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Abstract— This paper presents an efficient method for
transient analysis of power distribution networks. We
employ an iterative approach — Alternating-Direction-
Implicit (ADI) method— to solving the circuit matrices
of power distribution networks. In contrast to the exist-
ing finite-difference based ADI approach to power/ground
grid analysis [7], where transmission-line was used to
model the mesh-structured P/G grids (TLM-ADI), we ap-
ply ADI scheme to directly solve P/G circuits consisting
of lumped RLC components discretized at each time step.
The new algorithm does not have the stability issue as-
sociated with finite-difference based methods like TLM-
ADI method and is able to handle mesh-like structured
P/G grids which can be found in many ASIC applications
and is more versatile than the TLM-ADI approach. New
algorithm also preserves the linear time complexity. Ex-
perimental results on a number of large P/G grid circuits
and comparison with Spice3f4 are presented.

I. INTRODUCTION

Reliable on-chip power delivery has been considered
one of grant challenges in the nano-regime and Giga-
hertz VLIS chip designs [8]. Signal integrity in the
power/ground (P/G) bus is emerging as a limiting factor
as P/ G grids experience the largest current flows in a chip
and are more susceptible to current-induced reliability and
functional failures. The quality and reliability issues of
P/G grids come from severals reasons such as excessive
IR drops, Ldi/dt noise, electromigration and resonance.
Efficient transient analysis of P/G grids is required to pre-
cisely capture the dynamic voltage fluctuations on the P/G
wires to guide the designs of reliable and working P/G
networks. Since traditional SPICE-like circuit simulators
do not scale well to cope with P/G grids with millions of
extracted RLCK elements, new efficient transient simula-
tion techniques are required to design robust P/G grids for
Gigahertz SoC systems.

Several simulation techniques have been proposed [2,
5,3, 4,6,9, 11, 14, 15] in the past. Basically there
are two strategies to alleviate the circuit-size problems of
P/G grid simulations. One way is to reduce the sizes of
the circuits at the cost of some accuracy losses. Multi-
grid method [9, 15], hierarchical method [14], hierarchical
model order reduction [4] are examples of such a strategy

as mesh-structured circuits can be reduced by coarse grids
in the multigrid method, by subcircuit reduction in the
hierarchical method and by model order reduction tech-
nique. Another strategy exploits the fact that the P/G grids
are linear circuits with RLCK elements. The resulting cir-
cuit matrices are symmetric positive definite at each dis-
cretized time step. As a result, iterative method is shown
to be more efficient to solve such systems. Along this di-
rection are preconditioned conjugate gradient (PCG) [3],
and TLM-ADI methods [7]. TLM-ADI algorithm was
shown to scale very well to attack large P/G grid circuits
as it possesses linear time and space complexities. The
algorithm starts with Maxwell equations and uses one of
the finite-difference time-domain (FDTM) discretization
technique, transmission-line modeling, to analyze the P/G
grids. But, transmission line modeling requires that P/G
grids have regular mesh-structured topologies as shown in
Fig 2. The actual P/G grids, however, may be significantly
different from such regular mesh structures. For instance,
there may exist a number of RC/RLC elements for each
segment in P/G grids to better model the distributed RC
wires and some horizontal or vertical P/G segments may
be removed to allivate signal net congestions.

In this paper, we propose a new approach to the
transient analysis of large P/G grids. Our approach is
based on circuit-level Alternating-Direction-Implicit iter-
ative method. Instead of integrating the ADI method with
finite-difference scheme in time-domain, we apply ADI
method directly on linear circuits consisting of lumped
RLC elements that are discretized at each time step. Since
P/G grids at each time-discretized step become resistor-
current only networks, their circuit matrices under nodal
formulation are symmetric positive definite. Such circuit-
level ADI scheme can be used to efficiently solve the P/G
circuits with guaranteed convergence. Our approach is
also flexible enough to analyze P/G grids with mesh-like
structures, which makes our approach very amenable to
analysis of P/G grids in VLSI designs ranging from mid-
dle performance ASICs to high-performance micro pro-
Cessors.

This paper is organized as follows. Section Il re-
views general ADI algorithm. Section Il presents the
new circuit-level ADI algorithm. Experimental results and
comparison with Spice3f4 are described in Section IV.
Section V concludes the paper.



Il. ALTERNATING DIRECTION IMPLICIT METHOD

The Alternating Direction Implicit method was intro-
duced in the mid-50s by Peaceman and Rachford [10] for
solving equations arising from finite difference discretiza-
tion of Partial Differential Equations (PDF).

