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ABSTRACT

In this paper, we present a novel statistical analysis approach for
large power grid network analysis under process variations. The
new algorithm is very efficient and scalable for huge networks
with a large number of variational variables. This approach, called
varETBR for variational extended truncated balanced realization, is
based on model order reduction techniques to reduce the circuit
matrices before the variational simulation. It performs the param-
eterized reduction on the original system using variation-bearing
subspaces. varETBR calculates variational response Gramians by
Monte-Carlo based numerical integration considering both system
and input source variations for generating the projection subspace.
varETBR is very scalable for the number of variables and is flexible
for different variational distributions and ranges as demonstrated in
experimental results. After the reduction, Monte-Carlo based statis-
tical simulation is performed on the reduced system and the statisti-
cal responses of the original system are obtained thereafter. Exper-
imental results, on a number of IBM benchmark circuits [15] up to
1.6 million nodes, show that the varETBR can be 4500X faster than
the Monte-Carlo method and is much more scalable than one of the
recently proposed approaches.

1. INTRODUCTION

Reliable on-chip power delivery is one of the major concerns for
90nm and below VLSI technology. This situation becomes worse as
technology continues to scale to 45nm and below owning to the in-
creasing process-induced variability [22]. The process induced vari-
ations manifest themselves at different levels (wafer level, die-level
and within a die) and they are caused by different sources (litho-
graph, materials, aging etc) [3, 14]. Some of the variations are sys-
tematic like those caused by chemical mechanical polishing (CMP).
Some are purely random like the doping density of impurities and
edge roughness. As the technology moves to 65nm and comes near
to 45nm, the variation will become more and more pronounced for
both systemic and random components.

A number of research works have been proposed recently to ad-
dress the voltage drop issues in the on-chip power delivery networks
under process variations. The voltage drop of power grid networks
subject to the leakage current variations were first studied in [5, 6].
This method assumes that the log-normal distribution of the node
voltage drop is caused by log-normal leakage current inputs and is
based on a localized Monte-Carlo (sampling) method to compute
the variance of the node voltage drop. However, this localized sam-
pling method is limited to the static DC solution of power grids mod-
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eled as resistor-only networks. Therefore, it can only compute the
responses to the standby leakage currents. However, the dynamic
leakage currents become more significant, especially when the sleep
transistors are intensively used nowadays for reducing leakage pow-
ers. In [23, 17], impulse responses are used to compute the means
and variances of node voltage responses caused by general current
variations. But this method needs to know the impulse response
from all the current sources to all the nodes, which is expensive
to compute for a large network. Methods proposed in [8, 7] using
orthogonal polynomial chaos expansion of random processes to rep-
resent and solve for the stochastic responses of linear systems. But
existing approaches can only consider the Gaussian distributions and
analysis times increases with the number of variables. The methods
have been improved by the StoEKS method [12], where reduction is
performed on the variational circuit matrices before the simulation.

In this paper, we present a novel scalable statistical simulation
approach for large power grid network analysis considering pro-
cess variations. The new algorithm is very scalable for large net-
works with a large number of random variables. The new method,
called varETBR, is based on the recently proposed extended trun-
cated balanced realization (ETBR) method [10]. To consider the
variational parameters, Monte-Carlo like numerical integration is
applied, which is similar to the varPMTBR method [18]. But differ-
ent from varPMTBR, varETBR calculates the variational response
Grammians, considering both system and input source variations,
to generate the projection subspace. Such a reduction scheme is
similar to the EKS/IEKS method [24, 9]. But the new method
is based on more globally accurate balanced truncation reduction
method instead of the locally accurate Krylov subspace method as
in EKS/IEKS. As aresult, it can reduce systems with many terminals
like power grid networks while preserving variational information.
After the reduction, Monte-Carlo based statistical simulation is per-
formed on the reduced system and the statistical responses of the
original systems are obtained thereafter. Similar to varPMTBR, the
varETBR only requires the simulation of the reduced circuit using
any existing transient analysis method. It is insensitive to the num-
ber of variables and variation ranges in terms of computing costs and
accuracy, which makes it very general and scalable. Experimental
results, on a number of the IBM benchmark circuits [15] up to 1.6
million nodes, show that the varETBR can be up to 4500X faster
than the Monte-Carlo method and it is much more scalable than the
StoEKS method [12]. varETBR can solve very large power grid net-
works with large number of random variables, large variation ranges
and different variational distributions.

