATCH

Instead of performing a full simulation for the nominal tran-
sient and transient mismatch, we can take K snapshots along a
nominal transient trajectory and find subspaces, or macromod-
els, from the K snapshots with respect to right-hand-sides of the
nominal input and stochastic current-source, respectively. After-
wards, efficient transient and transient mismatch analysis can be
performed along the full transient trajectory using macromodels.
In the following, for the nominal transient, we first introduce an
incremental TPWL method to balance the accuracy and efficiency
when generating the macromodel. We then extend this approach
to handle the stochastic mismatch.

4.1 Incremental TPWL
4.1.1 Local Tangent Subspace

Given a set of typical inputs, we take K snapshots {x(lo), o x(lg)}
along a nominal transient trajectory z(%) (t), and linearize the
DAE (3) at K snapshots (or biasing points), with the first snap-
shot x1 taken at the ic point. The linearized DAE at k-th (k =

1, ..., K) snapshot is
Gz —2) + (@ — ") = 6, o = Bu(ty) — f(=(”, &' 15)

where dj, represents the rhs-source and the ‘non-equilibrium’ up-

date. In frequency domain, 3:,(60) at the k-th snapshot is contained

by a subspace of moments { A, Ax Ry, AiRk, ..., } expanded at a
frequency-point sg, where

Ag = (G, + 50C,) "1 Ch, Ry, = (G + s0Ck) 165,

are two moments matrices.
With the use of a block-Arnoldi orthonormalization [14], a ¢’-th
order projection matrix Vi (€ N x ¢’) with ¢’ bases

’
Vi = v}, v2, nvp]

can be constructed locally to represent that local subspace. We
call vli (k=1,..,K;i =1,..,q") as the first-¢’ dominant bases
of one V. Here, for each vi the subscript describes the index of
the local subspace, and the superscript describes the index of the
order of the dominant base. It finds a linear coordinate transfor-
mation Vi that maintains ||z — z,’|| = ||z — :ckO)H. Moreover,
as discussed in the following part, those Vs span a subspace for
d¢/dz, the tangent (or manifold) of the mapping function ¢ in-
troduced in Section 2. As such, we call the space spanned by Vjs
as local tangent subspace.
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4.1.2  Local and Global Projection

As discovered in [10], one approach to approximate the nonlin-
ear mapping function ¢ introduced in Section 2 is

K
z=0¢""(2)~ > wilek + Vi(z — 20)] (16)
k=1
and
K
2=¢(z) ~ > wilen + Vi (@ — 2] (17)
k=1

where wy, (Zle wy, = 1) is the weighted kernel function, which
depends on the distance between a point on the trajectory and a
linearization point [8].

Based on the equations (4), (16) and (17), a nonlinear model
order reduction is derived in terms of a local two-dimensional
(2D) projection

K K
>3 wiwk [V GrVi(z - 2
I1=1k=1

(18)

where we assume that all Vjs are reduced to the same order ¢’.
For circuits with a sharp transition (input) or strong nonlinearity
(device), the number of sampled snapshots is required to be large
to maintain a high accuracy. For such kind of circuits, our experi-
ments show that the number of sampled snapshots (or neighbors)
has to be large to produce a good accuracy. As such, the com-
putational cost would be prohibitive by the local 2D-projection
(18) in [10].

On the other hand, the TPWL method in [8] approximates the
nonlinear mapping function ¢ by aggregating the local subspace
Vi (€ N x¢') into an unified global subspace span{Vi, Va, ..., Vi },
which is further compressed into a lower-dimensioned subspace V
(€ N X ¢, g << N) by a singular-value-decomposition (SVD)

V = SVDgy ([Vh, Va, ..., Vk]) .

We call this procedure as global aggregation. A global aggregation
results in a global one-dimensional (1D) projection by

K K
> wk PTGV = 27) + VIOV - £)] = 30wV s
k=1 k=1

(19)

Clearly, such a global 1D-projection has a smaller projection time

and storage than the local 2D-projection. However, at the same
time, since the dominant bases of those local Vis are interpolated
by the global aggregation, the global 1D-projection usually re-
quires a higher-order ¢ to achieve an accuracy similar to the local
2D-projection with the order ¢’ (¢ < q) [10].