From iterative method’s perspective, ADI method can
be regarded as special relaxation method, where a large
system is decomposed (relaxed) into a number of smaller
systems such that each of them can be solved efficiently
and the solution of the whole system is obtained from the
solutions of the sub-systems in an iterative way.

In general, for linear system Ax = b, system matrix A
can generally be split as A= M — N. The corresponding
iteration equation become

Xkr1 = M7 INx+M 1o, (1)

For the iteration (1) to be practical, it must be easy to solve
the linear system Mx =y. The Eq.(1) can be viewed as an
iteration on a preconditioned system [13]

M~tAx =M1h, (2)

where M is the preconditioner. For ADI algorithm, the
system matrix A is decomposed into

A=H+V 3)

where H and V are the elements (or discretized differen-
tial operations) in matrix A and are related to horizontal
and vertical directions respectively. As a result, we end
up with two sub-iterations for every ADI iteration. The
Peaceman-Rachford ADI algorithm is as follows:

PEACEMAN-RACHFORD ADI()
1. for k=0,1, ..., until convergence
2. Solve (H +p|)xk+% =(pl =V)ux+b

3. Solve (V + pl)xk+1 = (pl —H)uk+%+b
Fig. 1. An Peaceman-Rachford ADI iteration.

Here p is a positive acceleration parameter. It can be
seen that the preconditioner M and matrix N in Eq. (1) for
an ADI iteration are

M = 2—1p(H+pI)(V+pI)
N = PV —pl)

It is shown that if the H and V are symmetric positive
definite and p > 0, ADI algorithm always converges [13].

I11. CIRcUIT-LEVEL ADI ALGORITHM FOR
TRANSIENT ANALYSIS OF P/G GRIDS

In this section, we detail our circuit-level ADI algo-
rithm. First we look at the P/G grid circuit shown in Fig. 2.
To simplify our discussion, we do not include inductors in
our P/G grids. But we can easily add inductors into our
models.

Fig. 2: A regular mesh-structured P/G grid

The behavior of such a P/G grid system can be ex-
pressed by modified nodal analysis (MNA) as following
ordinary differential equation set

Gx+Cx = b(t) )

where x is a vector of node voltages, and inductor and
source currents; G is the admittance matrix; C includes
the capacitance and inductance terms, and b(t) consists of
independent timing varying current sources and voltage
sources.

By using Trapezoidal integration formula, Eq.(4) can
be written as

(G/2+C/h)X(t+h) =b(t+h)+ (C/h—G/2)x(t) (5)

where h is the time step. The equation can be further
written as A’x(t + h) = b’ where A’ = (G/2+C/h) and
b’ =b(t+h)+ (C/h—G/2)x(t). As a result, we need to
solve a resistive-only network as matrix A’ is not a func-
tion of time t. More specifically, at every time step, we
replace every capacitor and inductor with a constant cur-
rent source and a resistor in parallel (by using Norton’s
companion form).

Once we have a network with only resistors and con-
stant current sources, we can decompose A’ into two ma-
trices A’ = H +V, where H consists of stamps of all the
horizontal resistive branches and V consists of stamps of
the vertical resistive branches. For the grounded resistive
branches, we can assign them either to H or V or evenly
distribute them between H and V. After this we solve the
following two subsystems sequentially

Hx(t+h/2) = b(t+h/2)—Vx(t) (6)
Vx(t+h) b(t+h) —Hx(t+h/2) (7

Note that we can also add an acceleration parameter p
as in Peaceman-Rachford ADI algorithm. From circuit-
theory perspective, such a decomposition of A" into H
and V matrices is equivalent to partitioning mesh struc-
tured circuit A" into a number of ladder structured subcir-
cuits as shown in Fig. 3 where all the subcircuits represent
the H matrix. Note that each vertical floating resistive
branch is replaced by two current sources attached to its
two terminals respectively in those subcircuits as shown
in Fig. 4. The current sources actually are coming from
—VXx(t) terms in (6). So in Fig. 4, voltage V, and V1 are



Fig. 3: The decomposed ladder subcircuits represented by matrix H
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Fig. 4: The equivalent circuit for a vertical resistive branch in H

the voltages at time t and they become known constants at
time t 4 h.

For a circuit with a ladder structure shown in Fig. 3, it
can be solved linearly as its circuit matrix is tridiagonal.
ADI algorithm first solves all the ladder subcircuits in y
direction (the vertical direction) sequentially from top to
bottom, which corresponds to Eg.(6), and then it solves all
the ladder subcircuits in x direction (the horizontal direc-
tion) sequentially from left to right, which corresponds to
Eq.(7). At each direction, once an unknown variable be-
comes known (solved) at present iteration, it will be used
immediately in the solving of unsolved neighbor subcir-
cuits.