The rest of this paper is as follows: Section 2 presents the vari-
ational power grid models used in this paper. Section 3 reviews
the extended Krylov subspace methods and fast balanced trunca-
tion methods. Our new variational analysis method varETBR is pre-
sented in Section 4. Section 5 shows the experimental results and
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Figure 1: The power grid model used.

Section 6 concludes this paper.

2. POWER GRID NETWORK MODELS
2.1 Nominal Model

The power grid networks in this paper are modeled as RC net-
works with known time-variant current sources, which can be ob-
tained by gate level logic simulations of the circuits. Fig. 1 shows
the power grid models used in this paper. For a power grid (versus
the ground grid), some nodes having known voltage are modeled as
constant voltage sources. For C4 power grids, the known voltage
nodes can be internal nodes inside the power grid. Given the current
source vector, u(t), the node voltages can be obtained by solving the
following differential equations, which is formulated using modified
nodal analysis (MNA) approach,

dv(t)
dt

where G € R"*" is the conductance matrix, C € R"*" is the matrix
resulting from storage elements. v(¢) is the vector of time-variant
node voltages and branch currents of voltage sources. u(t) is the
vector of independent sources, and B is the input selector matrix.

2.2 Variational Model

In the presence of process variations, the G and C matrices and
input currents u(¢) depend on variational circuit parameters, such as
metal wire width, length, metal thickness on power grids, and tran-
sistor parameters, such as channel length, width, gate oxide thick-
ness, etc. Process-induced random variations can be systemic and
random and can be highly partially correlated [3]. For highly cor-
related variations like the inter-die variations, the worst case corner
can be easily found by setting the parameters to their range lim-
its (mean plus 36). The difficulty lies in the intra-die variations,
where the circuit parameters are not correlated or spatially corre-
lated. Intra-die variations also consist of local and layout dependent
deterministic components and random components. In this paper,
we focus on the random variations, which typically are modeled as
multivariate Gaussian process with any spatial correlation [2].

We assume that we have a number of independent (uncorre-
lated) transformed orthonormal Gaussian random variables & =
[E1,-.-,Epm], which actually model the channel length, the device
threshold voltage and the wire geometry variations. Therefore, the
MNA equation for (1) becomes

Gv(1)+C

= Bu(t) (1)

G+ pur g) @

The spatial correlation in the intra-die variation can be processed
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by using the principal component analysis method (or other meth-
ods like K-L transformation or principal factor analysis, etc.) to
transform the correlated variables into un-correlated variables be-
fore spectral statistical analysis [8].

Note that the input vector u(t,&) = i(t,&) +ug(t), where the cur-
rent vector i(¢,&) follows the log-normal distribution and has both
deterministic and random components, and the input voltage vector
uo(t) is not effected by &. In this paper, we assume the dynamic
currents (power) due to circuit switching are still modeled as de-
terministic currents, so we only consider the leakage variations as
they are more significant owning to their log-normal distributions.
Specifically, we expand the variational G and C around their mean
values and keep the first order terms as in [11, 4, 18].

G(§) Go+Gi1&1 + Gl + ...+ Guéy (3)
CE = GQ+C&E+CE+...+Cuty
We remark that the proposed method can be trivially extended to the
second and higher order terms. The input current variation i(z,&)

follows the log-normal distribution as leakage variations are domi-
nant factors:

i(€)=e®, g(&)=u+ot )

Note that input current variation i(§) is not function of time as we
only model the static leakage variations for the simplicity of presen-
tation. Our approach can be also applied to time-variant variations
with any distribution.

3. EKS AND BALANCED FAST TRUNCA-
TION METHODS

3.1 Extended Krylov subspace methods

Krylov subspace based model order reduction methods have been
well-accepted in interconnect modeling. But the methods are less
efficient for on-chip power supply network analysis, due to the pres-
ence of a large number of inputs (supply current excitations) and
outputs (potential supply voltage degradation nodes). The main rea-
son is that the computation costs and the projection vectors directly
depend on the terminal count and the reduced model may increase
very quickly with increasing terminal count.