4.1.3 Incremental Aggregation

The local 2D-projection (18) requires a longer runtime and
larger storage compared to the global 1D-projection (19). On the
other hand, the global 1D-projection (19) by V is less accurate
than the local 2D-projection (18). As such, we need a procedure
that can balance both of the accuracy and efficiency. This paper
shows the following observation.

The d¢/dx (manifold) is covered by those local tangent sub-
spaces {V1, Vo, ..., Vi } along the trajectory, where each Vj is fur-

!
ther composed of different orders of dominant bases: {vi, v,%, . vg

An effective aggregation thereby needs to consider the order or the
dominance of those bases. This motivates us to first decompose
the space spanned by those local tangent subspaces according to
the order. As such, (16) becomes

K K q’
r = ¢71(z) ~ Z wWrTy + Z W Z vz(z — z,(co))
k=1 k=1 p=1

Jd K
Z Z viwk(z — z,(co))

p=1k=1

M=

WrTk +
k=1

M=

wrTk + [viwl(z - z§0)) + ... +v}<wK(z - zﬁ)))]

)] -

=
Il

1

+ ...+ [vfwl(z7250))+...+v}1(w1<(z7z§?> (20)

K
)+ VIOV (z = 5)] = 3wV,
=1

}
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Therefore, we can form a global tangent subspace in the order
of the dominant bases by

1,1 1 g d q
span{vi, vy, ..., i}, ..., span{v{ ,vg ,...,vi}.

A global projection matrix V is accordingly constructed below in
a fashion of an incremental aggregation. We first aggregate each
global tangent subspace by orders

Vi =SVD, (v}, ., 0k]), oy Vg = SVD, ([vg',...,u;ﬁ]) .
(21)
ILe., we identify a V,, (p = 1,...,q’) to represent the p-th order
global tangent subspace.
Then, the global projection matrix V is further aggregated

7Vq’D

by those global tangent subspace in an order of dominance. As
shown by experiments, usually we can choose a much lower ¢’
(¢’ << q) for each local tangent subspace Vi, and the order ¢
depends on the number of snapshots. For circuits with the sharp
transition (input) or strong nonlinearity (device), the number of
snapshots is large and so does q.

Clearly, as the local tangent subspace is incrementally aggre-
gated according to their ordered bases, the information of those
dominant bases at low orders are preserved. As shown by ex-
periments, when compared to the previous TPWL method [8],
this incremental aggregation results in a better accuracy yet with
a similar computational cost in the projection time and mem-
ory storage. Moreover, our incremental aggregation can also
consider more sampled biasing (linearizion) points than the ap-
proach in [10], whereas the computational cost of of the local
2D-projection would increase dramatically.

V = 8SVDy ([V1,Va,... (22)

4.2 Stochastic Extension for Mismatch

We further extend the above discussion to build the TPWL
macromodel for the stochastic mismatch. Instead of linearizing
the DAE (3), we linearize the SDAE (14) at K snapshots along
the nominal trajectory similarly, and construct the local tangent
subspace Vi by

A} = (G + 50Cx) ' Ck, R}, = (G +s0Cx) 16},

where 5;@ is determined by the non-equilibrium correction asso-
ciated with Fig. Then, we can build the similar incrementally
aggregated mapping V through (21) and (22).

Afterwards, the global macromodel is constructed from a set
of weighted local macromodels by

K
3wy - [VTGkvm(t) + VT CpVar (t) —VTf-ik] -0 (23)
k=1

to calculate the transient mismatch. We call such a macromodel-
ing as isTPWL method. Using such a macromodel sampled from
K snapshots, we can then efficiently perform a transient mismatch
analysis for the full trajectory.