Since each ladder subcircuit can be solved linearly, and
we need to solve 2n subcircuits in both x and y direc-
tion (suppose we have a n x n mesh-structured circuit,
the time complexity of one ADI iteration is O(N), where
N(= nxn) is the number of nodes in the circuit. If no
strict convergence is required and a limited number of
ADlI iterations are applied at each time step at cost of some
accuracy loss, ADI algorithm is of linear time complexity.

Our method can also be extended to analyze P/G grids
where P/G segment between two horizontal wires or ver-
tical wires many consists of a number of RC/RLC ladder
chain circuits as shown in Fig. 5 For such a circuit, we
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Fig. 5 A RC chain circuit in a P/G segment

can first reduce those chain circuit into a equivelent circuit
consists of only the terminal nodes in an error free man-
ner. Then the normal ADI partition of the reduced circuit

matrix is carried out. Skipping the intermidiate nodes in
the chain circuit reflects the fact that for ladder circuits,
once we know the two terminal nodes which connect the
ladder circuit to the rest of the circuit, all the intermediate
nodes can be computed by the superposition principle.

IV. EXPERIMENTAL RESULTS

The proposed simulation algorithm is implemented in
C and C + +. All the experimental results are obtained on
a Linux workstation with dual 1GHz P-I1I processors and
1GMB memory. All the P/G circuits with time varying
current sources are created based on real P/G grid circuits
from industry. The SuperLU [12] package is used to solve
each subcircuit with minimum degree pivoting.
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Fig. 6. Transient response of the new ADI algorithm compared with
Spice3f4

First, we compare the waveforms of our algorithm with
that of Spice3f4 in terms of accuracy. Fig. 6 shows the
transient response of the new ADI method compared with
that of Spice3f4 on a P/G grid circuit. The time interval
is [0,170ns] with 1ns as time step for both new ADI algo-
rithm and Spice3f4. The acceleration parameter p is set
to 100. Our experience shows that if p is a small number
(close to 1), the iteration may not be able to converge due
to some numerical problems. While very large p seems
slowing down the convergence rate. p = 100 gives a good
trade off between speed and convergence. Also in our ex-
periments, we only perform one ADI iteration for all the
circuits. We notice that for some large circuits, one ADI
iteration may leads to error larges than 10%. But the over-
all waveforms are still close the real ones.

We then test our program on a humber of regular mesh-
structured P/G networks with complexities ranging from
100 nodes to 1 million nodes. For each circuit, 100 steps
are computed and the CPU run time versus number of
nodes are shown in Fig. 7 for the new algorithm

It can be seen that the CPU time of ADI algorithm grow
linearly with the number of nodes in the P/G grid circuits.
Fig 7 compares the CPU time of ADI with Spice3f4. Both
ADI algorithm and Spice3f4 compute 100 steps for each
circuit. It can be seen that ADI algorithm is about two or-
ders of magnitude faster than Spice3f4 for large P/G grids.

Last, we apply ADI algorithm to analyze mesh-like
structured P/G grids. Table I report the circuit statistics
and experimental results. The column # rows and # cols
gives the number horizontal rows and vertical columns in
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Fig. 8. Comparison with Spice3f4 in CPU time

each P/G grid circuit. #elems is the number of RC com-
ponents in each P/G segment and # node is total number
of nodes in the circuit.

TABLE |
STATISTICSON THE ORIGINAL AND REDUCED NETWORKS

Ckts #rows | #cols | #elems [ #nodes CPU
(sec.)
a205 20 20 5 3440 1.74
a30.5 30 30 5 7800 4.42
a60_10 60 60 10 67320 56.55
a90_15 90 90 15 232 x | 1937
10°
al20_20 120 120 20 5.557 X | 456.63
10

Table | shows that the new ADI algorithm is very ef-
ficient to analyze mesh-like structured P/G grid circuits.
The CPU time grows also linearly with the sizes of the
P/G grid circuits.

V. CONCLUSION

In this paper, we have proposed a circuit-level
alternating-direction implicit (ADI) iterative approach to
analyzing large P/G grid circuits consisting of lumped
RLC components. Our approach works at circuit-level
and does not have the stability issue associated the ex-
isting transmission line modeling based ADI method. The
new algorithm is guaranteed to converge as the discretized
RLC network matrices are symmetric positive definite.

The new algorithm is also able to handle mesh-like struc-
tured P/G grids, which can be found in many ASIC appli-
cations. The CPU time of new algorithm scales linearly
with circuit sizes. Experimental results demonstrated that
the new algorithm is about two orders of magnitude faster
than Spice3f4 at small accuracy loss.
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