To mitigate this problem, extended Krylov subspace method was
proposed [24, 9]. The idea is to perform the reduction on both
model and input in the moment form. As a result, the original
multi-input and multi-output reduction problem becomes single-
input and multi-output problem. One-side Krylov subspace method
like PRIMA [16] can be efficiently used for reducing such sys-
tems. The computation now is independent of the number of ter-
minals in the network. IEKS [9] shows that for piece-wise linear
(PWL) sources, which is approximated by sums of delayed ramps
in Laplace domain, the 1/s and 1/s terms are always zero. So no
moment shifting is required as in [24].

Specifically, instead of computing the vectors of the n-th order
moments for explicit moment matching, extended Krylov subspace
method constructs a modified Krylov subspace by orthonormalizing
the moment vectors with current sources. For a RLC network in
frequency domain,

(G+sC)v(s) = Bu(s) Q)

where G is a conductance matrix, C is a storage element matrix. B
is a position matrix. If we expand v(s) and u(s) in moment form, we
have

(G+sC)(mo+mys+mys*+...) = Blug+urs+ups> +...)  (6)

The EKS algorithm essentially performs the orthonormalization on
the response moments m;. After we obtain the reduced system, we
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can perform the transient simulation on the reduced system,

Gi(r) +éd2—(:) = Bu(r) )

Transient simulation can be carried out on (7), which will be very ef-
ficient due to reduced circuit matrices. After this, the original wave-
forms can be obtained by v(z) = V¥(z).

3.2 Fast TBR method: Poor man’s TBR

In truncated balanced realization (TBR) based reduction method,
there are two steps in the reduction process: The balancing step
transforms the states such that states can be controlled and observed
equally. The truncating step then throws away the weak states,
which usually leads to much smaller models. The major advantage
of TBR methods is that TBR methods can give a deterministic global
bound for the approximate error and it can give nearly optimal mod-
els in terms of errors and model sizes.

The TBR method in general suffers high computation costs, as it
needs to solve expensive the Lyapunov equation (8) as shown below.
To mitigate this problem, the fast TBR method, called Poor man’s
TBR or PMTBR [19] was proposed, which computes the approxi-
mate Grammians. Specifically, for a symmetric circuit matrices with
A = AT and C = BT, which is the case for RC and RL circuits. It is
easy to see that, both Grammians are equal and can be obtained by
solving the Lyapunov equation:

AX+XAT +BBT =0 )

Since X is symmetric, it is orthogonally diagonalizable, i.e., there
exists T~! =TT such that TTXT = X. Then, we have

TTXXT = (TTXT)(TTXT) = (2)* )

which means, in this symmetrized case, the eigenspace of Gram-
mian product XX is exactly the eigenspace of each Grammian X
and we only need to find the dominant invariant subspace of an ap-
proximated Grammian X. In frequency domain, the Grammian X
can also be computed from the expression

teo 1 ppT H
X:/ (joI —A)~'BBT (joI —A) Hdo (10)

where superscript H denotes Hermitian transpose. Let w; be kth
sampling point. If we define

2 = (joul —A)"'B (11)

then based on the numerical quadrature rule, X can be approximated
as

X =Y wzf =zw?z? (12)

where Z = [z1,22,...,2n]. W a diagonal matrix with diagonal entries
Wik = /Wk. Wi comes from a specific numerical quadrature method.

Since X is symmetric, it is orthogonally diagonalizable.

T oYy VT 5 A A _ i] 0
VXV—{V]ZT}X[Vl vz]_{o ﬁz} (13)

where VTV =1. V converges to the eigenspaces of X and the domi-

nant eigenvectors V; can be used as the pAr(Y)Jection matrix in a model
reduction approach (A, = VITAV1,B, =V/B).

3.3 Variational Poor man’s TBR

In [18], PMTBR has been extended to reduce interconnect cir-
cuits with parameter variations. Notice that PMTBR can be viewed
as one-dimensional numerical quadrature with respect to complex
frequency s . The varPMTBR method is multi-dimensional numer-
ical quadrature with respect to random variables, in addition to the
complex frequency variables s in PMTBR. As a result, a variational

Grammian is defined, which is the mean of Grammians over all
the variational variables and is approximated by the Monte-Carlo
method.