S. EXPERIMENTAL RESULTS

The proposed mismatch algorithm is implemented in C and
Matlab. A modernized Spice3 (http://ngspice.sourceforge.net/)
is used to generate the K snapshots of a nominal trajectory and
to extract the mismatch current model. The SOP expansion,
Backward-Euler, and incremental and stochastic TPWL (isT-
PWL) are implemented in Matlab. For the comparison, the
TPWL method and maniMOR method are implemented exactly
following the procedure described in [8] and [10], respectively.
For example, as for the TPWL method [8], the state variables
at snapshots are added to have a ‘richer’ information during the
global aggregation. The flow under the Monte-Carlo analysis is
also implemented as the baseline with 1000 iterations. All ex-
perimental results are measured on an Intel duel-core 2.0GHZ
PC with 2GB memory. We compared the accuracy and study



Transient Mismatch

5 T T T T T T T
---Monte Carlo
-+ SOP Expansion
4k }e‘“\‘ 4
5 7\
Y
AN A

3r ;o ]
— > \ I X\
S + By f
E f kY ! Y

4] Y i 5 ]

+
/ %, / 3
it * K
T f \\\M./ ]
i
/
A o
0 1 2 4 5 6 7 8 9 10
(ns)

Figure 1: Transient mismatch (the time-varying standard
deviation) comparison at output of a bjt-mixer with dis-
tributed inductor: the exact by Monte-Carlo and the exact

by SOP-expansion.
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Figure 2: Transient nominal (z(?)(t)) (a) and transient mis-
match («1(t)) (b) for one output of a coms-comparator by the

exact SOP and the isTPWL.

the scalability of our method with four industrial analog/RF cir-
cuits. They contain different transistors such as diode, bjt and
cmos. The circuits also include the extracted parasitics so the
matrix time is dominant. For the characterization of g? (p1), we
use Pelgrom’s model for CMOS transistors and BPV model for
diode and bjt, all resulted in ~ 10% variation from the nominal
bias n(z) (for example, Iy for CMOS transistor). In addition, we
measure the waveform error by taking the averaged difference of
two waveforms. Three waveforms are measured at each time-step:
one is the transient nominal (x(%)(¢)), the other is the transient
mismatch (a1(t), the time-varying standard deviation), and the
last one is the transient (x(t), the nominal plus the standard de-

viation).
5.1 Comparison of Mismatch Waveform-Error
and Runtime

We first compare the waveform accuracy of the transient mis-
match between the MC method (1000 iterations) and the exact
SOP expansion, and further compare the accuracy with the isT-
PWL macromodel. In addition, we also compare the waveform of
the transient mismatch and the waveform by adding mismatch as
one initial condition as SiSMA [6] does. Finally, we summarize
the runtime and waveform error in a table.

The first example is a bjt-mixer circuit including an extracted
distributed inductor with 238 state variables. We compare the
waveforms by solving the perturbed SDAE (9) with use of the
Monte-Carlo (MC) analysis and the SOP expansion, respectively.
We apply a MC with Gaussian distribution 1000 times at one
time-step and calculate the time-varying standard deviation. It
takes 348 seconds for the transient mismatch by the MC anal-
ysis, and 0.20 second (more than 1000 times speedup) for the
exact SOP expansion up to the second order with error less than
0.18%. Clearly, as shown in Fig.1, the two waveforms of transient

mismatches are virtually identical.

Next, we show a further speed improvement by macromodeling.
The second example is a cmos-comparator including an extracted
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Flgure 3: Transient waveform comparison at output of a

diode-chain: the transient nominal, the transient with mis-
match by SiSMA (adding mismatch at ic only), the transient
with mismatch by our method (adding mismatch at transient

trajectory).

Transient Mismatch

0.51

Figure 4: Transient mismatch («a;(t), the time-varying
standard deviation) comparison at output of a bjt-mixer
with distributed substrate: the exact by SOP-expansion, the
macromodel by TPWL (order 45), and the macromodel by
isTPWL (order 45). The waveform by isTPWL is visually

identical to the exact SOP.

power supply with 654 state variables. We compare waveforms of
the exact SOP expansion and the one further reduced by isTPWL.
Fig.2 (a) shows the comparison of the transient nominal, and
Fig.2 (b) shows the comparison of the transient mismatch. 75
snapshots are used to generate the macromodel, and the original
model is reduced to a macromodel with the order of 60. For a
short-transient with 228 time-steps, it takes 0.39s for the exact
and 0.08s for the isTPWL (5 times speedup). The waveforms
error by isTPWL is 0.62%.