One important observation in varPMTBR is that number of sam-
plings in building subspaces are much smaller than the number of
general Monte-Carlo samplings at the circuit level to achieve the
same accuracy. As a result, varPMTMR is much faster than the
brute-force Monte-Carlo method and its costs are much less sensi-
tive to the number of random variables and variation ranges, which
makes this method much more efficient than the existing variational
or parameterized model order reduction methods [25]. The algo-
rithm flow is shown in Algorithm I below:

Algorithm 1: varPMTBR: Variational Truncated Balanced Realiza-
tion method

Imput:  Circuit of G(§), C(E), B, variables & = [&,...,Ey ], number of
samples: ¢
Output:  Reduced system matrices G(&), C(€), B

1. Select g points over an M+1 dimensional space (s,&1,...,Ey)
2. Compute 7} = (s C(EX,....E,) + G(Ek,....E&))~'B

3. Form the matrix Z, = [¢],25,...,2]

4. Perform SVD on Z,, Z, = V,S,UT

5.G6(€) =V GEV,.CE) =V/CE)V,.B=VB

6. End

4. NEW VARIATIONAL
METHOD: VARETBR

The new variational power grid analysis algorithm, varETBR, fol-
lows the similar spirit of EKS method [24, 9]. But it different from
the EKS method substantially in the following aspects. First, it ap-
plies fast, more globally accurate, balanced truncation method to
reduce the system considering input sources. Second, it employs
n-dimentional numerical quadrature approximation to perform vari-
ational reduction.

ANALYSIS

4.1 Extended truncated balanced realization
scheme
The new method is based on the recently proposed extended trun-
cated balanced realization method [10]. We first review this method.
For a linear system in (1), we first define the response Grammian
in the frequency domain as:

X, = [ ec+6) Bujo (j0)B (joc + G) Mo (14

To fast compute the response Grammian X,., we can follow the simi-
lar strategy in PMTBR method. Specifically, let @y be kth sampling
point over the frequency range. If we further define

2 = (jorC+G) ™' Bu(joy) (15)

then X can be computed approximately by numerical quadrature
methods

X =Y wiz! =zwzl (16)
k

where Z, is a matrix whose columns are z; and W a diagonal matrix
with diagonal entries wy; = /wy. wi comes from a specific quadra-
ture method.

The projection matrix can be obtained by singular value decom-
position of Z,. After this, we can reduce the original matrices into
small ones and then perform the transient analysis on the reduced
circuit matrices. Also we find that weights wy, are not important for
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the SVD process. The weight matrix W will not change the subspace
of Z, as it simple multiplies each vector in Z, with a constant. In our
algorithm, we just simple ignore the weights. By using balanced
truncation reduction, we can easily extend the resulting algorithm to
perform variational analysis as shown in next subsection.

Notice that we need the frequency response caused by input signal
u(joy) in (15). This can be obtained by fast Fourier transformation
on the input signals in time domain. Using frequency spectrum rep-
resentations for the input signals is a significant improvement over
the EKS method as we avoid the explicit moment representation of
the current sources, which are not accurate for currents rich in high
frequency components due to the well-known problems in explicit
moment matching methods [21].

Another improvements is better accuracy owning to the use of the
fast balanced truncation method for the reduction, which has global
accuracy [13, 20]. The extended TBR algorithm is summarized in
Algorithm 2. After the reduction, the reduced system in (7) can be

Algorithm 2: ETBR: Extended Truncated Balanced Realization

method

Input:
Output:

Circuit of G, C, B, u(t), number of samples: g
Reduced system matrices G, C‘, B

. Convert all the input signals u(¢) into u(s) using FFT.

. Select g frequency points s1,s2,...,54 over the frequency range
. Compute z; = (s¢C -+ G) ™' Bu(sy)

. Form the matrix Z, = [2},25, ... ,z(’i]

. Perform SVD on Z,, Z, = V,S, Ul
.G=VIGV,.C=VIcV,,B=V'B

End

R R N P

simulated in time domain and the original waveforms can be ob-
tained by v(r) = V,¥(¢t). Note that, like the EKS method, we use
congruence transformation for the reduction process with orthogo-
nal columns in the projection matrix (by using Arnoldi or Arnoldi-
like process), the reduced system must be stable. As far as simula-
tion is concerned, this is good enough. If all the observable ports are
also the current source nodes, i.e. y(t) = BT v(t), where y(r) is the
voltage vector at all observable ports, the reduced system is passive.

It was shown in [20] that the fast TBR method has the similar
time complexity of the multiple-point Krylov subspace based re-
duction methods. The extended TBR method also has the similar
computation costs of the EKS method.

4.2 The new varETBR method

To consider the process variations, we end up with new vari-
ational Grammian, where in addition to the frequency, there are
other variables. Specifically, we first define the variational response
Grammian in the frequency domain as following:

400

X :E{/w (joCe +Gg) ™' Bug (jo)uf (jo)B" (joCe +Ge) dw}
arn

The variational response Grammian essentially requires to compute

high-dimentional integration, which can be numerically computed

by the Monte-Carlo method. The varETBR algorithm flow is show

in Algorithm 3.

The algorithm starts with the given a power grid network and
the number of samplings ¢, are used for building the projec-
tion subspace. Then it computes the variational response zj =
(skC(E, ... BK ) + G(EK, ....EX ) "1 Bu(sy, EL, ..., EX))). Then we per-
form the SVD on Z, = [z],25, ...,z to construct the projection ma-
trix. After the reduction, we perform the Monte-Carlo based statis-
tical analysis to obtain the variational responses from v(r) = V,-0(¢).

3B-3

Algorithm 3: varETBR: Variational extended Truncated Balanced
Realization method

Input: Circuit of G(§), C(§), B, u(t,§), variables & = [€),...,Em],
number of samples: g
Output:  The variational response v(z)

. Convert all the nominal input signals u(¢) into u(s) using FFT.

. Select g points over an M+1 dimensional space (s,&1,...,Em)

. Compute zj = (s¢C(&},....E}) + G(&},....E))) ' Bulsi. &, ... Efy )
. Form the matrix Z, = [2},25,... ,z;]

. Perform SVD on Z,, Z, = V,S, Ul
G=VIGEW,.C=VICEV,B=V]B

. Perform the Monte-Carlo simulation on G(&)9(r) +C(E)

. Obtain the variational response v(z) = V,%(z).
End

N R N T

Compared with the existing approaches, varETBR has the follow-
ing advantages and features:

1. Only Monte-Carlo sampling method is used, varETBR is easy
to implement and is very general for dealing with different
variation distributions and large variation ranges.

2. Vary scalable for solving large networks with large number of
variables as reduction is performed.

3. More amanable for parallel computing as each sampling in
freqgency domain can be done in parallel.

4. More accurate over wide band frequency ranges due to the
global error bound provided by the TBR based methods (com-
pared with locally accurate EKS method).

5. Avoid the explicit moment representation of the input signals,
which can lead more accurate results than the EKS method
when signals are rich in high frequency components.

S. EXPERIMENTAL RESULTS

The proposed varETBR algorithm has been implemented using
MATLAB and tested on an Intel quad-core workstation with 16GB
memory under Linux environment.

All the benchmarks are real PG circuits from IBM provided by
[15]. But the circuits in [15] are resistor-only circuits. For transient
analysis, we need to add capacitors and transient input waveforms.
As a result, we modified the benchmark circuits. First we added
one grounded capacitor on each node with a random value in the
magnitude of pF. Second we replaced the DC current sources by
a piecewise linear signal in the benchmark. The values of these
signals are also randomly generated based on their original values
in the DC benchmarks. We implemented a parser using Python to
transform the SPICE format benchmarks into MATLAB format.

The summary of our transient PG benchmarks are show in Ta-
ble 1. We use MNA formulation to set up the circuit matrices. To
efficiently solve PG circuits with 1.6 million nodes in MATLAB,
an external linear solver package UMFPACK [1] is used, which is
linked with Matlab using Matlab mexFunction.