We further compare the transient mismatch waveforms on how
to add the mismatch. The first is to add the stochastic mismatch
only as the ic condition, the procedure used in SiSMA [6]. The
second is our approach by adding the stochastic mismatch during
every time-step. A diode-chain with 802 state variables is used.
Fig.4 shows one waveform of the transient nominal, and two wave-
forms with mismatches added differently. Clearly, the waveform
with mismatch added at ic shows a non-negligible difference.

Finally, we summarize the runtime and error of four different
analog/RF circuits in Table 1. The waveform error here is defined
as the relative difference between the exact and the macromodel.
The runtime here is the total simulation time. Column 1-5 sum-
marize the circuit type, size, time-steps in transient simulation,
snapshot points, and reduced order. Column 6 shows the run-
time of MC by 1000 iterations, Column 7-8 show the runtime to
simulate the exact model with the SOP expansion and the er-
ror compared to MC, Column 9-10 show the runtime and error

of macromodels reduced by isTPWL. We find that the SOP ex-
pansion reduces the runtime by 1000 times yet with an error of
0.23% on average. Moreover, the macromodel by isTPWL further
reduces the runtime up to 25 times (diode chain) yet with an er-
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Table 1: Scalability comparison of runtime and error for the exact model with MC, the exact model with SOP and the
isTPWL macromodel with SOP.
1 2 3 1 5 6 7 [ 8 9 10
Ckt FEof | #of # of Z of MC Exact SOP SOP+isTPWL
nodes | steps | snapshots | orders || time(s) [ time(s) | error | time(s) | error
diode-chain 802 225 24 25 520.1 0.53 0.41% 0.02 0.43%
bjt-mixer-1 238 135 25 25 338.0 0.34 0.29% 0.02 0.36%
bjt-mixer-2 1248 219 83 45 348.0 0.20 0.18% 0.04 0.24%
cmos-comparator 654 228 75 60 412.1 0.39 0.41% 0.08 0.62%
; error ratio runime retio — Carlo method, our SOP expansion is 1000 times faster with a
. similar accuracy. Moreover, on average our iSTPWL method is 5
20 times more accurate than the work in [8] and is 20 times faster
h g Gomp. than the work in [10]. In addition, the use of a reduced macro-
omos- z -
E‘ " — %15 nlw’f;zer model reduces the runtime by up to 25 times when compared to
=g =0 %10 i the use of a full model. Future study will show how to identify
o H = -1
Tl | e g e the subspace if there is a large nonlinear mismatch.
chain
5|
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ror up to 0.43%. This demonstrates the efficiency and accuracy
of our iSTPWL method for the transient mismatch analysis.

5.2 Comparison of TPWL Macromodel

In this part of experiment, we further show the accuracy and

runtime improvement by isTPWL. First, Fig.4 presents the transient-

mismatch waveform comparison for a bjt-mixer including the dis-
tributed substrate with total 1248 state variables. 83 snapshots
are used and both TPWL and isTPWL reduce the original model
to a macromodel with the order of 45. We find that the wave-
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6. CONCLUSIONS

It is challenging to analyze the stochastic mismatch during
the transient analysis. This paper presents a fast non-Monte-
Carlo mismatch analysis. It models the mismatch by a current
source associated with a random variable and forms a stochas-
tic differential-algebra-equation (SDAE). The random variable in
SDAE is expanded by stochastic orthogonal polynomials (SOPs).
This leads to an efficient solution without using the Monte-Carlo
Moreover, the SDAE is solved by an
improved trajectory-piecewise-linear (TPWL) mode order reduc-

or correlation analysis.

tion, called isTPWL. An incremental aggregation is introduced to
balance the efficiency and accuracy when generating the macro-

model. Experiments show that when compared to the Monte-
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