In sequel, we will compare varETBR with the Monte-Carlo
method, firstin accuracy and then in CPU times. In all the test cases,
the number of samples used for forming the subspace in varETBR
are 50 based on our experience. The reduced order is set to p = 10,
which is accurate enough in practice. Here we set variation range
to 10% and number of variables to 6 (2 for G, 2 for C and 2 for i).
G(&) and C(&) follow Gaussian distribution. i(#,&), which model
the leakage variations [5], follows log-normal distribution.

Our varETBR is essentially a kind of reduced Monte-Carlo meth-
ods. It inherits the merits of Monte-Carlo methods, which is less
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Table 1: PG benchmarks
[ Name || #Nodes | #V Sources | #I Sources |

ibmpgl || 30638 14308 10774
ibmpg2 || 127238 330 37926
ibmpg3 || 851584 955 201054
ibmpgd || 953583 962 276976
ibmpg5 || 1079310 | 539087 540800
ibmpg6 || 1670494 | 836239 761484

sensitive to number of variables and can reflect the real distribution
very accurately for sufficient number of samples. But the main dis-
advantage of Monte-Carlo is that it is too slow to simulate on large
scale circuits. varETBR first reduces the size of circuits to a small
number while maintaining the enough accuracy. And then varETBR
can do Monte Carlo simulation on the reduced circuits very fast.
Note that the reduction process is done only once during the simu-
lation process.

To verify the accuracy of our varETBR method, we show the re-
sults of simulations on ibmpgl (100 samples). Fig. 2 show the re-
sults of varETBR and the pure Monte-Carlo method at the 1000th
node (named n1_20583_11663 in SPICE format) of ibmpgl. The
circuit equations in Monte-Carlo are solved by MATLAB.

The absolute errors and relative errors of ibmpgl are shown in
Fig. 3. We can briefly see that errors are very small and our
varETBR is very accurate. Note that the errors are not only in-
fluenced by the variations but also depends on reduced order. To
increase the accuracy, we may increase the reduced order. In our
tests, we set the reduced order p = 10 for all the benchmarks.

Transient waveforms on node 1000 of ibmpg1
T T T

— = —varETBR
Monte Carlo

Voltage (V)

Time (s) x10”

Figure 2: Transient waveform at the 1000th node
(n1_20583-11663) of ibmpgl (p = 10, 100 samples).

Next we do accuracy comparison with Monte-Carlo for the prob-
ability distributions including means and variances. Fig. 4 shows
the voltage distributions of both varETBR (blue, dash) and origi-
nal Monte-Carlo (red, solid) at the 1000th node of ibmpgl when
t = 50ns (200 time steps between Ons and 200ns in total). We can
also refer to simulation waveforms on ¢ = 50ns in Fig. 2. Note that
the results do not follow Gaussian distribution as G(§) and C(§)
follow Gaussian distribution and i(z,&) follows log-normal distribu-
tion. From Fig. 4, we can see that not only are the means and the
variances of varETBR and Monte Carl almost the same, but also are
their probability distributions.

Finally, we compare the CPU times of varETBR and the pure
Monte-Carlo method. To verify the efficiency of our varETBR on
both CPU time and memory, we do not need to run simulations

0.025

ge (V)

% 0015

Volt

0.005

1 1
Time () X107 Time () X107

(a) Simulation errors of
ibmpg1 (100 samples).

(b) Relative errors of ibmpgl
(100 samples).

Figure 3: Simulation errors and relative errors of ibmpgl

Distributions of voltages for Monte Carlo and varETBR

350

pooN @
s & 8
3 & 8

T T T

Number of events

a
3
T

I Vorte Carlo | |
[ JvarETBR 1

100

2 25

1.
Voltages (V)

Figure 4: Voltage distribution at the 1000th node of ibmpgl
(10000 samples) when ¢ = 50ns.

Table 2: CPU times (s) comparison of varETBR and Monte-
Carlo (p = 10)

varETBR (s) Monte-Carlo
Test Chts Red. (5) | Sim. (s) | Sim.(s) | SPeedup

Tmpal (100) 3 4 739 53X
bmpgl (10000) | 23 1335 70719 53X

Tbmpg? (10) 115 T4 536 383X

bmpg3 (10) 1879 3 4973 335X

Tbmped (10) 3130 3 5275 3508

Tbmpe5 (10) 1439 3 5130 3946X

bmpg6 (10) 1957 s 6774 3516X

Table 3: Relative errors for the mean of max voltage drop of
varETBR compared with Monte-Carlo on the 2000th node of
ibmpgl (p = 10, 10000 samples) for different variation ranges
and different numbers of variables

Variation
#Variables || var =10% | var =30% | var =50% | var = 100%
M=6 0.16% 0.08% 0.17% 0.21%
M=9 0.16% 0.25% 0.08% 0.23%
M=12 0.25% 0.07% 0.07% 0.28%
M=15 0.15% 0.06% 0.05% 0.06%

many times for both varETBR and Monte-Carlo. We will run 10 or
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Table 4: CPU times (s) comparison of StoEKS and varETBR (reduced order p = 10) with 10000 samples for different numbers of

variables.
Test Ckts M=5 M=7 M=9
StoEKS (s) | varETBR (s) | StoEKS (s) | varETBR (s) | StoEKS (s) | varETBR (s)
ibmpgl 165 1315 572 1338 3748 1326
ibmpg2 1458 1387 — 1351 1377

100 samples for each benchmark to show the efficiency of varETBR
since we already showed its accuracy. Although we only run small
number of samples, the speedup will be the same.

Table 2 shows the CPU times of both varETBR (including FFT
costs) and Monte-Carlo on the given set of circuits. The reduction
order is p = 10. In varETBR, circuit model becomes much smaller
after reduction and we only need to do the reduction once. There-
fore, the simulation time is much faster than Monte-Carlo (up to
4500X). Basically, the bigger the original circuit size is, the faster
the simulation will run for varETBR. For standard random simula-
tion using random samples, the reduction time is negligible com-
pared to the total simulation time. Note that we run random sim-
ulation 10000 times for ibmpgl, as shown in Table 2, to show the
efficiency of our varETBR in practice.

It can be seen that varETBR is very scalable. It is in practice al-
most independent of the variation ranges and numbers of variables.
One possible reason is that varETBR inherits the merits of random
sampling in Monte-Carlo methods that is high scalability and ro-
bustness. When we increase the variation range and the number of
variables, the accuracy of varETBR is almost unchanged. Table 3
shows that varETBR is very insensitive to the number of variables
and variation ranges for a given circuit ibmpgl, where simulations
are run on 10000 samples for both varETBR (reduced order p = 10)
and Monte-Carlo.

To demonstrate the efficiency of varETBR, we compare it with
one recently proposed similar approach, StoEKS method, which em-
ploys Krylov subspace reduction with orthogonal polynomials in
[12] on the same suite of IBM circuit. Table 4 shows the comparison
results where ’-” means out of memory error. StoEKS can only finish
smaller circuits ibmpgl (30k) and ibmpg2 (120k), while varETBR
can go through all the benchmarks (up to 1.6M nodes) easily. The
CPU time of StoEKS increases rapidly and even could not complete
computations as variables count increases. For varETBR, CPU time
is independent of number of variables and only depends on the re-
duced order and number of samples used in reduced Monte-Carlo
simulation. Here we select reduced order p = 10 and 10000 sam-
ples that are enough in practice to obtain the accurate probability
distribution.

6. CONCLUSION

In this paper, we have proposed a new scalable statistical power
grid analysis approach based on extended truncated balanced real-
ization reduction techniques. The new method, called varETBR,
performs reduction on the original system using variation-bearing
subspaces before Monte-Carlo statistical transient simulation. But
different from the variational Poor man’s TBR method, both system
and input source variations are considered for generating the projec-
tion subspace by sampling variational response Gramians to perform
the reduction. As a result, varETBR can reduce systems with many
terminals like power grid networks while preserving variational in-
formation. After the reduction, Monte-Carlo based statistical sim-
ulation is performed on the reduced system to obtain the statistical
responses of the original system. Experimental results show that the
varETBR can be 4500X faster than the Monte-Carlo method and
be scalable to solve very large power grid networks with large num-
ber of random variables and variation ranges. varETBR is also much

more scalable than the StoEKS [12] on the IBM benchmark circuits.
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